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The Ultrasound Needle Pulse
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Abstract— Recent theoretical developments have defined the
conditions for forming a broadband beam that is narrow in
axial extent but extended in range. The formulation is based on
the classical angular spectrum decomposition and the requirement for arranging all spatial and temporal frequencies such
that all components have constant phase propagation between
planes. Analytic formulations are given for a 1-D source and
a 2-D axisymmetric source, and comparisons are made against
conventional focused Gaussian beams under similar conditions
relevant to medical imaging systems.

and the excitation of a source that is composed of 1-D or
2-D array elements can be realized by sampling bounded input
waveforms that are expressed in an analytical form.
In this paper, we provide an introduction to the characteristics of the needle pulse fields and their implementation in
ultrasound linear array transducers. The needle pulse field is
compared against more conventional Gaussian beams, which
have been studied in optics and acoustics [12]–[16].

Index Terms— Medical beamforming and beam steering,
medical imaging, system and device design, underwater
ultrasound.

II. T HEORY
The mathematical conditions for the isophase propagation
have been recently described by Parker and Alonso [11],
and the solutions were developed within the framework of
the angular spectrum [17]–[19]. The isophase condition was
also recently studied by [20]. Here, we recapitulate the key
solutions to the scalar wave equation.
We first examine the simplest case, where the source
is distributed along a line in the x-direction, and z is
the direction of forward propagation. This starting point
has numerous applications, since many practical applications in acoustics, medical ultrasound, and radar use
1-D arrays. Furthermore, 2-D arrays can be excited using
separable, orthogonal, 1-D functions. For 1-D sources, the
isophase condition reduces to constant k z over all source
frequencies ω and wavenumbers k x

I. I NTRODUCTION

T

HE study of beampatterns and their use in imaging systems has a long history in optics and acoustics. Imaging
systems may transmit spherically spreading waves from small
elements, as in synthetic aperture systems, or plane (unfocused) waves as in high frame rate systems, or focused beams
as in conventional phased array ultrasound systems [1]–[4].
In addition, the topic of propagation invariant (or limited
diffraction) fields has received increasing attention since the
characterization of Bessel beams in optics [5]. The class of
“localized waves” includes Mathieu beams [6], X-beams [7],
Airy beams [8], [9], and related monochromatic and broadband
solutions [10].
Recently, we formulated a new class of propagation invariant fields based on the principle of a wideband source excitation configured through the angular spectrum, such that
all components propagate with equal phase in the forward
propagating direction [11]. Analytic solutions are obtained
for a 1-D source, then for an axial symmetric source, and
for a pulsed version of the field. The free-space solution
has some remarkable properties, including vanishing group
velocity and a convergence of all energy to a narrow central
line as a spatial and temporal crescendo, hence the appellation
“needle pulse.” Dynamic visualizations are given online in
links found in [11]; these demonstrate the convergence of
waveform to the crescendo and subsequent divergence. In the
needle pulse, there is no focusing in the conventional sense,
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kz =

 ω 2

− k x2 = k 2L .
(1)
c
Let us choose a lowest, or base frequency ω L , defined as a
plane wave in the z-direction, so
 ω 2
L
k 2L =
.
(2)
c
All higher frequencies ω ≥ ω L of a broadband source can meet
the isophase condition. In a dispersion-free medium such as a
free space where c(ω) = c0

1
k x2 = 2 ω2 − ω2L .
(3)
c0
This defines a hyperbola in the 2-D Fourier space
of [k x , ω].
The solution to the isophase angular spectrum integral is
found to be given in the compact form


co 
p(x, z, t) = K 0 k L x 2 − c02 (t − i q)2 exp(i k L z) (4)
2
where p is the complex pressure, c is the speed of sound,
and t is time. Furthermore, k L = ω L /c and K 0 is a modified
Bessel function of the second kind of order 0, and the branch
cut of the square root is assumed at the negative real axis of
its argument.
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Note that t = 0 does not correspond to the initial time but
to the time at which the field is most concentrated spatially;
in theory, the excitation must exist for all negative times. The
parameter q determines the bandwidth of the spectrum used,
and therefore how narrow the field becomes at t = 0. The
parameter q can be understood as an imaginary offset to the
time axis in (4), or as an exponential decay applied to either
k x or ω in (3).
To generate this field, the broadband source distribution
at plane z = 0 is simply the real part of (4) with z = 0.
For 1-D arrays in ultrasound applications, spatial samples of
this would constitute the source excitation signals, typically
voltages applied to the individual subwavelength elements of
the 1-D array.
A. Solutions in Three Dimensions With Rotational Symmetry
Analogous results can be found for fields in three dimensions. For example, the following finite-power solution exists,
which has rotational symmetry:



exp −k L ρ 2 − c02 (t − i q)2

exp(i k L z) (5)
p(ρ, z, t ) = c0
k L ρ 2 − c02 (t − i q)2
1/2

where ρ = (x 2 + y 2 ) . These solutions have approximately spherical wavefronts, and they have a full width of
1/2

approximately 2(c02 t 2 + q 2 ) , and the parameter q regulates
how spatially localized these solutions are at t = 0.
B. Needle Pulses With Limited Energy
The issue of limits on energy and power is important in
localized waves. For example, the ideal continuous Bessel
beam [5] has an infinite number of rings, and therefore over an
infinite source area would carry infinite power [21]. Limiting
the energy of needle pulses is particularly easy to achieve with
the 3-D pulses in (5), whose dependence in k L is simply as
a linear factor in the exponent and a global factor of k −1
L .
One can find closed-form finite-energy solutions simply by
integrating in k L the product of (5) with k L and a weight
function of k L centered around a longitudinal wavenumber K L
and whose inverse Fourier transform can be found analytically
p2 (ρ, z, t ) =

∞

k L p(ρ, z, t)F(k L − K L )dk L



= p(ρ, z, t)|k L =K L f z + i ρ 2 −c02 (t − i q)2 (6)
−∞

where F(k z ) is the Fourier transform of f (z). That is, the
finite-energy solution is just the product of the infinite-energy
solution times an envelope analytic function of a complex
argument. For example, using a Gaussian weight of width δ
gives
∞

1
(k L − K L )2
k L p(ρ, z, t) √
exp −
dk L
2δ 2
2πδ
−∞
= p(ρ, z, t )|k L =K L

2
δ2 
z + i ρ 2 − c02 (t − i q)2 . (7)
× exp −
2

p2 (ρ, z, t) =

Fig. 1.
Theoretical solutions for (left) 2-D solution (4) and (right)
pulsed 3-D solution in (7), at five different times and with ω L q = 1.
Left: x ∈ [−20/k L , 20/k L ] (vertical) and z ∈ [0, 100/k L ] (horizontal).
Right: x ∈ [−20/K L , 20/K L ] and z ∈ [−50/K L , 50/K L ].

The fields produced in the case of the 2-D solution (4)
and for the pulsed axisymmetric 3-D solution (7) are shown
in Fig. 1. In both cases, the longitudinal pressure wave appears
as converging, then concentrating, and then diverging along the
central axis.
III. M ETHODS
In both the 2-D and 3-D pulsed solutions, it is natural to
assume the source plane is z = 0. However, there is no such
restriction; in fact, the source plane can be identified in theory
with any reasonable value of z. In the following examples,
the excitation voltage waveform supplied to the acoustic array
elements is given by the real part of (4), (5), or (7) with a
negative value of z, assuming the peak spatial intensity (in
the pulsed case) will appear near z = 0. Field II [22], [23]
simulations were conducted to generate the acoustic pressure
field of the needle pulse excitation. The 2-D needle pulse (7)
with z = −10 mm, q = 0.4, and s = 0.2 was sampled
at 100 MHz in time and used as the excitation signal of a
16 mm × 16 mm 2-D linear array transducer. The transducer
has an impulse response of a 6-MHz Gaussian-modulated
sine with 70% bandwidth and a pitch of 0.125 mm, or λ/2
at 6 MHz. This was apodized using a Planck-taper window
(ε = 0.118) in both dimensions to enforce a smooth transition
to zero at the extreme edge elements. The speed of sound was
set to 1500 m/s.
IV. R ESULTS
The amplitude (left) and pressure waves (right) for the
needle pulse are given in Fig. 2. Note that with the source
excitation taken as z = −10 mm, the peak spatial amplitude
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Fig. 2. Amplitude (left) and pressure waves (right) at three time instants (top to bottom, t = −2, 0, and 2 μs from peak) resulting from a 2-D array with
a center frequency of 6 MHz, 70% bandwidth, and 16-mm square. The source excitation waveform was the real part of (7) with the parameters: q = 0.4,
ω L = 2π · 4 MHz, and z source = −10 mm. Note that the top-left amplitude has been multiplied by 1.25, so that it appears visible.

Fig. 3. Amplitude (left) and pressure waves (right) at three time instants (top to bottom, t = −2, 0, and 2 μs from peak) resulting from a 2-D array with a
center frequency of 6 MHz, 70% bandwidth, and 16-mm square. The source excitation is an impulse with spherical time delays set for a focus of 10 mm.

occurs near z = 8 mm in this instance. In comparison,
the Gaussian focused pulse (Fig. 3) with focus set to 10 mm
reaches a spatial peak near this depth.
V. D ISCUSSION
Of particular interest is the comparison of the axisymmetric
needle pulse versus a more traditional axisymmetric
focused Gaussian broadband pulse using the same
2-D array. In theory, at the point of crescendo, the needle
pulse beamwidth has a lateral beamwidth given by:
1/2
1/2
[exp (−k L (ρ 2 + c02 q 2 ) )]/(k L (ρ 2 + c02 q 2 ) ), and asymptotically (for larger ρ), this drops off as [exp (−k L ρ)]/k L ρ,
producing a high-resolution single lobe with no sidelobes.
In comparison, an ideal narrowband focused Gaussian
will have a Gaussian beampattern, with comparatively faster
asymptotic decay as a function of ρ, and with no sidelobes.
However, in practice, this is never achieved, first because of the
need to truncate the Gaussian [24], [25] producing unwanted
sidelobes, and second because broadband pulses are preferred
for imaging. The solution for a two-way (transmit/receive)
beampattern from a broadband focused Gaussian pulse has
been recently derived [26], and is given by
H bG
f (ρ; B, σ0 )

=

π
2 f0

⎡

⎢ ⎜
2ρ2
⎢ ⎜
exp − 2D 2 σD2 +2B
2 ρ 2 ⎣erf ⎝
0


ρ2
σ02

+

⎞

⎛
√
2 2


B

1
ln 2

B2 ρ2
D 2 σ02

+1

⎤

⎟
⎥
⎟ + 1⎥
⎠
⎦

D2
B2

(8)
√
where D = 4 ln 2, erf(·) is the error function, f 0 and
σ0 are the center frequency and focal beamwidth at center

frequency, respectively, and B is the system bandwidth
expressed as a fraction. Fig. 4 shows four curves, theoretical
versus Field II, for both needle pulse and pulsed Gaussian
using the same 6 MHz array parameters for each case.
The broadband focused Gaussian was simulated in
Field II [22], [23] using the same 2-D transducer array
except that the apodization of the transducer was changed to
a 2-D 6-σ Gaussian function, and the excitation signal became
an impulse. The transducer was focused at 10 mm below its
center along the axial direction.
The comparison demonstrates a close match between theory
and Field II simulations near the central axis maximum. However, strictly limiting the active source to 16 × 16 mm causes
additional truncation effects that deviate from the theoretical
result. This is seen as sidelobes near the −20- and −35-dB
levels in Fig. 4, where the effect of the limited support for the
needle pulse at the source plane acts as an abrupt truncation of
the ideal excitation function. This effect is related to the form
of the solution of (4), (5), and (7) where the functions have
local maxima near r = ct. So the excitation pulse for larger
values of time requires larger values of r to represent that
portion of the waveform. The examples in Fig. 4 correspond
to low f -number. For the broadband Gaussian example, the
f -number is 10/16 = 0.625, which pertains to “close-up”
applications. Larger f -numbers can be implemented, but the
truncation effects (sidelobes) need to be reexamined in these
applications.
VI. C ONCLUSION
The ultrasound needle pulse is formed by arranging all
the spatial and temporal frequencies within some practical
bandwidth into waves that propagate with constant phase
between the source plane and an arbitrary parallel plane.
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Fig. 4. Lateral envelope (amplitude) at temporal and spatial peak for the
transmitted needle pulse and the conventional broadband focused pulse. Both
cases set to produce a nominal z = 10-mm spatial peak. Top: linear plots.
Bottom: log scale. Theory assumes continuous apodization across an infinite
source; simulation uses r ≤ 8-mm 2-D linear array.

The solutions yield converging stacks of pressure waves that
form into a long axis peak and then diverge. At the point of
maximum convergence, the lateral beamwidth is compact with
no sidelobes. The needle pulse is sensitive to truncation of
the excitation waveform supplied to the transducer elements,
in time and space, and so the examples here are equivalent
to a low f -number system: a diameter of 16 mm and a focal
length, or z offset, of 10 mm. There are a number of possible
applications in imaging, in radiation force techniques, and in
nonlinear heating and cavitation studies, that could benefit
from the unique properties of the needle pulse. These remain
to be explored in the future research.
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