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Abstract.
The extent to which the intense light generated by an unseeded,
high-gain optical parametric ampli®er retains the desired quantum statistical
properties of the individual photon pairs generated by spontaneous parametric
downconversion is analysed. It is shown that certain but not all of these
properties are retained, with important implications for applications of quantum optics.

1.

Introduction
The correlations inherent in quantum states of light have been utilized for lownoise measurements [1]. In recent years this concept has been extended into the
realm of imaging [2±7]. In one such proposal, optical parametric oscillators have
been used to generate images that exhibit strong nonclassical spatial correlations,
allowing noise reduction below the shot-noise limit [8]. A di erent aspect of
quantum imaging has been the use of two-photon entangled states in proposals for
the achievement of sub-Rayleigh-limit resolution via con®gurations that exploit
the novel fourth-order interferometric properties of these states [9, 10]. While the
interferometric properties of entangled states have been extensively analysed under
a variety of arrangements [11±14], these analyses have typically been restricted to
states with a single photon in each mode. When input states with more than one
photon in each mode are used (e.g. with an unseeded, high-gain optical parametric
ampli®er), the extent to which these interferometric properties persist has been
unclear.
In this paper the various contributions to the output of four-port fourth-order
interferometers are analysed, with emphasis on the additional terms that arise for
input states that contain more than one photon per mode. The contributions of
these terms are analysed for the device often referred to as both the Hong-Ou-
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Mandel interferometer [11, 12] and the quantum lithography [9, 10] con®guration
for input light derived from an optical parametric ampli®er in both the low- and
high-gain limits. For comparison, input beams in the form of coherent states of
light are also considered. While a multiple-photon input can have signi®cant
e ects on interferometer visibility, we ®nd that desirable quantum statistical
properties are preserved in the case of quantum lithography but are lost in the
case of the Hong-Ou-Mandel interferometer (HOMI).

2.

Low- and high-gain contributions to the joint detection rate
A four-port interferometer can generate coincidence counts at its exit via the
four paths shown in ®gure 1. While explicitly depicting a Hong-Ou-Mandel
interferometer, the diagrams and the following discussion are readily applied to
any four-port interferometer. There are two types of paths shown in ®gure 1 for
coincidence count detection: single-input paths, in which both detected photons
arise from the same input arm, and dual-input paths, in which each input arm
contributes one photon. Paths (a) and (b) are dual-input paths and di er only in
the speci®c mapping of the input arms onto the output arms. These paths are the
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Figure 1.
Processes contributing to the coincidence count rate. These diagrams
represent symbolically the ®rst four terms in equation (2). Processes (a) and (b)
contribute in both the low-gain limit (that is, the spontaneous parametric
downconverter) and high-gain limit of the output of an optical parametric ampli®er.
Processes (c) and (d) cannot contribute in the low gain limit in which there is only
one photon in the input mode. The vacuum input from the open port in (c) and (d)
does not contribute to the count rate as the detection system measures only normally
ordered correlation functions.
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only paths present when the input is a biphoton. The single-input paths (c) and (d)
are present when multiple-photon inputs are used. These paths are not present
with a biphoton input and, when introduced by increasing the gain of the OPA,
contribute to a degradation of visibility in the Hong-Ou-Mandel and quantum
lithography con®gurations.
For an interferometer governed by the relationships
³

a^1
a^2

´

ˆ

³

A
C

B
D

´³

´
a^s
;
a^i

…1†

where a^s and ^ai are the input signal and idler modes and a^1 and a^2 are output
modes, the joint detection probability, assuming ideal, unit-quantum e ciency
detectors, is given by
h^
ay1 a^y2 a^2 a^1 i ˆ jCj2 jAj2 h^
ays a^ys a^s a^s i ‡ jDj2 jAj2 h^
ays a^yi a^i a^s i
‡ jCj2 jBj2 h^
ayi a^ys a^s a^i i ‡ jDj2 jBj2 h^
ayi a^yi a^i a^i i
‡ 2 Re A¤ C¤ DAh^
ays a^ys a^i a^s i ‡ 2 Re A¤ C¤ CBh^
ays a^ys a^s a^i i
‡ 2 Re A¤ C¤ DBh^
ays a^ys a^i a^i i ‡ 2 Re A¤ D¤ CBh^
ays a^yi a^s a^i i
‡ 2 Re A¤ D¤ DBh^
ays a^yi a^i a^i i ‡ 2 Re B¤ C¤ DBh^
ayi a^ys a^i a^i i:

…2†

The expectation values present in the ®rst four terms correspond to the individual
contributions of the four paths shown in ®gure 1. The remaining six terms arise
from interference between two of these paths; for many input states most of these
terms vanish.
This situation is summarized in table 1, which shows each of these quantum
expectation values for various input states. For the biphoton input state j11i
generated by spontaneous parametric downconversion, all of the interference
terms are zero except for the term generated by the interference of the two
paths in which one signal and one idler photon are detected. Furthermore, for a
biphoton input, the ®rst and fourth terms, corresponding to the single-input paths,
are also zero as they require at least two photons in one of the input arms. We also
note that all of the terms are present if coherent state inputs are used. In the
quantum lithography con®guration, we will see that the presence of these additional terms with coherent state input leads to components with undesired wider
fringe spacing. The last column in table 1, labelled OPA, refers to the output of an
unseeded optical parametric ampli®er (OPA). The expectation values given in this
table were calculated through use of the standard transfer relations of an OPA
a^s ˆ U a^s;0 ‡ V a^yi;0

…3†

a^i ˆ U a^i;0 ‡ V a^ys;0 ;

…4†

where U and V are parameters that describe the strength of the nonlinear
interaction. It can be shown that the mean number of photons m
· in either of the
arms has the value jVj2 ; the quantum expectation values given in table 1 for the
OPA are expressed in terms of this quantity.
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Table 1. Quantum expectation values of the individual contributions (listed at the left
along with their diagrammatic representations) to the joint detection probability
y y
h^
a1 a^2 a^2 a^1 i of equation (2) for several di erent types of input states. Here jmmi
designates the situation in which exactly m photons fall onto each input port, j¬0 ¬0 i
the situation in which the same coherent state falls onto each input port, and OPA
the situation in which the signal and idler beams from an unseeded optical
parametric ampli®er are used as inputs.
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3.

E ect of multiphoton input states on interferometer output
The value of the joint detection probability h^
ay1 a^y2 a^2 a^1 i depends also on the
interferometer-dependent coe cients that appear in equation (2) (e.g. jCj2 jAj2
which multiplies h^
ays a^ys a^s a^s i). The values of these coe cients for various interferometers are shown in table 2. In the case of an OPA, the `interferometer’ is
simply the direct mapping of the signal to output 1 and the idler to output 2, that
is, A ˆ D ˆ 1, B ˆ C ˆ 0. For the HOMI, the transfer matrix elements are given
by
1

A ˆ D ˆ p
2
¡i

B ˆ C ˆ p
2

…5†
…6†

and for the quantum lithography con®guration the matrix elements are given by

Parametric downconversion vs optical parametric ampli®cation

533

Table 2. For three di erent situations (listed at the top) the interferometer-dependent
coe cient for each contribution (listed at the left along with its diagrammatic
representation) to equation (2) is given. OPA refers to the joint detection probability
measured at the output of an optical parametric ampli®er, HOMI refers to the joint
detection probability measured at the output of a 50/50 beamsplitter, and QL refers
to the two-photon absorption rate at the recording plane in a quantum lithography
con®guration.
OPA

HOMI

QL
2

|C| 2 |A|2

0

1/4

…1 ‡ sin À†

|D|2 |A|2

1

1/4

1 ¡ sin2 À
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0

1/4
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0

1/4

1 ¡ sin À†

+

2 Re A*C*DA

0

0

2 cos À…1 ‡ sin À†

+
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0

0

2 cos À…1 ‡ sin À†

+

2 Re A*C*DB

0

1/2

+

2 RE A*D*CB

0

71/2

2 RE A*D*DB

0
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2 RE B*C*DB
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+
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2 cos2 À
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single-input terms ˆ both detached photons arise from a single input arm
dual-input terms ˆ detected photons arise from both input arms

1
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¡ p
e
A ˆ C ˆ p
2
2
i
1 iÀ

‡ p
e ;
B ˆ D ˆ ¡ p
2
2

…7†
…8†

where À is a phase angle proportional to the transverse coordinate across the
substrate. It should be noted that in the quantum lithography con®guration, the
joint detection probability is related to the dose rate at a two-photon absorbing
substrate rather than to a traditional coincidence count detection system. Note also
that since the two outputs of the beamsplitter are combined on the lithographic
plate, the relevant ®eld modes a^1 and a^2 of the general theory are identical in this
case, i.e. a^1 ˆ a^2 .
In the case of a measurement made directly at the outputs of an optical
parametric ampli®er, equation (2) reduces to h^
ays a^yi a^i a^s i, which is simply the joint
detection probability for the signal and idler modes. From table 1, we can see that,
as expected, the joint detection rate from the parametric ampli®er is increased over
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the level produced by coherent state input. The second column in table 2 shows
the Hong-Ou-Mandel interferometer coe cients. The negative sign on the dualinput interference term coe cients re¯ects the phase relationship that allows
quantum interference to reduce the observed coincidence count rate. The singleinput interference term coe cient is also nonzero; however, the expectation value
h^
ays a^ys a^i a^i i that multiples this coe cient is zero for parametric ampli®er outputs at
both biphoton and high-gain levels. For coherent state input this term is present
and leads to a net coincidence rate that shows no interference properties. The
quantum lithography coe cients, shown in the last column of table 2, are all nonzero and phase dependent. Thus states with di erent dual- and single-input
contributions can have net dose patterns that vary in spatial frequency as well as
overall magnitude.
The joint detection probability for the Hong-Ou-Mandel interferometer is
seen from table 2 to be given by
h^
ay1 a^y2 a^2 a^1 i ˆ 14‰h^
ays a^ys a^s a^s i ‡ h^
ays a^yi a^i a^s i ‡ h^
ayi a^ys a^s a^i i ‡ h^
ayi a^yi a^i a^i iŠ
‡ 12‰h^
ays a^ys a^i a^i i ¡ h^
ays a^yi a^s a^i iŠ

…9†

Joint detection probability

and gives the following results for each of the states considered. For a biphoton
input, h^
ay1 a^y2 a^2 a^1 i ˆ 0. For the same Fock state in each input arm, the joint
detection probability is 12 m…m ¡ 1†, and for an optical parametric ampli®er
(OPA) input the joint detection probability is m
· 2 . Figure 2 shows this result for
an OPA input with the contributions of the single- and dual-input terms displayed
separately. The dual-input terms combine to give a net probability of zero; these
are the only terms present for a biphoton input, leading to the coincidence count
cancellation that is the hallmark of the Hong-Ou-Mandel interferometer. The
single-input terms that become dominant as the photon number increases lead
to a joint detection probability of m
· 2 for the parametric ampli®er. We note that
this result has the same form as the probability for a coherent state input
h^
ay1 a^y2 a^2 a^1 i ˆ j¬0 j4 ˆ m
· 2 , with both being equal to the product of the single
detector probabilities. Inspection of tables 1 and 2 shows that this apparent
similarity arises through the contribution of di erent terms in each case.
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Figure 2.
Single-input (ÐÐÐ) and dual-input (- - - - -) contributions to the output of
a Hong-Ou-Mandel interferometer. The dual-input contribution vanishes at all
values of the mean photon number.
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While the interplay of the interferometer coe cients and the states’ expectation
values lead to similar results with coherent and parametric ampli®er inputs for the
HOMI, the di erent weightings for each state present in the quantum lithography
case lead to qualitatively di erent results for the parametric ampli®er and coherent
output states, even at high gain. The joint detection probability (that is, the twophoton absorption rate) for the quantum lithography con®guration of ®gure 3 is
given by
h^
ay1 a^y2 a^2 a^1 i ˆ …1 ‡ sin2 À†‰h^
ays a^ys a^s a^s i ‡ h^
ayi a^yi a^i a^i iŠ
‡ …1 ¡ sin2 À†‰h^
ays a^yi a^i a^s i ‡ h^
ayi a^ys a^s a^i i ‡ 2h^
ays a^ys a^i a^i i ‡ 2h^
ays a^yi a^s a^i iŠ
‡ 2 sin À‰h^
ays a^ys a^s a^s i ¡ h^
ayi a^yi a^i a^i iŠ
‡ 2 cos À‰h^
ays a^ys a^i a^s i ‡ h^
ays a^ys a^s a^i i ‡ h^
ays a^yi a^i a^i i ‡ h^
ayi a^ys a^i a^i iŠ
‡ 2 sin À cos À‰h^
ays a^ys a^i a^s i ‡ h^
ays a^ys a^s a^i i ¡ h^
ays a^yi a^i a^i i ¡ h^
ayi a^ys a^i a^i iŠ

…10†

and reduces to h^
ay1 a^y2 a^2 a^1 i ˆ 4…1 ¡ sin2 À† for a biphoton input, …1 ‡ sin2 À†
‰2m…m ¡ 1†Š ‡ …1 ¡ sin2 À†‰4m2 Š for a jmmi input, and …1 ‡ sin2 À† ‰4m
· 2 Š‡
2
2
…1 ¡ sin À†‰8m
· ‡ 4m
· Š for a parametric ampli®er input, where the terms proportional to 1 ‡ sin2 À arise from the single-input paths and the 1 ¡ sin2 À terms
arise from the dual-input paths. Figure 4 shows the parametric ampli®er joint
detection probability, with the relative size of the single-input versus the dualinput contribution plotted as a function of mean photon number. Recalling that
the optimum visibility of unity is achieved with a biphoton input which has no
single-input contribution, it is seen that, as the single-input contribution increases relative to the dual-input contribution, the visibility decreases to its
limiting value of 1/5.
For each of the states generated by parametric downconversion, only terms
that oscillate at twice the phase di erence are present. The absence of terms oscillating as À indicate that the patterns produced will have periods smaller than
the Rayleigh limit without undesired slower terms. This is in contrast to
the probability produced by coherent state inputs h^
ay1 a^y2 a^2 a^1 i ˆ f2…1 ‡ sin2 À†‡
4
2
2
6…1 ¡ sin À† ‡ 8 cos Àgj¬0 j . While the `fast’ sin À terms are present, the cos À
term indicates the presence of undesired slower frequencies.
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Figure 3.
Quantum lithography con®guration. The interference pattern is detected via
two-photon absorption in the recording plane rather than by coincidence count
detection. The resulting fringes have half the classical spacing
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Figure 4.
Visibility of the two-photon interference pattern of the quantum lithography
con®guration plotted as a function of the mean number of photons per mode at the
output of the OPA. The visibility decreases as the relative contribution of the
single-input terms increases.

4.

Discussion and summary
In this paper, the single-input and dual-input contributions to the output of a
four-port interferometer have been analysed in the context of the Hong-OuMandel interferometer and quantum lithography. Single-input terms, which
arise only with multiphoton states such as jmmi, cause a degradation of desired
interferometric properties such as high visibility, but properties such as subRayleigh-limit resolution are preserved even when these terms contribute signi®cantly to the overall output.
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