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The long wavelength limit of scattering from spheres has a rich history in optics, electromagnetics,
and acoustics. Recently it was shown that a common integral kernel pertains to formulations of weak
spherical scatterers in both acoustics and electromagnetic regimes. Furthermore, the relationship between
backscattered amplitude and wavenumber k was shown to follow power laws higher than the Rayleigh
scattering k? power law, when the inhomogeneity had a material composition that conformed to a
Gaussian weighted Hermite polynomial. Although this class of scatterers, called Hermite scatterers, are
plausible, it may be simpler to manufacture scatterers with a core surrounded by one or more layers. In
this case the inhomogeneous material property conforms to a piecewise continuous constant function.
We demonstrate that the necessary and sufficient conditions for supra-Rayleigh scattering power laws in
this case can be stated simply by considering moments of the inhomogeneous function and its spatial
transform. This development opens an additional path for construction of, and use of scatterers with
unique power law behavior.
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1. Introduction

The phenomenon of Rayleigh scattering in optics and acoustics
has provided many familiar examples of long wavelength scattered
amplitude proportional to k* where k is the wavenumber. Recently,
Parker [14] demonstrated that a new class of weak spherically
symmetric scatterers, designated as Hermite scatterers, could pro-
duce long wavelength backscatter amplitude proportional to k*, k6,
and higher even powers of wavelength. The material properties of
the inhomogeneity are required to conform to a modified Gaussian
weighted Hermite polynomial function of odd order, producing the
pure power law limit for scattering. Parker also demonstrated that
a common integral kernel exists across acoustic and electromag-
netic scattering theories in the Born approximation, and so the
formulation of Hermite scatterers is valid for optical and acoustical
material properties. With advances in nanotechnology manufactur-
ing techniques, it is possible to construct spherical nanoparticles
that have variable material properties as a function of radius, and
so the use of unique orders of Hermite scatterers as contrast agents
or dye indicators is plausible.

However, one disadvantage of formulating Hermite Scatterers is
that the material properties must conform to a smooth, contin-
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uously varying spatial function, at least to a radius that extends
three or four standard deviations of the Gaussian weighting func-
tion. In some cases it may be easier to manufacture a spherical
core of one material with discrete outer layers of different mate-
rials, each one possessing a unique property: index of refraction
or bulk compressibility. In this case the spherical inhomogeneity
would have a piecewise continuous function from radius r = 0
to some maximum value representing the outer diameter of the
outermost layer. This paper considers the mathematics of the lay-
ered scatterer and derives some simple requirements involving the
moments of the scattering integral, such that supra-Rayleigh long
wavelength power laws can be achieved.

2. Theory

To derive the equation for backscattered pressure Ppgs from an
acoustic inhomogeneity, we follow the classical approach described
in Chapter 8 of Morse and Ingard [11]. Under the Born approxima-
tion (weak scatterers) with an incident plane wave of amplitude
A and frequency w traveling in the x-direction; k = w/c is the
wavenumber and c is the speed of sound:

eikx
Pps (k,x) = A ~ ¢s (k) (1)

where
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¢s (k) = (%) ///K (r)e2kTdyol, (2)

and where « (r) is the (small) fractional change in compressibility
within the scatterer, assumed to vary only in the radial dimension,
the 2k term in the complex exponential comes from the 180° di-
rection of backscatter, and the integration is over the scattering
volume. In summary, the backscatter formula can be written as:

jkx 2 .
Pps (k,x) = A (%) <4’l<_n> /// K (r)el?¥Tqvol. (3)

Note that a similar integral kernel applies to scattering from weak
electromagnetic inhomogeneities [14], as well.
Now let

K (k) = /// K (r) e2kF gy ol (4)

denote the (radial) inverse three dimensional transform of « (r).
The long-wavelength behavior of Py, (k,x) is determined by the
long-wavelength behavior of K (k) which, in turn, is determined by
the Taylor expansion

U 2
I((Ic):l((0)+l(’(0)k+%4_‘.. (5)

However, since K (k) =K (”f&”) has radial symmetry the odd terms
in the above expansion are 0, and therefore:

K" (0) k? N K (0) k*
2 4
This expansion indicates that

K (k) =K () +

(6)

Pps (k, x) will have k? long-wavelength

(classical Rayleigh) scattering if K (0) # 0;
Pps (k, x) will have Kk long-wavelength

behavior if K(0) =0, K” (0) # 0; (7)
Pps (k, x) will have k® long-wavelength

behavior if K (0) = 0, K” (0) = 0, K (0) #0, etc.

Next note that even derivatives of K at zero may be expressed
in terms of multiple Laplacian operators applied to I((ch”) (See
a proof of this assertion in the appendix.) In the simplest case,

0 =3 [sx((#]).,

and, hence, K” (0) will vanish if and only if

0= [///rzk () efz’}'deOI]A =/r4/< (r)dr. (9)
fe=0

In other words, the long-wavelength behavior of the backscattered
response is determined by how many even moments (excluding
the 0-th moment) of « (r) vanish. The modified Hermite functions
described in [14] satisfy the appropriate moment conditions pro-
vided that the limits of integration extend over all space. In that
case we let

GHp (r/R)

K (1) = ———— (10)

designate a “Hermite scatterer,” where m € odd integer > 1; R is
a reference radius or scale factor, GHp (r/R) = e~ /R’ H,. (r/R),
and Hy, is the mth order Hermite polynomial formed through the
mth differentiation of a Gaussian function [1,17]. The odd orders
are chosen as they approach zero as r — 0, however the quotient
GHy, (r/R) /r reaches a finite maximum at r = 0 by L'Hopital’s rule.

In this case, substituting eqn (10) into eqn (4) and converting to
spherical coordinates results in

K(k) = /

(11)

In the form of eqn (2):

k?

4w

For example, if kp (r/R) = k7(r/R) = GH7(r/R) /1, then ¢s(k)|n=7 =
—J/m32e~*R) (kR)8. Thus, the leading non-zero power law expan-
sion in k for the continuous Hermite scatterer of odd order m is
always of order m + 1.

However, piece-wise continuous functions of finite extent with
vanishing moments are also easily generated. For example, a scat-
terer consisting of a homogeneous sphere encased in a spherical
shell of a different material is specified by four parameters (the
inner and outer radii and the x values of the inner and outer ma-
terials). These parameters can be selected so that the second and
fourth moments of « (r) vanish.

For example, consider a two material sphere of inner core kq
for 0 <r <rq, and k; for r; <r <ry. Setting K (0) to zero requires:

s (k) = < ) K (k) = —/m2m=2) . g~ kR . (—szz)mT .(12)

r 2
0=K (0) :/r2K1dr+/r2K2dr, or
0 r (13)

< : )

Ky = — K1.
3_ 3
N

This condition is necessary for supra-Rayleigh scattering. In prac-
tical terms, if k1 =1, r; =1, and r = 2 units, then «; = —1/7.
Fig. 1 demonstrates a comparison between the continuous Her-
mite scatterer of order 3 and the concentric core, with an outer
layer described in eqn (13).

3. Discussion

Generalizing these requirements to additional layers and higher
moments, we note that a homogeneous sphere encased in two
spherical shells of different materials provides enough parame-
ters to null the second and fourth moments of « (r) and that the
material parameters for the three components can be found for
any choice of three increasing radii. To verify this, let the radii
0 <rq <ry <rs be chosen arbitrarily, let «1, k2, and k3 be the
material parameters of the three shells, and let My, denote the
2n-th moment (n =1, 2) of a sphere with radius r,, that has mate-
rial parameter k = 1 (hence Mnm = [, r?"dVol =47 [j" r’"*2dr =
472 +3/(2n 4 3)). Then the second and fourth moments My, M3
of the 3-component scatterer are given by:

My = Mi1k1 + (M12 — M11) k2 + (M13 — M12) k3
M3 = Ma1k1 + (M2 — M21) k2 + (M23 — M22) k3.

(14)

Setting M1 = M, = 0 results in a degenerate system of two equa-
tions in the three unknowns k1, k2, k3, which always has non-zero
solutions. Omitting the outer shell, though, results in the equa-
tions:
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Fig. 1. Comparison of continuous Hermite material properties vs. discrete layers. In (a), the inhomogeneity parameter k is depicted as related to a third-order Gaussian
weighted Hermite function (smooth curve) or else as a piecewise continuous function representing an inner core and an outer layer, with the properties following the
necessary requirement of eqn (13). In (b), a log-log plot shows the backscattered amplitude proportional to wavenumber to the fourth power, a supra-Rayleigh dependence.
The continuous and the discrete layered scatterers are nearly indistinguishable in backscatter throughout the long wavelength regime.

My = M11k1 + (M12 — M11) k2
M3 = Ma1k1 + (M22 — M21) k2,

which only has the solution x1 = k2 = 0 because the way that M,
are defined insures that eqn (15) is non-degenerate. A straightfor-
ward extension of this argument shows that a (N + 1)-component
radial scatterer can be designed to zero the first N even moments.

The role of nanoparticles and core-and-shell formulations is
well established in optics and bio-optics [8,10,5]. A range of
materials have been employed, including silica [3,24,4,13], gold
[9,8], and other compounds [7,6] with core radii often in the
10 nm-200 nm range but shell layers as small as 4 nm have been
produced [18].

Core-and-shell formulations are also well utilized in biomedical
ultrasound for contrast enhancement [12,16] and sizes are typically
below 8 pm in diameter for passage through capillaries. However,
many ultrasound contrast agents employ perfluorocarbons [19] for
high impedance mismatch with the blood. The associated nonlin-
ear effects and strong scattering would complicate the simple weak
scattering (Born approximation) formulation used in the analysis.
However, other materials including proteins, lipids, polymers, and
gold are also utilized as biocompatible materials [16].

As for size and thickness requirements, let us take kR, =1 as
the approximate upper limit of supra-Rayleigh scattering, where
Ry is the outer shell radius of the example in eqn (13) and Fig. 1.
This places an upper bound on R, as Ry < A/2m and for UVA
(A ~ 400 nm) this limit is 63 nm. For bio-ultrasound at 10 MHz
(A =0.15 mm), the requirement would be R, < 24 pm. In both
cases, the size and thickness requirements are well within cur-
rently achievable shell dimensions. The next important issue would
be achieving the ratio of material properties x,/«x1 prescribed by
eqn (13), including the requirement for one material to have a
higher index of refraction (or acoustic impedance) than the ref-
erence medium, and the other material to have a lower index of
refraction (or acoustic impedance). In many biomedical applica-
tions, the reference medium is aqueous, and so concentric scatterer
materials would be assessed with respect to the material proper-
ties of water or saline. For optical scatterers this requires candidate
materials above and below the reference index of refraction of 1.33
for water. Lower index of refraction (range 1.05 to 1.3) materials
already used in optical tracers include aerogels, perfluorocarbons,
and emulsions of gold nanoparticles [8,21,19,23,2]. Higher values
(range 1.35 to above 2.0) are achieved with many materials in-
cluding glycerol, collagens, proteins, oils, organometallic, and silica
compounds [22].

For bioacoustics, the compressibility of water (2.2 GPa bulk
modulus; the inverse of compressibility) represents a key property

(15)

of the reference medium. Commonly employed contrast materi-
als with higher compressibility include perfluorocarbons, aerogels,
and oils. Lower compressibility materials include some collagens
and polymers, along with organometallic compounds [20]. Addi-
tionally, in a full treatment of acoustic backscatter, the density of
the scatterers also contributes [11]. Some x-ray contrast materials
containing iodine have much higher density than water, for exam-
ple solid iodipamide ethyl ester microparticles have a density of
2.4 g/ml [15,12], whereas many oils and fats have lower densities
[20].

4. Conclusion

Supra-Rayleigh scattering may be useful in a variety of appli-
cations such as tracers and contrast agents. We now have two
approaches to the mathematical requirements of the inhomoge-
neous material properties (index of refraction in the case of optics,
or else compressibility or density in the case of acoustics) so as to
produce supra-Rayleigh scattering behavior in the long wavelength
regime. In the case where the properties can conform to a contin-
uous function of radius, the modified Gaussian weighted Hermite
polynomials of odd orders specify higher power law scattering. In
the case where the material properties are constructed from an in-
ner spherical core with one or more layers, the scattering power
laws can be prescribed by considering the necessary conditions of
zero moments. In practical terms, these require a choice of inho-
mogeneities that have both positive and negative values (in weak
scattering this corresponds to material properties that are slightly
higher than and slightly lower than those of the reference medium,
respectively) and that can be formulated with a high degree of pre-
cision in the material properties and the spatial arrangement of the
layers.
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Appendix

The computations below derive the relationship K@ (0) =

ﬁ [A”K(ch”)] between the even derivatives of K at the
k=0

origin and the even moments of « (r) that was asserted to exist in
the discussion above. Note that AK (Hft”) = (% + %%) K (k) and
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hence A™K (Hft”) = (% + %%)n K (k). The value of [A”K(IIIA{H)],}=0

can then be evaluated by expanding the operator (5722 + % %)“, ap-
plying the expansion to K(k), and evaluating the result at k = 0.
The operator expansion is obtained by means of the recursion for-
mula:

d? N 2d qz:n-2 N 2n—2 g3
dk2 ' kdk ) \ dk2n—2 k  dk2n-3

d2n 2 d2n—1
= (dkﬁ + ) (16)

k dik2n—1

that is shown by the expansion:

d? N 2d dzn-2 N 2n—2 d2n-3
dk2 ' kdk ) \ dk2n—2 k  dk2n—3

d>n d? /2n—2 g3
=M+W( k den—3)
L2 2en-2) @ 4@n-2) &
k dk2n—1 k2 dk2n—2 k3 dkzn_3
o . d (2n—2 d*"2 2@2n-2) d*3
Tdk2n T dk k  dk2n—2 k2 dk2n—3
2 d>1 2(2n—2) d?2  4Q2n-2) d*3
+ k dk2n—1 + k2 dk2n-2 k3 dk2n=3
_d /oan—2d™1 2(2n—2) 22
k2 k  dk2n-1 2 dkn—2
4(2n—2) d*3
k3 dk2n3
2d2-1  202n-2) d*? 42n-2) d>3
+ k dk2n—1 k2 dk2n=2 3 dk2n—3
d2n on d2n—1
=gk Tk dien 1 17
dizn T g (17)
A simple induction argument then gives:
d? 2 d\" dn on d2n-1
2 T ear) T \gren T grent )¢ 18
(dk2 + k dk) (den + k dk2n71) (18)
This result gives:
. > 2d\"
n = _ —_—
k(i) = (s 2 oo
d>  2n d¢*1
=\ =5 + 7 7 | K
(dk2" % denfl) )
K@= (g
=K@ (k) pon W (19)

k

Finally, note that L'Hopital’s rule can be used to evaluate the sec-
ond term on the right at k = 0 (since both the numerator and
denominator vanish at k = 0), yielding the final result

[A"K(ch”)]ﬁzo —@2n+ 1)K (0). (20)
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