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ABSTRACT

We have developed a mode transformer comprising two custom refractive optical elements which convert orbital
angular momentum states into transverse momentum states. This transformation efficiently measures the orbital
angular momentum content of an input light beam, allowing the decoding of OAM states within a free-space
communications channel. Turbulence is a key issue within such a channel. Through the use of a phase only
spatial light modulator, turbulence is simulated, and the cross talk between detected OAM modes is observed.
We study this crosstalk for eleven OAM modes, showing that turbulence equally degrades the purity of all the
modes within this range.

Keywords: orbital angular momentum, turbulence, optical communications

1. INTRODUCTION

We are transmitting ever larger amounts of data across optical communications links, and demand is pushing
research into many optical properties. One such property is optical orbital angular momentum (OAM).1 The
work by Allen et al. in 1992 showed that beams with a transverse complex amplitude profile of the form
A(r) exp(i`φ) (where r and φ are the radial and angular coordinates, respectively, and A(r) is the radial part
of the amplitude profile) carry an orbital angular momentum of `h̄ per photon.1,2 An example for such beams
are Laguerre-Gaussian (LG) modes, which have a helical phase structure. The integer ` is unbounded, giving a
large state space in which to encode information.3–8

The use of diffractive optical elements (DOEs) containing an `-fold fork dislocation has become commonplace
for the generation of beams carrying OAM.9,10 The forked diffraction grating, when illuminated with a Gaussian
beam, for example from a single-mode fibre, produces the helical mode in the first diffraction order. This grating
can also be used in reverse to couple light with a helical phase into a single-mode fibre, to measure the power
in that mode.11 Sequentially changing the number of dislocations in the fork allows a range of ` values to be
measured, but checking for N states require at least N photons.11 Similar techniques have been demonstrated
using spiral phase plates and q-plate technology in place of the DOE.12,13 A method to route OAM at the single
photon level was demonstrated by Leach et al. It required N − 1 Mach-Zehnder interferometers with a Dove
prism in each arm14,15 for the routing of N states. In principle, this routing can be achieved with 100% efficiency
and with no loss of the input beam’s mode structure. However, simultaneously maintaining the alignment of N
interferometers has proved technically challenging.

We previously showed that two phase-only diffractive elements can be used to transform OAM states into
transverse momentum states.16 This was achieved through the use of mapping of a position (x, y) in the input
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Figure 1. (a) Conversion of OAM states into transverse momentum states with refractive optical elements. An image of
the beam was captured in several transverse planes and overlaid (in red) to give the image shown above. (b) A beam
carrying OAM is prepared through the use of a `-forked hologram, realised using a spatial light modulator (SLM) and
then passed through the two elements, represented as the green rectangle, required to perform the transformation of both
the phase and intensity of the beam.

plane to a position (u, v) in the output plane, where u = −a ln(
√
x2 + y2/b) and v = a arctan(y/x).17–19 A

set of concentric rings in the input plane is transformed into a set of parallel lines in the output plane, but
the combination of the two diffractive optical elements transforms not only the intensity of the beam but also
its phase: the azimuthal phase term exp(i`φ)in the input plane becomes, in the output plane, exp(i`v/a), i.e.
the beam now has a transverse momentum h̄`/a in the v direction. A lens can then separate the resulting
transverse momentum states into specified lateral positions, allowing for the efficient measurement of multiple
states simultaneously.20,21

Separating OAM states in this way presents an opportunity for this larger alphabet to improve the data
capacity of a communications link and has potential applications both in the classical and quantum regime. For
example, in free-space communications links the use of an alphabet of OAM could present advantages over other
encoding techniques.5,22 However, the natural random time-dependent variations in temperature and pressure of
the atmosphere result in changes in density of the atmosphere, which in turn give a spatially-dependent change
of the refractive index, leading to a phase distortion across a transmitted beam. A phase distortion of this type
can be approximated to a phase screen, and is commonly referred to as thin phase turbulence.23 Such a phase
distortion is a concern for any free space communications channel where the atmospheric turbulence may affect
the cross-talk between channels, an important consideration in any communication system.

We use two bespoke refractive elements which carry out the optical transformation described above (Fig.1).
Hence the elements can be used as a decoder for information encoded with OAM states.24 We then use these
elements to experimentally study the effects of atmospheric turbulence on a communications system utilising
OAM modes as the information carrier.25

The height profiles for the refractive elements were derived from the equations defining the phase profile
of the diffractive elements presented in our earlier work,16 along with the addition of a lens term, indicated
in equations (1) and (2) shown below. When light of a particular wavelength, λ, passes through a material
of height Z and with a refractive index n, the effective optical path length changes with respect to the same
distance of propagation in a vacuum. The change in path length can be expressed as a change in phase of
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Figure 2. (a) A beam carrying OAM is prepared through the use of a `-forked hologram, seen in (b), realised using a
spatial light modulator (SLM), illuminated by an expanded He-Ne laser. The first order beam is imaged onto the front
aperture of a OAM mode sorter (MS) which converts OAM states into transverse momentum states with the use of two
refractive optical elements. These transverse momentum states are then focused to specific spatial locations on a CCD.
The power measured in each of these locations gives a measure of the OAM superposition incident on the mode sorter.
(c) Thin phase turbulence is added to the `-forked hologram changing the OAM superposition measured by the system.

∆Φ = 2π(n− 1)Z/λ, hence the first element requires a height profile of

Z1(x, y) =
a

f(n− 1)

y arctan
(y
x

)
− x ln

(√
x2 + y2

b

)
+ x− 1

a

(
1

2
(x2 + y2)

)
︸ ︷︷ ︸

lens term

 , (1)

where f is the focal length of the integrated lens. There are two free parameters, a and b, which determine the
scaling and position of the transformed beam. The parameter a takes the value a = d/2π, ensuring that the
azimuthal angle range (0 7→ 2π) is mapped onto the full width of the second element, d = 8mm. The parameter
b is optimised for the particular physical dimensions of the sorter. The second of these elements has a height
profile

Z2(x, y) = − ab
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exp
(
−u
a

)
cos
(v
a

)
− 1

ab

(
1

2
(x2 + y2)

)
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lens term

 , (2)

where u and v are the coordinates in the output plane. This element is placed a distance f behind the first
element. Each surface is wavelength independent, but dispersion effects in the material manifest themselves as
a change in the focal length of the integrated lens for different wavelengths. Hence, the system can be tuned to
a specific wavelength by slightly changing the distance between the elements.

In our experiment we generate Laguerre-Gaussian (LG) beams by expanding a HeNe laser onto an `-forked
hologram (Fig. 2(b)), realised using an SLM, by programming the SLM with both phase and intensity information.
The beam generated in the first order of the hologram was selected with an aperture and the plane of the SLM
is imaged onto the plane of the first element. The beam is then passed through the elements transforming it
into the form exp(i`v/a), giving a transverse direction state which is then focussed into an elongated spot on a
camera. The transverse position of the spot is dependent on `.

Our transformation from orbital angular momentum states into transverse momentum states gives rise to
inherent cross talk due to the diffraction limit. The inherent degree of cross talk can be deduced from Fourier
theory, which predicts approximately 80% of the input light will be present in the bin corresponding to the input
OAM mode value. To experimentally assess the inherent crosstalk of the system, a camera was portioned into
N adjacent regions, where each region was centred on one of the elongated spots that correspond to a particular
value of `, and the measured intensity of the pixels in the region was summed for each region. For a single input
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Figure 3. (a) Channel capacity for a N of LG modes, where N = 2, 4, 6, ..., 50. Detector noise was measured with no light
incident on the camera, which was overcome by setting a threshold with a signal to noise ratio of 3000 to 1. (b) The ratio
of energy measured in each of the detector regions showing the degree of cross talk.

mode, one would expect/hope for the majority of the energy to be detected in the bin corresponding to the
input mode; any energy readings in other regions represent cross talk between channels. A common method of
evaluating the degree of cross talk in a communications system is the channel capacity, which is the maximum
amount of information that can be reliably transmitted by an information carrier.29 In a multi-channel system,
a photon can be in one of N input states and the maximum channel capacity value is log2N bits per photon.

To evaluate the range of modes the system is able to detect efficiently, the system is tested using LG beams
over the mode range ` = −25 to ` = +25. LG modes were specifically chosen to allow precise control of the beam
waist, and for the experimental result to be most closely matched to our numerical modelling of the system.
The channel capacity was measured for N modes, where N = 2, 4, 6, ..., 50. For each measurement, the range
` = −N/2 to ` = N/2 was used while leaving ` = 0 free as an alignment channel. The values measured are
shown in Fig. 3.

The optical transformation we utilise is only perfect for rays which are normally incident on the transformation
elements. Light carrying OAM, such as LG modes, is inherently not of this type as the rays have a skew angle of
θs = `/kr, where k is the wavenumber of the light and r is the distance from the mode’s centre.30,31 A numerical
simulation of the experimental setup was carried out using plane wave decomposition.16 Comparing channel
capacity values from the simulated and experimentally obtained results with that of the maximum possible
channel capacity, one sees the difference increase at higher mode ranges. Such results are consistent with the
larger skew angles at higher ` causing errors in the transformation, hence increasing the channel cross talk at
these ` values. Our simulations show that a reduction in crosstalk at higher ` values can be achieved by an
increase in separation between the components or an increase in the aperture size of the system. A study of this
effect has recently been submitted.32

We introduce precisely simulated amounts of thin phase turbulence through the use of a phase only spatial
light modulator. Once the turbulence is introduced, we can measure the resulting cross talk between OAM
modes and relate this to atmospheric conditions. The phase screen corresponding to a particular turbulence
strength is generated by considering Kolmogorov turbulence theory.27 The aberrations introduced by atmo-
spheric turbulence can be considered as normal random variables, where the ensemble average can be written

as
〈

[φ(r1)− φ(r2)]
2
〉

and is known as the phase structure function.26 φ(r1) and φ(r2) are two randomly gener-

ated phase fluctuations. From Kolmogorov statistics it can be shown that this ensemble average must meet the
requirement that 〈

[φ(r1)− φ(r2)]
2
〉

= 6.88

∣∣∣∣r1 − r2

r0

∣∣∣∣5/3 . (3)

The value r0 is the Fried parameter, and is a measure of the transverse distance scale over which the refractive
index is correlated.27 To characterise the effect of turbulence on the optical system, a ratio D/r0 is considered,
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Figure 4. Power, s∆, in modes with indices ` + ∆, after an incident mode with index ` has been propagating through
a range of turbulent phase screens with strength characterised by D/r0. (a) ` = 0; (b) other values of `. For each
experimentally measured value of D/r0, denoted as crosses, the measured power in each detected mode was averaged over
100 randomly generated phase screens. These modal powers were then co-plotted against the the theoretical predictions
given by equation 4, shown as lines.

where D is the aperture of the system. This ratio sets two limiting cases: in the first case, when D/r0 < 1, the
resolution of the system is limited by its aperture; in the second case, when D/r0 > 1, the atmosphere limits the
system’s ability to resolve an object.27

In 2005, Paterson predicted the spread in the OAM spectrum resulting from thin phase turbulence.23 For a
single OAM mode with index `, transmitted through an ensemble average of many turbulent phase screens, the
power, s∆, in a particular mode with index `+ ∆ (∆ = 0,±1,±2, ...) is given by

s∆ =
1

π

∫ 1

0

ρdρ

∫ 2π

0

dθ e
−3.44

[(
D
r0

)
(ρ sin θ

2 )
]5/3

cos ∆θ, (4)

where ρ = 2r/D.26

Rather than producing a pure Laguerre-Gaussian mode, we produce helically phased modes where the radius
of the mode is specifically controlled and the plane of the SLM then imaged, giving a near Gaussian intensity
distribution. This approach maintains the ratio D/r0 independent of the mode index. A particular turbulent
phase screen can then be added to this hologram to simulate the presence of atmospheric turbulence. The SLM
is then imaged to the 8 mm diameter input pupil of the OAM mode sorter to decompose the resulting beam into
its constituent OAM modes.

To measure the effect of turbulence on the channel cross talk, we consider a smaller mode range of ` = −5
to ` = +5. We consider 24 different values of D/r0; for each value, 100 randomly generated phase screens are
applied to the input mode and the OAM spectrum was measured (Fig. 4). The power was measured across all
the 11 regions and normalised with respect to the power measured for l = 0 with no turbulence applied. The
measured power was then plotted as a function of the turbulence strength, D/r0. As predicted by equation (4),
the crosstalk between OAM modes increases with turbulence and in this mid/high turbulence regime we find the
agreement between theory and our measurements is good. In the low turbulence regime, the cross-talk between
modes arises from residual crosstalk in our mode sorter, which in turn arises from the diffraction limit.16,24 The
weightings of the known input states can be described by an N = 11 element column vector, (I0, I1, ...)

T . These
are mapped by an N ×N cross-talk matrix onto the measured N -element output vector (O0, O1, ...)

T :
O0

O1

...
ON

 =


1− g a . . . b
c 1− h . . . d
. . . . . . . . . . . .
e f . . . . . .



I0
I1
...
IN

 . (5)
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For the case of zero residual crosstalk, this matrix would have a leading diagonal of 1’s and 0’s elsewhere. For
finite crosstalk, the coefficients of the crosstalk matrix are measured at zero turbulence and then this matrix
is used to predict the measured OAM output spectrum for an input OAM state subject to the atmospheric
cross-talk from the Paterson model (Eqn (4)).

It is seen in Fig. 4 that, at high turbulence values, where D/r0 � 1, the average power is spread between
all the possible detections modes. It should be noted that we are only considering the proportion of the power
detected within the detector regions and not considering the power incident outside our detectors.

Paterson’s earlier work indicates that the probability of modal cross talk resulting from atmospheric turbu-
lence is independent of the mode propagating through that turbulence. For each of these OAM modes in the
range from ` = −5 to ` = +5, the same set of turbulent phase screens was applied, and cross-talk measured
(Fig. 4(b)). We note that the observed cross-talk is indeed similar for the range of OAM modes we examine.

In this work we have studied the case were turbulence can be considered as thin phase screen. Such an
approach is widely used in astronomy, as when one considers the distance to an astronomical light source, the
largest proportion of the turbulence is experienced, relatively, very close to the observer. In the case of long
distance point to point communications on earth, turbulence is characterised more accurately by multi-plane
turbulence, however, we expect similar principles to apply in the two cases.

In conclusion, we have presented a method utilising bespoke optical elements to sort OAM for a wide mode
range. We have studied the effect of turbulence on an optical communications channel that uses an OAM-based
alphabet. The effects of turbulence were experimentally shown to be independent of mode number and hence a
well known turbulence mitigation systems could be implemented to preserve the integrity of the communications
link. Such a optical communications link could be attractive to both classical and quantum optical systems.
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