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ABSTRACT

Elastography researchers have utilized several rheological models to characterize soft tissue viscoelasticity
over the past thirty years. Due to the frequency-dependent behavior of viscoelastic parameters as well as
the different techniques and frequencies employed in various studies of soft tissues, rheological models
have value in standardizing disparate techniques via explicit mathematical representations. However, the
important question remains: which of the several available models should be considered for widespread
adoption within a theoretical framework? We address this by evaluating the performance of three well
established rheological models to characterize ex vivo bovine liver tissues: the Kelvin-Voigt (KV) model
as a 2-parameter model, and the standard linear solid (SLS) and Kelvin-Voigt fractional derivative (KVFD)
models as 3-parameter models. The assessments were based on the analysis of time domain behavior
(using stress relaxation tests) and frequency domain behavior (by measuring shear wave speed (SWS)
dispersion). SWS was measured over a wide range of frequency from 1 Hz to 1 kHz using three dif-
ferent tests: (i) harmonic shear tests using a rheometer, (ii) reverberant shear wave (RSW) ultrasound
elastography scans, and (iii) RSW optical coherence elastography scans, with each test targeting a distinct
frequency range. Our results demonstrated that the KVFD model produces the only mutually consistent
rendering of time and frequency domain data for liver. Furthermore, it reduces to a 2-parameter model
for liver (correspondingly to a 2-parameter “spring-pot” or power-law model for SWS dispersion) and
provides the most accurate predictions of the material viscoelastic behavior in time (>98% accuracy) and
frequency (>96% accuracy) domains.

Statement of Significance

Rheological models are applied in quantifying tissues viscoelastic properties. This study is unique in pre-
senting comprehensive assessments of rheological models:

« We employed experimental data in both the frequency domain (shear wave speed (SWS) vs. fre-
quency) and time domain (stress relaxation) to assess rheological models’ performances.

« SWS were acquired over a wide frequency range, 1 Hz to 1 kHz, by three independent techniques.

« Using the frequency domain analysis, we evaluated how well each model can predict measured time
domain behaviors (and vice versa).

« This presents wide-ranging experimental proofs as the most comprehensive study of its type in terms
of the number of experiments, frequency range, and conjoined assessments of time and frequency
domains behaviors, demonstrating the most appropriate rheological model for soft tissues.
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1. Introduction

Shear wave elastography (SWE) enables quantitative measure-
ments of mechanical properties of tissues which may serve as
biomarkers for characterizing normal vs. diseased tissue. With the
robust evolution of the field of elastography [1,2], the capability
to measure viscoelastic properties of tissues are expanding. These
properties include shear wave speed (SWS), shear wave attenua-
tion (SWA), shear wave dispersion (SWD), elasticity, and viscosity.
These parameters have been widely measured by several groups
using a variety of techniques to characterize viscoelastic soft tis-
sues such as liver [3-9], breast [10,11], prostate [12], kidney [13,14],
brain [15,16], aortic tissues [17,18], etc. or to characterize tissue-
mimicking phantoms [19-22] or for characterization of models of
tissues by employing numerical methods [23-25].

Today more research and clinical groups can extract measure-
ments from wider classes of tissues than ever before. Therefore,
rheological models have renewed attention for predicting tissue
behavior over a wide frequency/time range in the form of explicit
mathematical representations and providing a common framework
between different measurement techniques. However, this raises
ever more urgently the question: can soft tissue viscoelastic mea-
sures be placed within a common rheological model, and if so
which of the several models should be considered for widespread
adoption? In a previous publication [26], this question was ex-
plored with a general review of available data from soft tissues in
the literature over specific time and frequency ranges. These were
examined in light of the most common linear and fractional mod-
els. Combined with a philosophical view related to Occam'’s razor
(where the simplest solution is preferred), and Akaike’s principle
of parsimony [27], this survey recommended the abandonment of
the widely used Kelvin-Voigt single relaxation time constant model
in favor of a simple fractional derivative model.

Given the importance of a common theoretical framework for
comparison of results between different studies and techniques,
the subject of a consensus (or lack thereof) deserves further at-
tention. Specifically, in this paper the most common types of time
and frequency domain experiments are compared for compatibil-
ity with well-known rheological models. Any model that can ac-
curately describe a variety of important experimental results, and
can do so with only a few parameters, is objectively a strong can-
didate for consensus adoption. Conversely, any model that fails to
describe the most common types of responses or that requires a
larger number of parameters should be abandoned.

In this study, we investigated the performance of three most
common and well-known rheological models from a comprehen-
sive practical and experimental view. We employed three indepen-
dent and experimental tests to obtain frequency domain data re-
lated to the dispersion of phase velocity, and an independent test
in the time domain related to stress relaxation. The frequency do-
main dispersion behavior is studied over a wider frequency range
(1 Hz - 1 kHz) than has been previously evaluated to the best
of our knowledge. We also demonstrated the success or failure
of models’ best parameter fits from two directions: will the pa-
rameters obtained from fitting the frequency domain (phase ve-
locity dispersion) data predict the time domain (stress relaxation)
results? Alternatively, will parameters obtained from fitting the
time domain data accurately predict the frequency domain results?
These twin approaches are illustrated in Fig. 1.

These questions are important because it is common to curve-
fit a few frequency domain measurements (over a limited band-
width) to multiple models, without regard to the implication of
these models for prediction of simple stress relaxation results. We
believe this study is the most comprehensive study of its type in
terms of the number of independent experimental techniques ap-

260

Acta Biomaterialia 146 (2022) 259-273

plied, the wide frequency range of tests, and the critical assess-
ment of joint time and frequency domains behaviors.

2. Theory
2.1. Viscoelastic media

Viscoelasticity manifests itself in the material properties of a
medium as being (i) complex (having real and imaginary com-
ponents) and (ii) frequency-dependent, as opposed to an elastic
medium in which the material properties are real and do not
change over a frequency range. The viscous component introduces
a dissipative (imaginary) behavior which is responsible for disper-
sion. Quantification of these properties in vivo could result in ob-
taining a biomarker to assess the tissue characteristics in normal
and diseased states.

For a viscoelastic medium, shear wave propagation and the un-
derlying complex wavenumber E(w) could relate to its complex
shear modulus G(w) according to Eq. (1) in which w and p are the
radial frequency and the density, respectively. The complex shear
modulus is related to complex Young's modulus E(w) by the Pois-
son’s ratio v according to Eq. (2). For soft tissues, v is approxi-
mated as nearly incompressible (v ~ 0.5), and the equation is sim-
plified [26]:

k(w) = —2— (1)
G(w)
)
A E(@) w~05 = E(w)
G(w) = m G(w) = 3 (2)

Furthermore, the complex wavenumber incorporates informa-
tion regarding SWS, ¢, (w), (as a measure of stiffness) as well as
shear wave attenuation o (w) (as a measure of loss) of the medium
as shown in Eq. (3):

w
Cph (Cz))

Using equations (1) - (3), SWS as a function of frequency is ob-
tained from the complex modulus (E(w) = Estor + jEjoss):

k(w) = — ja(w) 3)

E\(a)) 2 E52[Or + Elzoss

2
(@) = | —— = | =
3 N N 3 - ~ .
P JIE@)] + Exor P B + B2+ Extor
(4)

In which Eg, and Eloss are the storage and loss Young's moduli,
respectively.

Another important characteristic of viscoelastic media is their
stress relaxation (SR) behavior, which originates from their time-
dependent behavior.

The stress relaxation behavior of a viscoelastic medium is
characterized as a time-dependent decrease in stress when the
medium is exposed to an ideal (sudden) step strain function. In
practical experiments on the viscoelastic materials, applying this
ideal strain cannot be physically implemented and a step strain is
applied in two successive steps as shown in Eq. (5): first, a short
linear ramp strain is applied until the desired strain level g, is
achieved during [0-Tp] time period. This is followed by the appli-
cation of a constant strain gy for the rest of the experiment. The
latter is associated with the stress relaxation period in time [28].

, fop tomy
Ramp — and — hold strain: e(t)=1 To (5)
o tZTg
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Investigation Approaches:

l

Approach A:

Measure frequency domain
shear wave speed (SWS) data

ra ~

Obtain best fit of SWS data for 3 models
(and fitting parameters)

Predict time domain behavior
(SR)

\ J/

l

Approach B:

Measure time domain
stress relaxation (SR) data

Obtain best fit of SR data for 3 models
(and fitting parameters)

Predict frequency domain behavior
(SWS)

/

Fig. 1. The flowchart showing the summary of the two approaches for analyzing the three rheological models: Approach A: frequency domain analysis; Approach B: time

domain analysis.
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n
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Spring-Pot
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Fig. 2. Diagrams of rheological models: (a) KV model, (b) SLS model, (c) KVFD model, and (d) spring-pot model which is the KVFD model with a negligible spring constant

Ep.

2.2. Rheological models

In the next three sections, we provide equations describing both
time and frequency domain behaviors of the three well established
rheological models employed in this study, which clarifies the eval-
uation of their performances in later sections. The building blocks
of these rheological models are shown in Fig. 2.

2.2.1. Kelvin-Voigt model

The Kelvin-Voigt (KV) model is one of the simplest models
used to describe viscoelasticity in a material as a 2-parameter
model consisting of a spring with Young’s modulus E; and a dash-
pot element with viscosity n connected in parallel as depicted in
Fig. 2 (a). The KV constitutive equation describing the stress-strain
relationship of a material in the time domain is:

o) = Fre(t) + o (6)
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From the constitutive equation, the stress relaxation response
osg(t) to a ramp-and-hold strain application (Eq. (5)) is:

)
El(To)t+7']<T0> t<T0

osg(t) = (7)

Ei&9 t>Ty

The behavior of a viscoelastic medium in the frequency domain
under the KV model is obtained by taking the Fourier transform of
the constitutive model (Eq. (8)) which gives the complex Young'’s
modulus (Eq. (9)).

6 (w) =E1é(w) + n(jw)é(w) (8)
A 6 (w) .
E(w) = 5 @) =E +n(jw) 9)
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The SWS predicted by the KV model ¢ xy (@) is then obtained by
substituting Eq. (9) into Eq. (4):

Csxv (@) = 2 %E]Z e
s.KV 35 JE7 1 iR 1 )

In the ideal stress relaxation test under the KV model, the ap-
plication of an ideal step strain requires an infinitely large force at
the instance when strain (displacement) is applied, which is not
realistic. When the ideal step strain is substituted by a more real-
istic ramp-and-hold strain, the KV model response as described by
Eq. (7) shows some drawbacks. First, after the ramp period t > T,
the model predicts that the material holds a constant stress level
over time. However, this rules out one major characteristic of a
viscoelastic material, which is the time-dependent decrease (relax-
ation) of stress under constant strain. Second, the stress at t =0
is not zero, o (t =0) = n(%), based on the KV stress derivation as
shown in Eq. (7), and o (t = T) is discontinuous.

(10)

2.2.2. Zener (standard linear solid) model

The Zener, or standard linear solid (SLS) model is a 3-parameter
model with two spring elements (with Young’s moduli E; and E,)
and one dashpot (1), as shown in Fig. 2 (b). The constitutive equa-
tion of the SLS model is:

ido‘(l’) n(E1 + Ey) de(t)
dt E, dt

E;

Similar to the derivations obtained from constitutive equa-
tion for the KV model in Section 2.2.1, the stress relaxation re-
sponse to a ramp-and-hold strain application osg(t), the complex
Young's modulus E(w), and the SWS for the SLS model Cs.s15(@)
are described by Eqgs. (12), (13) and (14), respectively. In Eq. (12),
Uleaviside (t) is the unit step function.

o)+

= E]S(t) +

(11)
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KVFD stress relaxation response osg(t) to a ramp-and-hold strain
is obtained from Eq. (16) and the complex Young’s modulus as a
function of frequency is:

osg(t) = Eg—ijo(tUHeaviSide(t) - (- TO)UHeaviSide (t— TO))

+ g ﬁ (UHeaviSicle (t)t17a

— Unteavisiae (t — To) (t — To)' ™) (16)
Ew) = Z((a“j)) = By + £ (jo)* (17)

where in Eq. (16) I" refers to the gamma function. When Ej is very
small and thus negligible as shown by [12,36], for soft viscoelas-
tic media, the KVFD model reduces to a 2-parameter model (the
spring-pot model shown in Fig. 2 (d)) for which the SWS as a func-
tion of frequency is modeled by:

RN —
Cs kvep (@) = \/Bp [1 + cos (GTN)]

In Eq. (18), SWS is shown to follow a 2-parameter power-law
relationship with the frequency under the KVFD model which is
simplified as Eq. (19) considering that w = 27 f.

Cs,KVFD(f) = Cof% (19)

where ( is a reference speed at 1 Hz. The time domain and fre-
quency domain relationships of these models are summarized in
Table 1.

T

® (18)

3. Methods
3.1. Sample preparation

Ex vivo bovine liver tissues were used in this work to study the
time and frequency domain behavior of soft tissue. Whole fresh
bovine liver was acquired from a slaughterhouse right after the
animal was sacrificed and the liver was surrounded entirely by
ice during delivery to our laboratory. The whole ex vivo bovine
liver weighed approximately 6 kg. The liver was immediately

ostt) = 2| (1= % e B (57 )
M+ Ei(t— TO)))UHeaviSide(t - To)} (12)

by S@) B+ M o)

Fe) é(w) 1+ £ (jw) (13)

Cosis(@) = | 2= (n0B3)” + (EAB3 + 202 (Br + E»))”

(14)

2.2.3. Kelvin-Voigt fractional derivative model

The Kelvin-Voigt fractional derivative (KVFD) model is a 3-
parameter model comprised of a spring with Young’s modulus Eg
and a spring-pot (fractional dashpot) characterized by two param-
eters of £ and a as shown in Fig. 2 (c). This model has been devel-
oped and applied to a range of soft tissue behaviors [29-35].

The parameter a quantifies the fractional order of the spring-
pot element: when a = 0, the spring-pot acts as a spring and for
a=1 it behaves as a dashpot element. The second parameter &
is the dashpot viscosity with the unit of Pa-s? The constitutive
equation for the KVFD model is described by Eq. (15) in which D?
denotes the fractional derivation.

o (t) = Eog (t) + D[ (D)] (15)

It is noted that when a =1, the KVFD model reduces to a KV
model, as Egs. (6) and (9). Similar to the KV and SLS models, the

P (E2 + n?w?) (ElE§ +n2w?(E1 + Ey) + \/(nwE§)2 + (ErE2 + n2? (Ey + Ez))2>
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immersed in normal isotonic saline solution (with 0.9% of sodium
chloride dissolved in degassed water) to prevent tissue degener-
ation and dehydration and placed in a refrigerator overnight at
4°C. Using 0.9%-isotonic saline solution is a very common method
for preserving the tissue samples over relatively short periods of
time (< 24 h) in different studies involving tissue samples in-
cluding some pathological experiments [37]. Therefore, it is con-
sidered a valid method for minimizing degradation in tissue sam-
ples in this study. On the following day, different samples were
cut from the bovine liver for each of the four tests and allowed
to reach room temperature (~20°C) while immersed in saline so-
lution. Since small specimens dehydrate quickly and stiffen when
exposed to air, each sample was kept immersed in normal saline
solution until just prior to testing to avoid any possible dehydra-
tion of the samples, which could affect the measurements of stress
and SWS. The whole bovine liver used in this study is shown in
Fig. 3 (a).
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Table 1
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Comparison of time domain and frequency domain relationships of the rheological models.

Model Time domain behavior Frequency domain behavior
2-parameter KV o (t) = Ee(t) + n %0 E(w) = E +n(jw)
do () (E\+E5) de(t) £ Bt MR (o)
3-parameter  SLS o)+ £ G2 =Ee(O + 2GR E(w) = W
3-parameter  KVFD o (t) = Ege(t) + ED%e(t)] E(w) = Ey + E(jw)?
2-parameter  Spring-pot o (t) = £De(t)] E(w) = £ (jw)

O)

Fig. 3. (a) Whole fresh bovine liver, (b) experimental test setup of the rheometer for harmonic rotational shear test with a cylindrical liver sample, (c) ultrasound exper-
imental setup using the Verasonics ultrasound system and transducer in place with two miniature vibrator sources located at different positions and in contact with the
liver sample tissue as RSW sources, (d) OCE setup using a custom-built phase sensitive swept-source optical coherence tomography system (e) experimental setup for stress

relaxation test with a liver sample in place.

3.2. Experimental studies

Four independent tests were employed to provide a compre-
hensive range to assess the rheological models’ performance in
the frequency and time domains. To investigate the dispersion be-
havior of liver tissue samples at discrete frequencies from 1 Hz
to 1 kHz, three independent experimental tests were performed:
(i) harmonic shear test, (ii) reverberant shear wave (RSW) ultra-
sound (US) scans, and (iii) optical coherence elastography (OCE)
scans based on RSW. The test set-ups for these three experiments
are shown in Fig. 3 (b), (c) and (d). The harmonic shear test was
employed in assessing the speed dispersion behavior at low fre-
quency ranges, i.e., 1 Hz to 15 Hz. The RSW-US approach provided
the speed dispersion at mid-range frequencies of 200 Hz to 400
Hz. The RSW-OCE approach was used to quantify the speed dis-
persion behavior at 1 kHz, which is outside the scope of the RSW-
US test due to high noise and attenuation, and outside the scope of
the rheometer test due to the low-frequency limitations of that ap-
proach. To study the time domain behavior of ex vivo bovine liver
tissues, stress relaxation test was done on small liver samples; its
experimental setup is shown in Fig. 3 (e). All four tests were done
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on the same day while the samples were at approximately 20°C
and at similar hydration conditions in order to make the results
from all four approaches as consistent as possible. The room tem-
perature was maintained during all testing periods using a wall-
mounted digital thermostat, and the temperature of the samples
was frequently measured using a digital infrared laser thermome-
ter (Model LASERGRIP 1080, Etekcity brand, Vesync Inc., Anaheim,
CA, USA) while the samples were resting in saline solution un-
til they reached room temperature. Each of the three tests in the
frequency domain were tailored to target their optimal frequency
range. A minimum of three liver samples, free of ligaments and
major arteries, were used for each test. In the case of RSW-US, scan
planes of 4 cm x 5.5 cm were analyzed for shear wave speed. The
detail for each measurement is presented in the following four sec-
tions.

3.2.1. Harmonic frequency sweep shear test

The frequency sweep rotational shear test enables the charac-
terization of the viscoelastic bovine liver within a range of fre-
quencies. For performing this test, a hybrid rheometer (Discovery
Series HR-2, TA Instrument Inc., New Castle, Delaware, USA) was
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employed with a 20 mm diameter flat platen geometry. The di-
ameter of liver sample cuts for the test were also 20 mm. To de-
termine the linear viscoelastic region (LVER) over the strain am-
plitude in the shear test, first the amplitude sweep test was done
on the liver tissue at the frequency of 5 Hz, which is explained in
detail in the Appendix A. Based on that, the strain amplitude of
0.7% was chosen within the LVER as the amplitude for perform-
ing the frequency sweep test, in which the storage and loss shear
moduli were the experimental outputs for the frequency range of
1 Hz to 15 Hz. The SWS as a function of frequency is then obtained
from the measured shear moduli using Eq. (4) which is model-
independent (Young’s modulus and shear modulus are related by
Eq. (2)).

3.2.2. RSW ultrasound approach

RSW vibration sources. Two small identical vibration sources
(Model DAEX320-8, 8 Ohm, 20 W, Dayton Audio, Ohio, USA) were
put in contact with the ex vivo liver tissue as shown in Fig. 3 (c);
these generated the RSW within the tissue for the ultrasound
scan. To create an effective contact surface between each vibra-
tion source and the tissue, a conical knob was attached and fixed
on each source as shown in the figure. These vibrator sources
were connected to a power amplifier (BKA1000-4A, ButtKicker,
Westerville, OH, USA) driven by a dual-channel function genera-
tor (AFG3022B, Tektronix, Beaverton, OR, USA) which provided in-
put signals to the vibration sources. Vibration frequency ranges be-
tween 200 - 400 Hz were used for the ex vivo liver experiment.

Ultrasound scanner and data acquisition. A Verasonics ultrasound
scanner (V-1, Verasonics, Kirkland, WA, USA) connected to a linear
ultrasound probe (model L7-4, ATL, Bothell, WA, USA) was used to
track the induced displacements using a Loupas estimator [38]. The
center frequency and the sampling frequency were 5.21 MHz and
20 MHz, respectively. The frame rate was set to 5000 Hz and the
total acquisition time was 0.25 s.

The SWS was measured by examining the phase distribution of
the reverberant field. Recently, Ormachea and Parker [39] demon-
strated that the reverberant phase gradient was proportional to the
local wavenumber. This phase estimator is less sensitive to imper-
fections in the reverberant field distribution and requires a smaller
support window compared to earlier estimators based on autocor-
relation. The specific details of the phase velocity estimator are de-
scribed in [39].

3.2.3. Optical coherence elastography (OCE)

OCE scanner set-up and excitation sources. A swept-source optical
coherence tomography (SS-OCT) system was used in conjunction
with a mechanical excitation system to form the entire custom-
built OCE system. The SS-OCT system was implemented with a
swept-source laser (HSL-2100-HW, Santec, Aichi, Japan) with a cen-
ter wavelength of 1310 nm and a bandwidth of 140 nm. The lateral
resolution was approximately 20 ym and the axial resolution was
approximately 6 pym in air. The SS-OCT system and the mechani-
cal excitation system were both controlled using LabVIEW software
(Version 14, National Instruments, Austin, Texas, USA). The sam-
ple dimensions for the OCE scans were approximately 3 cm x 3
cm x 4 cm.

The mechanical excitation system consists of the following: a
function generator (AFG320, Tektronix, Beaverton, Oregon, USA)
that provides the 1 kHz continuous sinusoidal excitation signal, an
amplifier (PDu150, PiezoDrive, Callaghan, NSW, Australia), a piezo-
electric actuator (BA4510, PiezoDrive, Callaghan, NSW, Australia),
and a custom circular ring with 8 points of contact to induce rever-
berant shear waves. The field of view was a 5 x 5 mm area used
to scan a homogeneous region of liver tissue.
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OCE data acquisition and processing. The MB-mode acquisition ap-
proach was used to acquire 3D reverberant OCE data [40]. One
hundred (100) A-lines by 100 frames by 100 M-mode measure-
ments were acquired. The estimated particle motions were ob-
tained using the algorithm developed by Loupas et al. [38].

Two-dimensional (2D) spatial autocorrelations for each xy-plane
were calculated with a square window area of 1 mm?2. The lo-
cal wavenumber k was then estimated via curve fitting and, sub-
sequently, SWS could be calculated. This process was repeated at
each depth to construct the 3D SWS maps. The average SWS and
standard deviation (STD) in the cropped 3D region of interest (ROI)
were reported. All data processing was performed using MATLAB
2020b (Mathworks, Inc., Natick, MA, USA).

3.2.4. Stress relaxation test approach

The SR test was implemented using a Q-Test/5 machine (MTS,
Eden Prairie, MN, USA) similar to previous studies [28,36]. The test
was performed using a 5 N load cell with a compression rate of
0.5 mm/s. The strain applied was 10% strain (2= x 100) which was
exerted linearly from zero to a maximum of 10% over a short time
(~ 3.5 s) and then the strain was kept constant during the relax-
ation period for approximately 350 s. The output from the SR test
was the variation of force recorded by the load cell over time for
each sample during the whole test period.

The measured force is then converted to stress o (t) by incor-
porating the cross-sectional area of each sample and then the SR
curves are fitted to each rheological model to assess how well each
model captures the time domain behavior of the liver tissue.

The curve fitting was done using MATLAB 2020b (Mathworks,
Inc., Natick, MA, USA) using the least square method based on min-
imization of errors between test data and the fitted curve, includ-
ing the final fit of all frequency domain data to the different rheo-
logical models.

4. Results
4.1. Preloading effect

The viscoelastic properties of liver tissues measured in an ex-
periment may change due to factors associated with the test con-
ditions. An important factor is the preloading effect due to the tis-
sue weight in tall vertical cylindrical samples. Preloading is known
to result in an increase in the shear modulus and therefore, mea-
sured stiffness level [41, 42]. As observed in Fig. 4, the liver sample
bears a length reduction of over 20% due to its own weight in posi-
tion (b) compared to (a). According to the study by Tan et al. [43],
a strain of 20% results in stiffening of the modulus in bovine liver
by a factor of 3/2, or a 50% increase. In this study, 20% preloading
is assumed in the stress relaxation, RSW-US, and OCE tests, which
is compensated by the factor 2/3 for the shear modulus as a first-
order correction for the pre-strain. It is noted that the rheometer
test is not adjusted as the samples employed for performing the
harmonic shear test had a comparatively smaller ratio of height to
diameter and also minimal contact force by the test plate.

4.2. Rheometer shear test results

Fig. 5 shows the results obtained from the harmonic shear test
using the rheometer on three bovine samples where (a) shows the
storage and loss shear moduli for the samples measured by the
rheometer, and (b) indicates the SWS calculated from the moduli
in (a) at low frequency range, (1 Hz < f < 15 Hz).

4.3. RSW ultrasound approach

Fig. 6 presents the results of the RSW-US approach for a sam-
ple frequency of 360 Hz. In this figure, (a) shows the gray scale
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(@) (b)

Fig. 4. Difference in height measurement of a liver sample for stress relaxation experiments in two different positions in (a) and (b). The vertical positioning of a tall cylinder
for testing results in an over 20% reduction of height due to gravity acting on the compressible mass.
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Fig. 5. Rheometer shear test results on three liver samples: (a) storage (black curves) and loss (blue curves) shear moduli, (b) SWS obtained at the low frequency range
using Eq. (4).
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Fig. 6. (a) B-mode image of the liver, (b) particle velocity illustrating the shear wave propagation and the RSW field produced within the ROI, (c) final elastographic image
using the phase gradient method in a reverberant field.

265



S.S. Poul, J. Ormachea, G.R. Ge et al.

y (mm) 0 0 X

y (mm)

(©

~

ol
W
0

\\U/ |

Acta Biomaterialia 146 (2022) 259-273

z (mm)

0 1 2 3 1 5
y (mm)

@

v
z (mm)

aP
5

vy (mm)

(©

X (mm)

Fig. 7. (a) 3D B-mode image (0 to 255 grayscale) of homogeneous liver ROL (b) Sample 3D frame showing reverberant shear wave pattern. (c) Estimated 3D shear wave
speed map (d) 2D RSW field within the plane cut though middle of 3D RSW, (e) 2D SWS on a plane cut though middle of part (c).

B-scan of the liver under experiment, (b) is the RSW field shown
as the particle velocity produced within the domain by external
mechanical excitation, and (c) depicts the elastography images for
local SWS overlaid on the B-scan image.

4.4. RSW optical coherence elastography approach

The RSW-OCE results for SWS measurement at the frequency of
1 kHz is shown in Fig. 7 in which (a) is the 3D gray-scale B-scan
ROI of a bovine liver sample, (b) shows a sample frame in time of
the 3D RSW generated within the sample, and (c) is the estimated
SWS within the 3D sample obtained from the analysis of OCE data.
It is noted that the RSW-OCE approach provides characterization
of SWS within a 3D domain, not only along a 2D surface, but also
along the axial (depth) direction. It is not solely based on surface
wave propagation; it incorporates the propagation of random shear
waves diffusing in different directions within the volume. To see
how the RSW field and SWS appear inside the domain, a 2D plane
cut through the middle of the 3D domain along the x axis was se-
lected and the RSW and SWS are shown within this 2D plane in
Fig. 7 (d) and (e), respectively. It is noted that Fig. 7 (d) demon-
strates how uniform the local SWS is within the 3D domain of the
small liver sample tested. The test is repeated for three different
liver samples. The average value and the standard deviation of the
3D estimated SWS are reported.

To summarize the frequency domain SWS measurements for ex
vivo bovine liver tissue from the three experiments, Fig. 8 (a) visu-
alizes the results from the rheometer shear test, the RSW-US scan,
and the RSW-OCE experiment with the standard deviation for SWS
measurements at each frequency shown as errorbars. These cover
the range of 1 Hz -1 kHz shear wave frequencies. There are gaps
between the three measurement techniques, however all rheolog-
ical models considered would predict smooth transitions between
the respective measurement bands.

4.5. Stress relaxation test results

Fig. 8 (b) shows the experimental SR curves obtained from me-
chanical tests over a relaxation time span of 350 s, representing
the time domain behavior of ex vivo bovine liver tissues.
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5. Discussion

Having obtained SWS measurements over a wide frequency
range and the time domain SR measurements using independent
experimental approaches, the key question before us is: which rhe-
ological model will best predict the behavior in soft liver tissue, in
both frequency and time domains, consistently and with the fewest
parameters?

5.1. Performance of rheological models

In addressing the question raised above, we employed the
two different approaches (approach A and approach B) shown in
Fig. 1 to investigate the performance of the rheological models
in predicting the ex vivo bovine liver tissue behavior in both fre-
quency and time domains.

5.1.1. Approach A: Frequency domain data analysis

For the first approach in evaluating the performance of three
rheological models, we fit the frequency domain SWS data ob-
tained from our three experiments to dispersion relationships of
the three models. The analyses are presented in Fig. 9 (a), (b), and
(c) for the KV, SLS and KVFD models, respectively, in log-log scale
with the SWS dispersion fitting parameters reported in Table 2.

As observed in these figures, all three models are capable of
capturing the SWS dispersion within the middle range of frequen-
cies, similar to observations in other studies [44]. However, the
models differ in how they behave at lower frequencies, i.e., f <
10 Hz and high frequencies (f = 1 kHz). The KV model in Fig. 9 (a)
exhibits a constant SWS (negligible dispersion behavior) at the
lower frequency end. However, the experimental SWS measure-
ments obtained from the rheometer test as well as the SWS dis-
persion reported for human brain by Herthum et al. [15] show
highly dispersive behavior of soft tissues in this frequency range. It
is also noted that the KV model, based on observations by Nightin-
gale et al. [7], shows large variations of its fitting parameters over
limited frequency ranges, therefore, it is not well suited for char-
acterizing highly dispersive media such as human liver. These are
important limitations in employing the KV model for the frequency
domain analysis.
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Fig. 9. Results from Approach A. Top Row: SWS data from three independent tests on bovine liver samples fitted to the: (a) KV model, (b) SLS model, and (c) KVFD model.
Bottom Row: stress relaxation curves predicted from SWS dispersion fitting results shown as purple curves for (d) KV model, (e) SLS model, and (f) KVFD model, compared

with the actual experimental stress relaxation measurements.

Table 2

Fitting parameters obtained fitting the experimental SWS data of liver samples to KV, SLS, and
KVFD models in Fig. 9 (a), (b), and (c), respectively.

SWS dispersion fitting parameters

Goodness of fit

KV model Ei = 1184 Pa n =0.532 Pa.s R? =0.60
SLS Model E; = 1744 Pa E, =5886Pa 1 =24.03Pas R?=0.86
KVFD Model Eq=546x10%Pa a=0.245 &£ =1097 Pa.s® R?>=0.96

The SLS model in Fig. 9 (b) performs well in describing the SWS
dispersion behavior at low frequencies as also observed by Klatt
et al. [45], however for the higher range of frequencies provides
less accurate results. The SLS model incorporates one additional
parameter in comparison to the KV model, however the SLS fitting
accuracy is still not accurate enough for SWS dispersion modeling.

The KVFD model in Fig. 9 (c) provides an excellent fit to the ex-
perimental SWS dispersion data with a value of Ey being negligible,
resulting in a 2-parameter SWS dispersion model with accurate re-
sults. It performs well both in terms of goodness of fit over the
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wide range of frequencies as well as employing the fewest number
of significant fitting parameters.

Let us go one step further in evaluating the performance of the
three rheological models using approach A to see how the parame-
ters from frequency domain analysis project onto the time domain
behavior. To do so, we employed the fitting parameters obtained
from the analysis of SWS in Table 2 to predict the corresponding
time domain SR and then compared it with the actual experimen-
tal measurements of SR for bovine liver to see how prediction is
close to the real behavior. The resulting estimated SR curves are
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Fig. 10. Results from Approach B. Top Row: stress relaxation data from bovine liver testing fitted to the: (a) KV model, (b) SLS model, and (c) KVFD model. (The results on
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model, compared with the actual experimental SWS measurements.

shown in Fig. 9 (d), (e), and (f) for the three rheological models as
purple lines.

Fig. 9 (d) and (e) for the KV model and SLS model, respec-
tively, estimate a SR behavior dramatically departing from the ex-
perimental data in terms of the shape by which stress relaxes over
time as well as the stress level . The KV model indicates a constant
SR behavior originating from the nature of its SR formula in Eq. (7).
On the other hand, the stress in the SLS model is dominated by
the strong constant term such that its exponential decay term is
relatively small, producing what appears to be an almost constant
stress. The orders of magnitudes of the SLS parameters (E;, E,, and
1) obtained from SWS dispersion fitting causes this SR response. To
elucidate this stress behavior of the SLS model, we obtain its single
time constant from SLS fitting results in Table 2 which is equal to
T = % = % = 0.004 s. This characteristic time constant is very
small, corresponding to a fast decay time incorporated within the
model, resulting in failure of the SLS model in estimating the ap-
propriate SR behavior. For the KVFD model in Fig. 9 (f), the SR
curve predicted from the SWS dispersion fitting parameters shows
a reasonable SR response in terms of both the shape of the SR be-
havior and the magnitude of stress in comparison to the experi-
mental SR data.

5.1.2 . Approach B: Time domain data analysis

For the second approach, we start from analysis of time domain
experimental data measured in the SR test. Fig. 10 (top row) shows
the experimental SR data of the ex vivo bovine liver tissues for
three different samples fitted to SR relationships of the three rhe-
ological models: (a) KV model, (b) SLS model, and (c) KVFD model
presented as red solid lines. All curve fitting was performed for the
entire ramp-and-hold strain period. The average fitting parameters
over three samples are reported in Table 3 for each model.

Looking at the KV model fitting results in Fig. 10 (a), the model
captures the stress behavior of the experimental data during the
ramp strain application period (0 <t < Typ), but it fails to correctly
predict the SR behavior when constant strain is applied (¢t > Tp).
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Specifically, this model prescribes a constant stress value for the
relaxation period (t > Typ), which is unrealistic. The SLS model in
Fig. 10 (b) demonstrates an improvement over the KV model in
terms of describing the SR behavior of the liver tissues, as it shows
a decaying (rather than constant) stress for t > Ty. However, the
SLS model is not able to capture the experimental relaxation be-
havior of liver with any reasonable accuracy. The KVFD model in
Fig. 10 (c) predicts the viscoelastic relaxation behavior of ex vivo
bovine liver tissue very well for the entire ramp-and-hold strain
application period. The KVFD model incorporates a spectrum of
the relaxation time constants, which results in capturing a range
of time constants and therefore, provides more flexible and accu-
rate fitting results than the SLS model with a single time constant.
Also, it is notable that for the KVFD model SR fitting, the param-
eter Ey takes a negligible value which permits the reduction to a
2-parameter model with accurate results.

In the Appendix B, the results from fitting the experimental SR
data to the three rheological models for shorter relaxation period
(0 < t < 100 s) than Fig. 10 are presented. This analysis shows
similar performances for the three models where the KV and SLS
models fail to reasonably fit the time domain behavior while the
KVFD model shows an excellent agreement with the SR data.

To assess how the results obtained from time domain analy-
sis of experimental SR data would project onto the behavior in the
frequency domain under each rheological model, the fitting param-
eters from SR fittings in Fig. 10 (a)-(c) and Table 3 are employed
to estimate the corresponding SWS. Then, these SWS predictions
from all models are compared with the actual experimental mea-
surements of SWS for bovine liver to see how close the predictions
are to the actual measurements. The results are demonstrated in
Fig. 10 (d), (e), and (f) for the KV model, SLS model, and KVFD
model, respectively.

Looking at the predicted SWS dispersion for the KV model in
Fig. 10 (d), we observe an elevated order of magnitude of SWS
values in the plot compared to experimental SWS measurements.
The range of SWS for soft tissues such as liver is 0.7 m/s to 2.0
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Table 3
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Fitting parameters obtained from fitting the experimental SR data of liver samples to KV, SLS, and
KVFD models in Fig. 10 (a), (b) and (c), respectively. Results are averaged over three samples’ mea-
surements with the STD reported in parentheses.

SR averaged fitting parameters (STD)

Goodness of fit

KV model E; =395.2 Pa n =676.2 Pa.s R? = 0.47
(62.1) (365.5)
SLS Model E1 =3429 Pa E, =657.1 Pa n = 10239 Pa.s R? =0.93
(61.7) (116.0) (1369.5)
KVFD Model Ey = a=0.20 & = 1075 Pa.s® R? =098
3.33 x 10-5Pa (0.008) (163.7)
(2.0x1077)

m/s over a wide frequency span, observed in this study as well as
other literature for human brain [15] and human liver [39]. There-
fore, the time domain fitting parameters for KV models does not
represent a realistic frequency domain behavior.

For the SLS model in Fig. 10 (e), the estimated SWS response in
the frequency domain is not only far off compared with the actual
SWS measurements, but the SWS estimation produces a negligible
SWS dispersion (frequency-dependent) behavior. This is in conflict
with the fundamental dispersive behavior of viscoelastic soft tis-
sues such as liver. Therefore, modeling the time domain SR data
using the SLS model does not map to an accurate frequency do-
main behavior. Going further in evaluation of the SLS model’s per-
formance, its single time constant from SR fitting parameters in
Table 3 is 7 = Ei =15.6 s. The time domain gives one relatively
large (and therefore slow) time constant t which in the frequency
domain corresponds to a low frequency.

Fig. 10 (f) shows the SWS for bovine liver tissue estimated by
the KVFD model using the parameters from the SR time domain
behavior. The results appear reasonable in terms of the range of
SWS approximated for the liver tissues (0.7 m/s to 2.0 m/s) as well
as the prediction of a non-zero SWS dispersion behavior. There-
fore, for the KVFD model, the time domain behavior predicts the
frequency domain behavior reasonably well.

It is noted that the general trend observed in the behavior of ex
vivo bovine liver SWS measurements such as dispersive behavior
and the range of variation are consistent with other in vivo mea-
surements of human liver [8] and human brain [15]. Therefore, KV
and SLS models are expected to show similar limitations in de-
scribing the in vivo measurements for these soft tissues. Also, the
KVFD model has been applied to other soft tissues such as prostate
[12] and lung tissue [46] and therefore, the results of this study
may be applicable to other tissues, as well.

5.2. Which model is the most appropriate?

The investigations into the performance of KV, SLS, and KVFD
rheological models from both the time domain and frequency do-
main perspectives showed that the KVFD model performs well in
both direct fitting to experimental SR data in the time domain
and also direct fitting to experimental SWS dispersion data in the
frequency domain. Moreover, this model was successful in consis-
tently predicting (modeling) the material behavior in one domain
(time or frequency) from independent measurements in the other
domain. The KV and SLS models were shown to be incapable of
describing elementary time domain (SR) behavior of liver tissues.
Also, although their SWS dispersion behavior in the frequency do-
main can reasonably match the SWS experimental data within lim-
ited frequency ranges, those results do not map to a correspond-
ing reasonable behavior in the time domain. Therefore, the KVFD
model is demonstrated to be the only model to comprehensively
describe liver tissues properties in both time and frequency do-
mains. It is noted that the KVFD model reduces to a 2-parameter
model in practice since the parameter Ey usually takes a negligible
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value in both time and frequency domain analysis of viscoelastic
tissues such as liver as shown in other studies [12,36], and reduces
to a spring-pot model as shown in Fig. 2 (d). It is worth high-
lighting that the 2-parameter KVFD model is a power-law model
in line with the frequent occurrence of power-law phenomena in
nature [47,48]. Thus, our study indicates that the KVFD model best
describes the material’s behavior with the fewest number of pa-
rameters.

Moreover, comparing the performances of the three rheologi-
cal models from the Akaike information criterion (AIC) [27], which
aims at selecting the best model based on the joint analysis of
model’s complexity (number of parameters) and model’s ability
to capture experimental measurements well, the KVFD model per-
forms better than the KV and SLS models. The detailed results of
these comparisons based on the AIC are presented in Appendix C.

It is worth noting that based on assessments of common rhe-
ological models in nonlinear regimes from computational simula-
tions [49], the fractional derivative models are suggested to de-
scribe more diverse simulating conditions than the classical mod-
els. This is aligned with the conclusion made in this study based
on the analysis of a range of experimental measurements of vis-
coelastic liver tissues in or near the linear, small strain regime.
Furthermore, a recent comparative study of three nonlinear mod-
els of liver under strains up to 50% found that a model with an
exponential strain energy term and a fractional derivative term
was superior to others [50]. Interestingly, their fractional derivative
exponent was found to be a = 0.2 to 0.25 depending on which
error norm was used. This compares closely with our results in
Tables 2 and 3 where the KVFD exponent is a = 0.2 and 0.254 for
the different tests.

We now turn to a potential point of objection concerning the
spring-pot model for soft tissues. With its fractional derivative, it
might seem abstract and not connected to simple physical mecha-
nisms. However, the derivation of the spring-pot model from mul-
tiple parallel elements in a Maxwell model is actually simple and
straightforward. This arrangement of multiple parallel elements
and an optional single spring element is the generalized Maxwell-
Weichert model [51] and has longstanding history as a useful
multi-scale, multi-time constant model. Now let us assume the dis-
tribution of time constants in the generalized Maxwell model is a
power-law distribution characterized by parameter b where b > 1
. A strong rationale for introducing a power-law function is that the
power-law distribution is frequently found to describe multi-scale
systems in nature and biology [52,53]. Incorporating the power-law
assumption within the generalized Maxwell model, shown in detail
in the Appendix D, yields precisely the spring-pot model, with the
associated time and frequency domain behavior similar to the form
shown in Table 1. In particular, the stress relaxation will be of the
power-law form proportional to tb%l for b> 1, and the complex

modulus E(w) will be a power-law proportional to w?~! for b > 1
[26,54].

Thus, the concept of the spring-pot may seem abstract for mod-
eling soft tissues, but it actually results simply from the realistic
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acknowledgement that the components of soft tissues are multi-
scale both in size and in time constants.

Limitations of this work include the need for higher frequency
shear wave data (above 1 kHz) and the measurement of other soft
vascularized tissues. Furthermore, there is a need to better under-
stand how diseases and pathologies affect the viscoelastic proper-
ties. This study also has not explicitly considered nonlinear models
of tissue behavior. These have shown promise in describing behav-
iors seen in situations with larger imposed strains [49,50,55-58].
Finally, the extension of these results to in vivo tissue with blood
flow and pressure requires further study. In vivo measurements of
shear wave phase velocity and dispersion are now possible [59],
however direct comparison of in vivo to ex vivo or post-mortem
studies are limited.

6. Conclusion

The KVFD model was shown to perform consistently well in fit-
ting to stress relaxation experimental data in the time domain as
well as fitting to SWS dispersion in the frequency domain for ex-
perimental data measured from four independent techniques. This
model was also successful in predicting the material behavior in
one domain (time or frequency) from independent measurements
in the other domain. On the other hand, the KV and SLS models
were shown to be grossly incapable of describing time domain be-
havior of liver tissues under simple stress relaxation conditions.
This difference originates from the fact that the KVFD model in-
cludes a spectrum of relaxation time constants from small to large,
which allows this model to capture the liver relaxation behavior
well, while the SLS and KV models offer only one single relaxation
time constant, which results in unreasonable fitting results. When
examining SWS dispersion behavior in the frequency domain, the
KV and SLS models could partially fit the SWS experimental mea-
surements within a limited frequency range, however those results
did not map to a corresponding reasonable behavior in the time
domain. Moreover, it is noted that the KVFD model can be reduced
to a 2-parameter model in practice in both domains (a spring-pot

Amplitude Sweep Test, f=5 Hz
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model). Therefore, the KVFD model is found to be the most accu-
rate model to comprehensively describe the material properties in
both the time and frequency domains while also more efficiently
using the fewest number of parameters.
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Appendix A. Amplitude sweep test for linear viscoelastic region
(LVER)

Before performing the oscillatory frequency sweep shear test to
characterize bovine liver behavior at low frequencies, first it is cru-
cial to find the suitable range of shear strain amplitude to assure
not exceeding the LVER of the liver tissues. Within the LVER, the
stress applied on the sample does not alter its internal structures
and therefore, does not change its rheological properties, such as
storage modulus.

To this end, the oscillatory strain amplitude sweep test was
done on ex vivo bovine liver samples using a rheometer (Discov-
ery Series HR-2, TA Instrument Inc., New Castle, Delaware, USA) to
ensure selecting a suitable strain amplitude as a critical parameter
for the subsequent frequency sweep test. The amplitude sweep test
was performed at a constant frequency of 5 Hz for a strain ampli-
tude range of 0.1% up to 6% and the storage and loss moduli were
reported as a function of strain %. Fig. A.1 shows an example of
the amplitude sweep test results on a bovine liver sample indicat-
ing the LVER. Experiments on different samples demonstrated that
the strain level of 0.7% lies within the LVER and is a reasonable
strain amplitude to apply in the frequency sweep test.

LVER
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Fig. A.1. Harmonic strain amplitude sweep test results on a bovine liver sample.
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Fig. B.1. (a) KV, (b) SLS, and (c) KVFD models fit to the liver SR test data for only 100 s (short time interval).

Table B.1

Rheological models’ fitting parameters obtained from fitting SR test data for 100 s (short time in-
terval). Results are averaged over three samples’ measurements with the STD reported.

SR Averaged Fitting Parameters (STD)

Goodness of fit

KV model E, =528.9 Pa 7 =502.0 Pa.s R2=0.56
(83.6) (380.7)
SLS Model E; =423.5 Pa E, =637.4 Pa n = 4869.5 Pa.s R? =0.96
(72.9) (112.1) (755.3)
KVED Model Ep= a=0.195 & =1050 Pa.s* R2=0.99
5.77 x 107* Pa (0.006) (165)
(1.6 x 107%)
Appendix B. Effect of relaxation period on SR fitting results Table C.1

Fig. B.1 presents the results of SR fitting to three rheological
models for shorter time periods (100 sec.) than Fig. 10 (a), (b) and
(c). Physically, this corresponds to eliminating slower (larger) char-
acteristic time scales from the liver SR behavior. It is observed that
the performance of the SLS model improved to some degree com-
pared to Fig. 10 (b), however it is still not a reasonable fit. The
KVFD model works best in describing the material behavior due
to the nature of the model including a spectrum of characteris-
tic time constants. The fitting parameters are also consistent (vary-
ing slightly) with the values reported for longer fitting periods in
Table B.1.

Appendix C. Rheological models from Akaike criterion
standpoint

To further expand the assessment of the rheological models’
performance in describing the experimental measurements in this
study, the Akaike information criterion (AIC) is also utilized for
each of three models. Mathematically speaking, increasing the
number of parameters within models allows more flexibility in
capturing a given set of data, however it results in increasing the
complexity of the model and the possibility of overfitting the data.
The AIC is a measure of comparing models’ performance in pre-
dicting a given series of measured data, i.e. SWS in this study,
jointly in terms of a model’s predictive power as well as the num-
ber of associated parameters each model employs [27]. Therefore,
there is a trade-off between the model’s complexity and its ability
to capture data. The AIC parameter is calculated from equation C.1,
using the least squares fitting approach.

RSS

N

In this equation, N is the number of measurements, K is the
number of parameters within each model plus 1 (to account for
the error), and RSS is the residual sum of squares comparing the
model predictions against measurements. Evaluating the AIC pa-
rameter for each of the three rheological models in this study, i.e.

AIC:N-Ln( )+2.1< (1)
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The Akaike information criterion for the three rheological models in capturing
the experimental SWS measurements.

Rheological Model: AIC

KV model -24.4
SLS Model -36.0
KVFD Model -48.1

the KV, SLS, and KVFD models, the model with the lowest value
of AIC is the model representing the best trade-off. Table C.1 sum-
maries the results of AICs for the three models. It is noted that
the KVFD model has the lowest AIC (negative because of the natu-
ral log of a small argument) and therefore, is the most appropriate
model based on this criterion, consistent with the results obtained
from approach A and B.

Appendix D. Insight into the spring-pot model for tissues

We simply assume that a real macroscopic block of tissues
is comprised of multiple components over different scales, from
small to large and with a range of individual time constants. In
this case, if each component contributes to the stress relaxation at
their respective time constant 7, where 1 <n <N, then the sim-
plest model for this looks like a parallel set of Maxwell elements
as shown in Fig. D.1.

This arrangement of multiple parallel elements and an optional
single spring element is the generalized Maxwell-Weichert model
[51] and has longstanding history as a useful multi-scale, multi-
time constant model. We can write the stress relaxation solution
for N Maxwell elements simply as a Prony series [60]

N
ose(t) = ) Enew

n=1

(D.1)

where E, are the relative stiffness of the components with charac-
teristic relaxation time constant 7, = Z—Z Next, if we allow a con-
tinuous distribution of time constants t, the summation becomes
an integral and A(7) is traditionally called the relaxation spectrum
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Fig. D.1. (a) Parallel Maxwell elements. (b) 2-element spring-pot model.

[51]. Given a material’s A(t), we can write:

ose(t) = [ A(T)e tdt (D.2)
0

Now let us assume the relaxation spectrum is a power-law dis-
tribution characterized by parameter b where b > 1.:

A(t)=At’ 1<b<2 (D3)

A strong rationale for introducing this function is that the
power law distribution is frequently found to describe multi-scale
systems in nature and biology [52,53]. For example, Carstensen
found that a relaxation function of approximately 1/frequency pro-
vides the best fit to ultrasound absorption in protein solutions (see
his Fig. 8 in Carstensen and Schwan [52]).

Substituting equation (D.2) into equation (D.3) yields precisely
the spring-pot, with the associated time and frequency domain
behavior similar to the form shown in Table 1. In particular, as-
suming a simple change of variable for the power-law parameter
as b=a+1, the stress relaxation will be proportional to 1/t for
a > 0and t > 0, and the complex modulus £(w) will be a
power-law of the form proportional to w® where a > 0. Further
details of this result can be found in [26,54]. In summary, the 2-
parameter spring pot is a natural consequence of having a multi-
scale distribution of relaxation mechanisms which appear to be
present in tissues.
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