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Abstract

[t has become well accepted that interconnect delay dominates gate delay in
current deep submicrometer VLSI circuits. With the continuous scaling of technology
and increased die area, this situation is becoming worse. In order to properly design
complex circuits, more accurate interconnect models and signal propagation
characterization are required. Initially, interconnect has been modeled as a single
lumped capacitance in the analysis of the performance of on-chip interconnects. With
the scaling of VLSI technologies, narrower and longer wires with significant
resistance have become commonplace. Currently, RC models are used to analyze high
resistance nets and capacitive models are used for less resistive interconnect.
However, inductance is becoming more important with faster on-chip rise times and
longer wire lengths. Wide wires are frequently encountered in clock distribution
networks and in upper metal layers. These wires are low resistance wires that can
exhibit significant inductive effects. Furthermore, performance requirements are
pushing the introduction of new materials for low resistance interconnect. One
important example of these low resistance conductors is copper interconnect which
has less resistivity as compared to the traditionally used aluminum interconnect.

Copper interconnect is already used in many commercial CMOS technologies.
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Inductance is therefore becoming an integral element in VLSI design and
analysis methodologies. On-chip inductance is the focus of this dissertation in terms
of anticipating related effects in VLSI circuits as well as developing appropriate
design and analysis tools and methodologies that consider inductance in integrated
circuits. Analytical expressions supported by simulation are provided to evaluate the
importance of including inductance. These expressions characterize the magnitude of
the error exhibited in the signal waveform and propagation delay when neglecting
inductance and an RC model is used to model the interconnect. The effects of
neglecting inductance on current design methodologies such as repeater insertion are
also characterized to determine the penalty incurred if inductance is neglected. Fast
and accurate tools for analyzing transmission lines and RLC have been developed. An
equivalent Elmore delay is introduced for application to optimization and design
methodologies. A repeater insertion algorithm targeting copper-based interconnect
RLC trees is also introduced and used to optimize the delay across several industrial
trees based on the equivalent Elmore delay model. It is shown that by neglecting
inductance a significant cost in terms of delay, area, and power is incurred. Many
industrial and experimental results are also presented throughout the dissertation in

support of the presented theory.
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Chapter 1 Introduction

Of the many technologies available for designing and building integrated
circuits (IC), the complementary metal oxide semiconductor (CMOS) technology has
the dominant share of the IC market [1]-[3]. The word complementary refers to the
existence of two different types of MOS transistors that complement each other which
are typically connected to eliminate any static power consumption. The two types of
transistors are the N-channel (or NMOS) transistor and the P-channel (or PMOS)
transistor. These two types of transistors are shown in Figure 1.1. The transistors are
termed metal oxide semiconductor (MOS) due to the physical structure of the
transistors. The gate is composed of a conducting material, typically polycrystalline
silicon (polysilicon), although historically metal was originally used [1]-[3]. The gate
is separated from the semiconductor silicon channel by a silicon dioxide (SiO,)
insulating layer. The channel connects the drain to the source of the transistor. For an
NMOS transistor, a high voltage (usually V,, in a digital circuit) applied at the gate
creates a path (or channel), permitting electrons to flow between the drain and the
source, thereby turning the transistor on. A low voltage (usually ground in a digital
circuit) eliminates the path (or channel), turning the transistor off. These conditions of
operation are reversed for a PMOS transistor. The existence of an insulating layer of

Si0, between the gate, which acts as the input or control point of the transistor, and
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the channel eliminates any current from passing into the channel or substrate from the
input gate. This feature significantly reduces the power consumption of a MOS
transistor based circuit as compared to the power consumption of circuits based on
bipolar or MESFET GaAs transistors as well as provide isolation between transistors.
The extremely high (effectively infinite) impedance seen at the input of a CMOS gate
permits a full voltage swing, resuiting in improved noise margins in digital circuits.
Efficient digital logic families have been developed that eliminate static power
consumption in CMOS logic gates [4]-[5]. The most well known CMOS circuit
structure is the CMOS inverter. A circuit schematic of a CMOS inverter is shown in
Figure 1.2. When a high voltage is applied at the input of a CMOS inverter. the
NMOS transistor turns on while the PMOS transistor turns off, forcing the output
low. When a low voltage is applied at the input, the PMOS transistor turns on while
the NMOS transistor tumns off, forcing the output high. In both cases, the path from
the supply to ground is eliminated by one of the two transistors that is off. Thus, the
only power consumed by a CMOS gate is the transient switching power [6]-[8] and
any leakage current through the off transistors. CMOS circuits, therefore, dissipate
much less power than bipolar and MESFET based logic families. This power
advantage permits much higher integration densities with CMOS circuits as compared
to bipolar and MESFET circuits since the heat that must be removed is much less in
CMOS circuits. Bipolar and MESFET technologies cannot achieve such high
integration densities since the high level of power dissipated by circuits composed of
many transistors manufactured in these technologies cannot be efficiently removed.

On the speed side, CMOS has historically been slower than bipolar and MESFET



circuits. However, with the continuous scaling of the minimum feature size (primarily
the channel length) of CMOS technologies, the speed of CMOS has steadily

improved. reaching the same speed characteristics as most bipolar and MESFET

circuits [9].
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Figure 1.2 A CMOS inverter with a capacitive load

A CMOS VLSI circuit consists of active transistor devices (PMOS and
NMOS transistors) and passive interconnects which connect the transistor devices.
The active devices have capacitive parasitic impedances due to the gate-to-channel,
source-to-channel, drain-to-channel, gate-to-drain, and gate-to-source capacitances as
shown in Figure 1.3 [1]-[3]. The parasitic capacitances of the driving and driven
CMOS gates are charged and discharged by the driving gates during the switching
process. Another source of parasitic impedances is the interconnect. The interconnect
has capacitances to the substrate, capacitances to the neighboring interconnect on the
same layer. and capacitances to the neighboring interconnect in other layers, as shown
in Figure 1.4. Moreover, each interconnect line also has an associated self resistance

and self inductance.
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Figure 1.3 Parasitic capacitances associated with an MOS transistor.
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Figure 1.4 Electric field lines associated with VLSI interconnect

Historically, the gate parasitic impedances have been much larger than the
interconnect parasitic impedances since the gate geometries (the width and length)
were so large (about 5 um in 1980). Thus, interconnect parasitic impedances have

historically been neglected and the interconnect was modeled as a short circuit. With



the scaling of the minimum gate feature size, interconnect capacitances have become
comparable to the gate capacitance, requiring the interconnect to be modeled as a
single lumped capacitance [10]-[12] that is added to the gate capacitance as shown in
Figure 1.5(a). With this interconnect model, new design techniques emerged to drive
large capacitive loads associated with long global interconnects and large
interconnect trees with high fanout. Cascaded tapered buffers are used to minimize
the propagation delay of CMOS gates driving these large capacitive loads [13]-{20].
With increasing device densities per unit area, the interconnect density has also
correspondingly increased. Thus, the crosssectional area of interconnects has been
reduced to provide more interconnect per unit area [9]. Also, the improved yield of
CMOS fabrication processes permits the manufacture of larger chips with higher
reliability. Thus, the global wires connecting modules across a chip have increased in
length. Both the decreased crosssectional area and the increased wire length have
caused the global wire resistances to dramatically increase [21]. [22]. The
interconnect model now includes the resistance of the interconnect as shown in Figure
1.5(b). Including resistance in the interconnect model dramatically affects the
behavior of the interconnect and hence the design techniques used to optimize the
performance of the interconnect [24]-{32]. With a short-circuit or a capacitive
interconnect model, the interconnect could be treated as a single node. However, by
including series resistance, the interconnect now is composed of multiple nodes, each
node having a different voltage waveform. This characteristic has greatly complicated

the analysis of circuits with resistive interconnect [33]-[35].
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Another difference in the behavior of the interconnect when resistance is non-
negligible is the dependence of the signal delay and rise time on the line length. The
delay and rise time of a CMOS gate driving another CMOS gate with a connecting
resistive wire (as shown in Figure 1.6) can be viewed as the superposition of three
terms [36]. The first term is the delay component caused by the driving gate charging
the local drain/source parasitic capacitances as well as the parasitic capacitances of
the driven gate. This term is independent of the length of the interconnect and is
described as the gate delay. The second term is due to the driving gate charging the
interconnect capacitance and is linear with the length of the interconnect. The third
term is due to the RC time constant of the interconnect and is quadratic with the
length of the interconnect. A qualitative plot describing this behavior is shown in
Figure 1.7. This quadratic increase of interconnect delay with interconnect length
significantly degrades the performance of circuits with long wires. In order to reduce
this quadratic increase in delay with interconnect length, repeaters (or a series of
CMOS inverters separated by interconnect) are inserted along these long interconnect
lines to partition the lines into shorter sections, thereby reducing the total delay of the

interconnect path [37]-[44].
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On-chip inductance has currently become more important with faster on-chip
rise times and wider wires [45]-[68]. Wide wires are frequently encountered in clock
distnbution networks and in upper metal layers [49]-[65]. These wires are low
resistance lines that can exhibit significant inductive effects. Furthermore,
performance requirements are pushing the introduction of new materials such as
copper interconnect for low resistance interconnect [57], [61] and new dielectrics to
reduce interconnect capacitance [57], [61]. These technological advances increase the
importance of inductance as is described in this dissertation. In the limiting case. the
advent of high critical-temperature superconductors has created the possibility of
realizing high density, extremely high speed interconnects for VLSI circuits [69].
These superconducting interconnects have zero DC resistance and are highly sensitive
to inductance. These interconnects are best modeled as lossless transmission lines.

A primary focus of this dissertation is to evaluate the importance of
inductance in current technologies as well as to anticipate future trends. This
dissertation also deals with the change in interconnect behavior with increasing
inductance effects and the impact of this behavioral change on current design
methodologies for VLSI interconnects. Methods for analyzing RLC interconnect such
as closed form expressions for characterizing the delay of RLC lines and trees are also
introduced. The important problem of inductance extraction is not considered in this
dissertation, but rather design methodologies given a value of the interconnect

inductance is the primary focus.
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The dissertation is organized as follows. Basic transmission line theory is
briefly reviewed in Chapter 2. The theory of transmission lines is discussed for three
types of transmission lines: lossless LC transmission lines, lossy RLC transmission
lines, and RC transmission lines [70]-[72]. Understanding transmission lines behavior
is essential to the design and analysis of interconnect in high speed integrated circuits
since a transmission line model is the most accurate on-chip interconnect model
which maintains the distributed nature of on-chip interconnect impedances.

The underlying concepts of the most commonly used methods to evaluate the
transient response of linear networks in VLSI circuits are reviewed in Chapter 3.
Simple methods to calculate the delay of signals in an RC tree such as the Elmore
delay [73] and Wyatt’s approximation [74] are introduced in section 3.1 since
extensions of these methods for RLC trees are presented in subsequent chapters. The
calculation of more accurate transient responses for RLC interconnects via moment
matching is discussed in section 3.2 [75]-[107].

The basic operational theory and characterization of MOS transistors are
briefly reviewed in Chapter 4. Accurate characterization of the behavior of a
MOSFET transistor is crucial for VLSI circuit analysis and design. The basic long
channel behavior of a MOSFET device is first discussed. This long channel transistor
model is followed by a discussion of the alpha power law model that characterizes the
current-voltage behavior of a MOSFET transistor for deep submicrometer

technologies [108].



Simple figures of merit to characterize the importance of on-chip inductance
are introduced in Chapter 5 based on a single lossy transmission line analysis [66]-
(68]. A closed form solution for the output signal of a CMOS inverter driving an RLC
transmission line is presented. This solution is based on the alpha power law model
for deep submicrometer technologies. Two figures of merit are presented that are
useful for determining if a section of interconnect should be modeled as either an
RLC or an RC impedance. The damping factor of a lumped RLC circuit is shown to
be a useful criterion. The second useful figure of merit considered in this chapter is
the ratio of the rise time of the input signal at the driver of an interconnect line to the
time of flight of the signals across the line. One primary result of this study is
evidence demonstrating that a range for the length of the interconnect exists for which
inductance effects are prominent. Furthermore, it is shown that under certain
conditions, inductance effects are negligible for any length of the section of
interconnect.

In Chapter 6, a closed form solution for the propagation delay of a CMOS
gate driving a lossy transmission line with a terminating CMOS gate is introduced
[109]-[112]. It is shown that the error in the propagation delay if inductance is
neglected and the interconnect is treated as a distributed RC line can be over 35% for
current on-chip interconnect. It is also shown that the traditional quadratic
dependence of the propagation delay on the length of the interconnect for RC lines
approaches a linear dependence as inductance effects increase. This closed form

solution is used to derive expressions for optimum repeater insertion within an RLC
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interconnect line for minimum propagation delay. The repeater insertion expressions
for RLC lines are compared to traditional expressions for RC lines to characterize the
importance of including inductance in current design methodologies. It is shown that
significant penalties are incurred in terms of the delay, area, and power when
inductance is neglected and an RC circuit is used to model the interconnect.
Waveform characterization of signals at different nodes of an RLC uee is
discussed in Chapter 7 [113]-[115]. A second order approximate transfer function is
presented for a node of an RLC tree which can be used with an arbitrary input to
determine the signal waveform at any node of an RLC tree. For the specific case of a
step input, simple closed form solutions for the propagation delay, rise time,
overshoots, and settling time are presented. These solutions have the same accuracy
characteristics of the Elmore delay model for RC trees and preserves the simplicity
and recursive characteristics of the Elmore delay model. Specifically, the complexity
of calculating the time domain responses at all of the nodes of an RLC tree is linearly
proportional to the number of branches in the tree where the solutions are always
stable. The closed form expressions introduced here consider all damping conditions
of an RLC circuit including the underdamped response, which is not considered by
the Elmore delay model due to the non-monotone nature of the response. The
continuous analytical nature of the solutions makes these expressions suitable for
design methodologies and optimization techniques. Also, the solutions have
significantly improved accuracy as compared to the Elmore delay for an overdamped
response. The solutions introduced in Chapter 7 for RLC trees can be practically used

for the same purposes that the Elmore delay model is used for RC trees.
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In Chapter 8, the second order approximation discussed in Chapter 7 is used to
determine figures of merit to characterize the importance of including inductance in
the circuit model of a tree structured interconnect [116]. It is shown that the figures of
merit based on a single line analysis in Chapter 5 can be misleading if applied to
individual lines (or branches) of a tree.

The theoretical results of Chapter 6 for inserting repeaters in RLC lines are
verified in Chapter 9 for a set of copper-based interconnect trees using a CAD tool for
repeater insertion [117], [118] based on the equivalent Elmore delay model
introduced in Chapter 7. The algorithm has a complexity proportional to the square of
the number of possible repeater positions and determines a repeater solution that is
close to the global minimum. The repeater insertion algorithm is used to insert
repeaters within a variety of copper-based interconnect trees based on a 0.25 um
CMOS technology to minimize the maximum path delay based on both an RC model
and an RLC model. It is shown that as inductance effects increase, the area and power
consumed by the repeaters inserted to minimize the path delays of an RLC tree
decreases. These results are in agreement with the theoretical results presented in
Chapter 6.

The dynamic and short-circuit power consumption of a CMOS gate driving an
LC transmission line as a limiting case of an RLC transmission line is described in
Chapter 10 [8], [119]-[121]. Accurate closed form solutions for the output voltage
and short-circuit power of a CMOS gate driving an LC transmission line are

presented. The ratio of the short-circuit to dynamic power is shown to be less than 7%
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for CMOS gates driving LC transmission lines where the line is matched or
underdriven. The total power consumption is expected to decrease as inductance
effects become more significant as compared to an RC dominated interconnect line.
These results can be used to determine a limit on the effects of inductance on the
power consumption of a CMOS gate since a lossless transmission line represents a
limiting case for inductance effects.

In Chapter 11, it is shown that inductance has positive effects on the
performance of VLSI circuits. It is shown both theoretically and experimentally that
increasing inductance effects result in faster signal rise times, lower power
consumption, and less active device area. Design methodologies can be developed to
exploit these useful effects of on-chip inductance while maintaining noise at
acceptable levels so as to guarantee the reliable performance of an integrated circuit.
An industrial example of a high speed clock distribution network is presented to
illustrate this behavior and design methodologies exploiting on-chip inductance are
suggested.

A novel method for simulating RLC circuits is introduced in Chapter 12 that is
both accurate and efficient [122]. The DTT (Direct Truncation of the Transfer
function) method is introduced as an alternative to moment matching techniques to
evaluate time domain signals within RLC trees with arbitrary accuracy in response to
any input signal. This method depends on finding a low frequency reduced order
transfer function by direct truncation of the exact transfer function at different nodes
of an RLC tree. The method is numerically accurate for any order of approximation,

which permits solutions with a large number of poles appropriate for approximating
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RLC trees with underdamped responses. The method is computationally efficient with
a complexity linearly proportional to the number of branches in an RLC tree. A
common set of poles are determined that characterize the responses at all of the nodes
of an RLC tree which further enhances the computational efficiency. Stability is
guaranteed by the DTT method for low order approximations with less than five
poles. Such low order approximations are useful for evaluating monotone responses
exhibited by RC circuits.

Comments on the extraction and sensitivity of on-chip inductance are
presented in Chapter 13 [123]. The efficient and accurate extraction of inductance is
one of the primary bottlenecks that hinder incorporating on-chip inductance within
integrated circuit design tools. Fortunately, as is shown in Chapter 13, on-chip
inductance has two useful characteristics which enable simple methods to be used to
extract the inductance. The first characteristic is that the sensitivity of a signal
waveform to errors in the inductance values is low, particularly the propagation delay
and the rise time. The second characteristic is that the magnitude of the on-chip
inductance is a slow varying function of the width of a wire and the geometry of the
surrounding wires. These two characteristics can be exploited by using simplified
techniques that permit approximate and sufficiently accurate values of the on-chip
inductance to be extracted with high computational efficiency.

Conclusions are provided in Chapter 14 and future work is described in
Chapter 15. In Appendix A, practical industrial numbers to characterize the
importance of inductance in current VLSI circuits are presented. A mathematical

proof of the expressions for optimum repeater insertion in an RLC line is provided in
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Appendix B. The algorithmic complexity of the proposed delay model for RLC trees
described in Chapter 7 is described in Appendix C. The matching conditions of a
CMOS gate driving a lossless transmission line are given in Appendix D. The
algorithmic implementation of the simulation method presented in Chapter 12 is
provided in Appendix E. Finally, the DTT method discussed in Chapter 12 is

compared to simulation techniques based on moment matching in Appendix F.
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Chapter 2 Basic Transmis sion Line Theory

In this chapter, the theory of transmission lines is briefly discussed. Three
types of transmission lines are outlined: lossless LC transmission lines, lossy RLC
transmission lines, and RC transmission lines [70]-[72]. Proper understanding and
interpretation of transmission line behavior is essential to the design and analysis of
interconnect in high speed integrated circuits. No closed form solution exists for the
transient response of an RC transmission line as shown in section 2.1, therefore,
approximate models for RC interconnect are presented in section 2.2 [22], [23]. Since
the effects of inductance on the repeater insertion process is introduced later in this
dissertation, some background behind the process of inserting repeaters into RC

interconnect is introduced in section 2.3 [37]-[44].

2.1 Transmission Lines

A transmission line model can be used to accurately characterize on-chip
interconnect. Transmission lines maintain the distributed nature of the interconnect
impedances, including the effects of the inductance of the interconnect. A
transmission line is a structure that supports the signal propagation of Transverse
Electro-Magnetic Waves (TEM) [70]-[72]. The function of a transmission line, as the

name implies, is to transmit electrical signals from one point to another point. Several



19

types of common transmission lines are shown in Figure 2.1. On-chip interconnect
can most closely be modeled as a micro-strip or as a parallel plate transmission line
[46]-[48]. The efficient transmission of signals from one point to another point
requires that losses across the transmission line be low, that the attenuation and
velocity of the waves across the transmission line be frequency independent to avoid
distortion, and that appropriate matching of the source and load impedances with the
characteristic impedance of the transmission line be maintained to avoid reflections
(70]-[72].

A transmission line is composed of a series resistance, a series inductance, a
shunt capacitance, and a shunt conductance such as the section of transmission line
pictured in Figure 2.2. The per unit length resistance, inductance, capacitance, and
conductance are denoted by R, L, C, and G, respectively. The resistance is the sum of
the resistance of the two conductors of the transmission line (or in general, the wire
resistance and the return path resistance). The inductance is the self-inductance of the
transmission line. The capacitance is the capacitance between the two plates of the
transmission line. The conductance is due to the current path caused by the losses
within the dielectric. These parasitic impedances make the behavior of a transmission
line deviate from ideal transmission characteristics. The behavior of a transmission

line is discussed in greater detail in subsequent sections.
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Figure 2.1 Crosssection of the most common types of transmission lines.
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Figure 2.2 A section of an RLCG transmission line.

2.1.1 Lossless (ldeal) Transmission Lines

A lossless transmission line is a transmission line where the lossy elements (R

and G) are negligible which is equivalent to a transmission line with perfect



conductors and a perfect dielectric. A discussion of lossless transmission lines is
important since the relative simplicity of these lossless lines allows certain basic
concepts underlying the behavior of general transmission lines to be better
understood. Lossy transmission lines are described later in this chapter in light of the
concepts discussed for lossless transmission lines.

A lossless transmission line is shown in Figure 2.3. Note that at low
frequencies the inductance can be approximated by a short-circuit while the
capacitance can be approximated by an open circuit. Thus, at low frequencies, a
lossless transmission line behaves like a short-circuit which connects the two end
points between which the electrical signal is being transmitted. Therefore, a low
frequency lossless transmission line satisfies the requirements for ideal signal
transmission. However, at high frequencies, the behavior of a lossless transmission
line is quite different from a short-circuit. The delay of the waves propagating along
the transmission line and signal reflections are two of the most important differences
as compared to a shorted wire. The behavior of transmission lines at high frequencies

is discussed in subsection 2.1.
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Figure 2.3 A lossless transmission line.
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A. Time and Space Dependence of Signals in a Lossless Transmission
Line

4 ’
b ,’, /
’ K4
/ ;
| ! H
H ’ ] /
[ ! ,
a E / d- E ,”
/ La—d
L H 1
] |
H |
1 ]
H 1
] '
' 1
' i
: : Al
_!. ; Ldz T —> I+a—_d:
¥ T B
] ]
! : av
| % ! : V+—d-=
| =Cdz 3z
H ¢
y ! H
i 1
! H

Figure 2.4 A section of a lossless parallel plate transmission line.

A circuit model for a differential section of a lossless transmission line is
shown in Figure 2.4 [72]. Since the inductance and capacitance per unit length of the
transmission line are L and C, respectively, a length of dz has an inductance of Ld:
and a capacitance of Cdz. The change in voltage across this length dz is equal to the
product of the inductance with the time rate of change of the current across the

inductance and is

dl
Voltage change =9V = —(Ldz) Z Q.1



Similarly, the change in current along the line at any specific time is merely the

current that is shunted across the distributed capacitance (Cdz) and is

Current change =9I = —(Cdz)i‘i . (2.2)
dr ’

Equations (2.1) and (2.2) can be rewritten as

v __ 9 2.3)
dz dat
ol av
—=-C—. (24)
dz ar

Equations (2.3) and (2.4) are the fundamental differential equations
characterizing a lossless transmission line. Partially differentiating (2.3) with respect

to distance and (2.4) with respect to time, the resulting equations are

’v _ 3 e
dz* dzor (2:5)
020t o (2.6)

These two equations can be combined to eliminate the current component and
determine a single second order differential equation that characterizes the voltage

across a lossless transmission line and is

av
o’

az* ot

9’V IV

2.7)

1
v?
where

1
\/z— . 2.8)

Equations (2.3) and (2.4) are known as the classical telegraph equations and (2.7) is

v =

the well-known one-dimensional wave equation [70]-[72]. A similar equation



describing the current within a lossless transmission line can be determined in the
same manner and is

#1_1 91
az> v ot

The solution of the wave equation in (2.7) is the sum of two waves, one wave

(2.9)

propagating in the positive z direction with a speed v and the other wave propagating

in the negative z direction with a speed v and is expressed mathematically as

V= F-2)+ Fa+3), (2.10)
v v
where F, and F, are arbitrary functions that are determined from the boundary
conditions (the driver and ioad as well as the initial conditions). Equation (2.10)
satisfies (2.7) by direct substitution. A constant value of F (s-z/v) would be seen by an
observer moving in the z direction with a velocity v. Similarly, F.(r+z/v) represents a
wave moving in the negative z direction with velocity v.
To determine the current on the line in terms of the functions, F, and F., the
expression of the voltage in (2.10) can be substituted into the transmission line
expression (2.3),

ol | - z, . I . Z
—ng—;ﬁ(l—;)'f";l:z(t*’;)- (2[1)

The result of integrating this expression with respect to ¢ is

1 z <
1=7;[F| (r—;)—l-‘2 (r+;)}+f(2)- (2.12)

If this solution is substituted into the second transmission line equation (2.4), it can be

noted that the function of integration, f{z), could only be a constant. This constant is a



superposed DC solution which is not of particular interest in evaluating the wave
solution and is therefore ignored. Equation (2.12) can therefore be written as

1 z z
1=Z—[F1 (t_;')—Fz (t+-v-):l, (2.13)

0

L
Z,=Lv= \[g Q. (2.14)

The constant Z, is called the characteristic impedance of the transmission line

where

and is real (resistive) in the case of a lossless transmission line. Thus, the voltage
across a lossless transmission line is the superposition of the waves traveling in the
positive z direction and the waves traveling in the negative z direction. The speed of
propagation of the waves across the transmission line is given by v in (2.8). For each
voltage wave a companion current wave exists where the ratio between the voltage
wave and the companion current wave is given by Z, (see Figure 2.5). The negative
sign for the negatively traveling waves occurs since the wave propagates to the left
(towards the source) while the convention in (2.13) for the current is positive if the
wave propagates to the right (towards the load in terms of the circuit diagram shown

in Figure 2.4).
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Figure 2.5 Reflections at an impedance discontinuity.

B. Relation of Electromagnetic Theory to Circuit Theory

Although distributed circuit theory has been used in the previous subsection to
derive the basic equations that characterize the behavior of a lossless transmission
line, it is shown here that these equations bear a strong relation to electromagnetic
theory. To illustrate this relationship with electromagnetic theory, consider the
parallel plate transmission line shown in Figure 2.4 with the conducting planes wide
enough in the y direction so that fringing at the edges is negligible. A uniform plane
wave with an electric field E, polarized in the x direction and a magnetic field H,
polarized in the y direction propagates in the z direction between the transmission line
plates. For such a transmission line, the inductance and capacitance per unit length

are



a

L =H (2.15)
b

C=¢g—,
. (2.16)

respectively, where p is the magnetic permeability and € is the electric permittivity of
the dielectric medium between the transmission line plates, both of which are
constant for a specific dielectric. The width of the plates is denoted b and the distance
between the two plates is denoted a. Substituting (2.15) and (2.16) into (2.8), the
velocity at which the waves travel along a transmission line is

1
—JLC_ us'

2.17)

The quantity in (2.17) is described in electromagnetic theory as the speed of light (for
the electromagnetic waves) in a medium with magnetic permeability p and electric
permittivity €. Thus, the wave travels in a lossless transmission line at a speed that
equals the speed of light in the medium between the plates. Although (2.17) is based
on a parallel plate transmission line modeli, the inductance and capacitance of any
general transmission line satisfy relation (2.17).

Another interesting relationship between circuit theory and electromagnetic
theory can be noted by examining Z, in (2.14). Substituting (2.15) and (2.16) into

(2.14). the characteristic impedance is

V(””) ‘/‘ \/E Q. (2.18)
C £

The voltage and current in the parallel plate transmission line shown in Figure 2.4 are

given, respectively, by



V(z,t) =aFE (z,1), (2.19)
I(z,1) = bH ,(2,1). (2.20)

Substituting for the voltage and current with the electric and magnetic fields, the ratio

of the electrical to magnetic filed is

LACUL =\/E Q. @.21)
H (z,1) £
The quantity in (2.21) is described in electromagnetic field theory as the wave
impedance in a medium with magnetic permeability p and electric permittivity €. The
wave impedance characterizes the ratio of the electrical field to the magnetic field of
a uniform plane wave. Thus, the concepts presented in the previous subsection using
distributed circuit theory are consistent with a physical perspective based on

electromagnetic theory.

C. Reflection and Transmission at an Impedance Discontinuity

A voltage wave propagating across a transmission line has an associated
current wave. The ratio between the voltage and the associated current is Z,. When a
voltage wave propagating across a transmission line reaches an impedance
discontinuity such as a load impedance Z, which is not equal to the characteristic
impedance Z, a reflected wave is initiated such that the sum of the voltages and
currents of the incident and reflected waves satisfies Kirchhoff’s law at the load

impedance. Such a situation is depicted in Figure 2.5.



If the incident voltage wave at the load is denoted V, and the reflected wave
from the load is denoted V, the sum of the two voltage waves satisfy

V., +V_=V,, (2.22)

where V, is the voltage at the load impedance, Z,. Also, the sum of the currents
associated with the incident and reflected waves, /, and /, respectively, satisfy

I +1_ =1, (2.23)

where [, is the current through the load impedance Z,. The current of the incident
wave is V_/ Z, and the current of the reflected wave is -V. / Z,, as discussed in
subsection A. The current of the load is given by I, = V, / Z, = (V+V) / Z,.
Substituting these relations into (2.23), a relation between V,_ and V_in terms of Z, and

Z, can be found from

z, 7z, z
The reflection coefficient at the load is defined as the ratio of the reflected voltage
wave at the load to the incident voltage wave at the load. From the above relation the
reflection coefficient is

Vv Z -Z
L =—= Lt o .
L=V 77,42, (2.25)

-

The reflection coefficient is bound between one and negative one. Note that no
reflected wave exists (F, = 0) if the load impedance is equal to the characteristic
impedance of the line since the incident wave encounters no impedance discontinuity.
The power that is incident on the load is given by W, = IV, = V.’ / Z,. Similarly, the
power reflected from the load is W. = V’ / Z,. Thus, the portion of the incident power

that is reflected from the load is given by
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The portion of the incident power that is transmitted to the load is

_VV_ =1-TI;. (2.27)

+

Note that the total incident power is transferred to the load when the load impedance
is equal to the characteristic impedance of the transmission line since I, is equal to
zero. In this case, the load impedance is matched to the transmission line
characteristic impedance. In the case of an open-circuit load, the reflection coefficient
is equal to one (I', = 1) and all of the power incident on the load is reflected back
towards the source since an open-circuit can not consume power (/, = 0). Similarly, in
the case of a short-circuit load, the reflection coefficient is equal to negative one (I, =
-1) and no power is transmitted to the load since V, = 0. The three different load cases

discussed above are graphically depicted in Figure 2.6.
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Figure 2.6 Behavior of various transmission line terminations

The waves traveling in the negative z direction towards the source behaves in
the same manner as discussed above if the source impedance Z, is not matched to the
characteristic impedance of the line. A source reflection coefficient is defined as the
ratio of the reflected voltage wave from the source to the incident voltage wave on the
source and is

_Z, -z,

= y 29
"7 +2, (2.28)

where Z is the impedance of the voltage source or current source driving the

transmission line.



D. Transient Response of Lossless Transmission Lines

Figure 2.7 A transmission line driven by a voltage source with a source impedance Z,

and terminated by a load impedance Z,.

Consider the transmission line shown in Figure 2.7. The voltage source
driving the transmission line is a step input signal changing from zero to V, volts at
time zero and has a source resistance equal to Z. The transmission line has a
charactenstic impedance Z, and is terminated by a load impedance Z,. At the
beginning of the transient response (time zero), the transmission line appears as an
impedance Z,. Thus, a portion of the input signal V| is injected into the transmission
line and is

Z,

source m 5* (2.29)

This wave propagates with a speed v towards the load and reaches the load after time
T where tis the time of flight of the signals across the transmission line and is given
by {/ v for a transmission line of length /. At the load a reflected signal is initiated that

propagates back towards the source with speed v. The magnitude of the reflected

signal depends upon the amount of mismatch between the load impedance and the

characteristic impedance of the line and is
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Z, -7,

=— =T, Ve ee-
R ZL +ZO Source L7 Source (230)

The reflected wave is superimposed on the initial signal injected at the source. Thus,
at that instant, there are two waves in the transmission line, one travelling in the
positive z direction and the other wave traveling in the negative : direction. At time
27. the reflected wave reaches the source and another wave is reflected from the
source impedance and travels back towards the load. The magnitude of this wave is
given by

=Z-%

VSuurL'tl - ZI + Zo VR = FSVR' (2.31)

This wave is superimposed on the two previous waves. When the wave reaches the
load, another wave is initiated that travels back towards the source. This process of
reflections continues forever except for the special cases where the source impedance
or the load impedance is exactly equal to Z, (the matched condition). The magnitude
of each reflection is smaller than the incident wave that caused the previous reflection
because the reflection coefficient has a magnitude that is always less than one (except
for the open circuit and short circuit termination conditions). Thus, the magnitude of
the reflections is attenuated with time until the reflections become negligible and a
steady state voltage is reached. The time required to reach the steady state condition
depends upon the relative magnitude of the source and load impedances as compared
to the characteristic impedance. For example, if the load impedance is equal to Z,, the
transient response terminates after time 7 since the reflection at the load in this case is

zero. If the load impedance is not equal to Z, and the source impedance is equal to Z,,
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the transient response ends after time 27. Alternatively, if the load impedance is an
ideal open-circuit and the source impedance is an ideal short-circuit, the voltage
across the transmission line oscillates forever since the reflection coefficient at the
load is one and the refiection coefficient at the source is negative one.

The dynamics of the transient response is best illustrated with an example [1].
The input voltage V is equal to 5 volts in the circuit shown in Figure 2.7 and the load
impedance is an open-circuit. Thus, the voltage reflection coefficient at the load is
one. The time of flight of the signals across the transmission line 7 is equal to 1.5 ns.

Three different cases are considered when Z,=5Z,Z =7 ,and Z_.= Z 5.

1. Large source impedance (e.g., Z; = 5Z)

According to the previous discussion, an initial voltage wave is injected into
the transmission line at time zero and has the value 0.83 volts according to (2.29).
When this voltage reaches the load, the wave is totally reflected at the open-circuited
load and the voltage at the load reaches 1.66 volts. which is the sum of the incident
and reflected waves. The reflected wave (with magnitude 0.83 volts) reaches the
source after time 27 and a new reflected wave travels back towards the load with a
magnitude of 2/3*0.83 since the source voltage reflection coefficient is 2/3 according
to (2.31). A graphical method to evaluate the reflections is called a lattice diagram
[70]-[72]. The lattice diagram for this example is shown in Figure 2.8. The time

response for this example is shown in Figure 2.9(a). This case is called the



underdriven, overdamped, or sluggish response and the signal requires several

reflections of small magnitude to reach a steady-state response.
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Figure 2.8 Lattice diagram for Z = 5Z, and Z, = . The input voltage is 5 volts.

2. Matched source impedance (Z, = Z))

Half the input signal is injected at the source. The reflection at the load end
doubles the signal, so the final value is reached immediately at the load. The reflected
signal of half the input voltage reaches the source end after time 27 and adds to the
original signal and the transient response terminates since there is no reflection at the
source. This system is the most efficient load condition to transmit signals across a
transmission line in the case of an open-circuit load and is called the series matched
case since the matching is at the source. Matching at the load is termed shunt
matching. The transient response for this matched source impedance case is shown in

Figure 2.9(b).
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3. Small source impedance (e.g., Z_ = Z /5)

A large portion of the input voltage (4.166 volts) is injected into the
transmission line in this case of a small source impedance. The value of the injected
voltage is doubled at the load which causes severe overshoots. The reflection
coefficient at the source is negative (-2/3) and the signal changes phase when the
signal reaches the source impedance. Thus, the signal oscillates and several
reflections occur before a steady state voltage is reached. This case is called the
overdriven or the underdamped case. The transient response for this case is shown in

Figure 2.9(c).
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Figure 2.9 Transient response of a lossless transmission line with an open-circuit load
and a step input. a) Large source impedance as compared to the characteristic
impedance. b) Matched source impedance. ¢) Small source impedance as compared to

the characteristic impedance.
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2.1.2 Lossy RLC Transmission Lines
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Figure 2.10 RLC transmission line.

A lossy RLC transmission line is shown in Figure 2.10. For an RLC
transmission line driven by a sinusoidal input Re{e'”}, the voltage and current across
the transmission line are [70]-[72]

V(z,1)= Re{VjeU R 4y, UOI+10))

| % ) V. .
[(z,t) = Re{—L e/ ) 2 LJr+r) 2.33
(z.0) {Zo Z. }. (2.33)

(2.32)

The solution of V(z1) is the sum of two waves, one wave traveling in the
positive £ direction and the other wave traveling in the negative z direction. V, is the
summation of the original voltage wave and all of the reflected voltage waves at the
source traveling in the positive z direction. V, is the summation of all of the reflected
voltage waves traveling in the negative z direction. The propagation constant of the
transmission line ¥ describes the characteristics of the wave propagation across the

line. For an RLC transmission line, the propagation constant is complex and is

vy=a+jB, (2.34)
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where the real part « is the attenuation constant of the waves as the waves propagate
across the line, and the imaginary part B is the phase constant which determines the
speed of propagation of the waves across the line. Substituting (2.34) into (2.32), the
real part of the voltage is given by

V(z, )= Vie ™ cos(r — &) + Vse™ cos(ar + Bz). (2.35)
The attenuation of a traveling wave is exponentially dependent on the distance
traveled by the wave. The speed of propagation of the wave across the line is

w
V=—

B . (2.36)

The propagation constant of an RLC line is

. R
y=JoNLe it = 2.37)

The attenuation constant and phase constant are the real and imaginary parts of .
respectively. Note that if the resistance of the line is negligible (R = 0), y is imaginary.
Thus, the attenuation constant is equal to zero and the signals do not attenuate as the
signals travel across the transmission line. Also, the speed of the signals is frequency
independent and the signals travel at a velocity described by (2.8). This case is that of
a lossless transmission line. However, in the case of a lossy transmission line, two
major differences occur. The first difference is that the waves attenuate as the signals
travel along the line and the attenuation is frequency dependent. The second is that
the speed of the waves is frequency dependent. The frequency dependence causes the
frequency components of a signal to see different conditions across the transmission

line and travel at different speeds. Thus, the shape of a signal degrades as the signal
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travels across a lossy transmission line and the line is called a dispersive transmission
line. Identical square pulse signals that are injected at the inputs of infinitely long
lossless and lossy transmission lines are shown in Figure 2.11. The signals are
observed after the signals travel some distance across the transmission lines. In the
case of a lossless transmission line, the signal maintains the original shape and
magnitude as the signals propagate across the line. In the case of a lossy transmission
line. the signals attenuate and become wider due to the loss of the high frequency
components at the edges of the waveform. Thus, the resistance of an RLC
transmission line degrades the rise and fall times of the input signal as the signal

propagates along the lossy line [70]-[72].

1% |4
(volts)‘ (volts)
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time time
(a) (b)

Figure 2.11 Signal dispersion of a square wave signal in lossy transmission lines.
a) Pulse shape after traveling along a lossless transmission line. b) Pulise shape after

traveling along a lossy transmission line.
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The characteristic impedance of a lossy transmission line is also complex and

Z,= L 1+—,R . (2.38)
C JjaL

Note that the characteristic impedance of a lossy transmission line is the same as the

is given by

characteristic impedance of a lossless transmission line when R = 0. The transfer
function at a distance d from the load of a lossless transmission line with a source
impedance Z, a load impedance Z,, and length / can be derived from the basic

concepts discussed in this section and is

1-20 g™ 4| 1+
‘/,m,(svd)__ L zL
V. (s.d) z z .
w(s:d) I+=]|1+=2% eﬂ+[l—
<o <L

where Z, Z, Z,. and y are functions of s and s = jw.
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2.1.3 RC Transmission Lines
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Figure 2.12 An RC transmission line.



The RC transmission line shown in Figure 2.12 has a voltage that varies with

the position ; and time ¢ and is characterized by the differential equation.

(2.40)
This equation is the well-known diffusion equation [1]. [40], [70]-[72]. The signals
travel across an RC transmission line purely by diffusion. For a lossless transmission
line, it has been shown that the signals travel with constant speed across the line. In
that case, the signals are said to travel in the propagation mode. Signals in an RLC
transmission line travel partially in the propagation mode and partially in the
diffusion mode. The degree to which the signal behavior is affected by each mode
depends upon the amount of inductance effects present in the line.

The diffusion equation given by (2.40) has no closed-form solution [1], [40],
[70]-[72]. However, it is common to approximate the behavior of an RC transmission

line by a one dominant time constant system given by

RCI?
T(V,,) = ——.

(2.41)

Note the quadratic dependence of the dominant time constant on the line length /
which means that the propagation delay and the rise time are also quadratically
dependent on the line length. The propagation delay and rise time of a lossless
transmission line are linearly dependent on the line length since the propagation delay
and rise time are multiples of the time of flight across the transmission line which is

linearly dependent on the line length.
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2.2 Approximate Models for RC Interconnect

In general, there are two broad categories of simulation tools that can be used
to analyze the timing behavior of a VLSI circuit. The first category is static circuit
simulators [124]-[126], which uses analytical models for the devices and interconnect
to reach an approximate solution for the delays and transition times of the signals
propagating within a VLSI circuit. The advantage of such simulators is high
computational speed which is necessary when analyzing high complexity VLSI
circuits in a reasonable amount of time. Also, static simulators are numerically
reliable and have low memory requirements. However, the loss of accuracy and the
loss of waveform details such as spikes and overshoots are major disadvantages of
static simulators.

The other category of simulators is dynamic circuit simulators, e.g., [127],
[128], which use a nodal matrix description of the input circuit starting from a set of
given initial conditions and solve the differential equations describing the circuit to
determine accurate waveforms for the signals within a VLSI circuit. Dynamic
simulators use discrete numerical methods to solve the differential equations by
dividing the simulation time into individual time steps. At each time step, numerical
matrix methods are employed to determine the timing solution. Thus, dynamic
simulators are much slower and require significantly more memory than static
simulators but are also significantly more accurate than static simulators. Dynamic
simulators are usually used to analyze the worst case paths of a VLSI circuit in order

to accurately characterize the behavior of these critical paths.



The circuits simulated by static or dynamic simulators include interconnect,
therefore, accurate interconnect models are required. However, the interconnect
model used in each type of simulator is quite different. Analytical models for the
propagation delay and rise time are used in static simulators while differential
equations are used in dynamic simulators. In the case of static simulators, RC
interconnect cannot be represented exactly since, as previously mentioned, no closed
form solution for the diffusion equation that describes an RC transmission exists.
Therefore, approximate analytical solutions are necessary. For dynamic simulators,
one of two cases exists. If the simulator does not internally support a distributed RC
model (such as in SPICE [127]). approximate lumped circuit elements (resistances
and capacitors) are used to replace exact transmission line models. For other dynamic
simulators that internally include models for distributed RC transmission lines such as
AS/X [128], an exact representation of the RC interconnect is possible. However,
even if exact transmission line models are supported by a dynamic simulator, the use
of approximate models for the interconnect with discrete circuit elements may still be
desirable since the use of these models permit the simulator to operate faster and
more reliably. Only when high accuracy is required would the use of exact
transmission line models be justified from a computational efficiency perspective.

For a dynamic simulator, the simplest model to represent an RC interconnect
is a lumped RC circuit with one resistor equal to the total resistance of the line R, and
one capacitor equal to the total capacitance of the line C, as shown in Figure 2.13(a).
This model suffers high error since the lumped RC model does not accurately model

the distributed nature of the interconnect. A lumped RC network to model a
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distributed RC net can cause up to 50% error. For example, in the distributed RC line
shown in Figure 2.12, only a portion of the capacitance of the line charges (or
discharges) through the entire resistance of the line. Capacitors at the beginning of the
line charge through a small resistance, capacitors at the middle of the line charge
through half the resistance of the line, while capacitors at the end charge through all
of the resistance of the line. On average, the capacitance of the line sees about half the
resistance of the line. Thus, more accurate models to represent the line are shown in
Figure 2.13(b) and Figure 2.13(c) [22], [23]. The interconnect models shown in
Figure 2.13(b) and Figure 2.13 (c) are called ® and T models, respectively, due to the
shape of the RC impedance network [23]. These models are much more accurate than

a lumped model. For even greater accuracy, multiple © and T models can be used by

subdividing the line into smaller sections and representing each section by amora T
model as shown in Figure 2.13(d) through Figure 2.13(h) [22], [23]. Another option is
to model the interconnect by several ladder sections as shown in Figure 2.12.
However, multiple ® and T models are much more accurate than a ladder model for
the same number of discrete circuit elements (or the same number of circuit nodes),
directly affecting the computational performance of the dynamic simulator. For
example, replacing an RC transmission line by a three section m model causes a
discrepancy of less than 3% in the waveform shape as compared to an exact
transmission line model [23]. Tens of sections would be required for a ladder model

to achieve the same level of accuracy [22].
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Figure 2.13 Discrete element circuit representation of an RC interconnect.

Analytical solutions for the propagation delay and rise time of RC
interconnects interacting with gates are necessary for static simulators as well as for a
variety of VLSI design methodologies. One such technique is the process of inserting
repeaters to subdivide a long RC line into shorter sections in order to minimize the
overall propagation delay as is discussed later in this chapter. A useful configuration

to consider is that of a CMOS gate driving another CMOS gate with an interconnect
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line between the two gates as shown in Figure 2.14 since any path in a VLSI circuit
can be subdivided into several such configurations (where extra fanout is treated as a

lumped capacitance).
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Figure 2.14 A CMOS gate driving another CMOS gate with a resistive-capacitive

interconnect wire connecting the two inverters.

The driving gate is customarily approximated by an equivalent resistor, R,.
The driven gate is modeled by an input capacitance, C,. The interconnect is replaced
by one of the approximate models shown in Figure 2.13. The simplest model to
represent the interconnect is a lumped model as shown in Figure 2.13(a). The
resulting equivalent circuit for the driving gate, the driven gate, and the lumped
interconnect model is shown in Figure 2.15(a). For this simple circuit, the output
response for a unit step input (v, () =0 forr<Oand v (1) =1 forz = 0) is
V() =1-exp(—t/Ty), (2.42)

where 7, is the time constant of the circuit and is
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Toe =(R, +RXC,+C,). (2.43)

The 50% propagation delay ¢, and the 10%-10-90% rise time r, of such a signal are,
respectively,
1,y =0.6937, =0.693(R, + R )(C, +C,), (2.44)
t, =227, =22(R, +R )C,+C,). (2.45)
These expressions, however, suffer large error due to the inaccuracies of the lumped
interconnect model, as discussed previously. Another approach has been introduced
by Sakurai in [23] which shows that an RC transmission line with a source resistor
and a load capacitance at the terminations has a transfer function with an infinite
number of poles. However, a single dominant pole can be used to approximate the
transfer function with high accuracy. This single pole is given by 1/7°,, where

c=R,(C,+C,)+RC, +0.5R.C,. (2.46)

This single pole system results in a unit step response of

V() =1—exp(—t/T,.). (2.47)

our

which is the same expression as the response in (2.42) except for the different time

constant. Thus, the propagation delay and rise time of this response are [23], [40]
!y = 0.6937,. =0.693R_(C, + C,)+0.693R,C, +0.35R,C,, (2.48)

1, =227, =2.2R (C, +C,)+22RC, +1.1RC, . (2.49)
These closed form expressions are quite accurate and are within 4% of SPICE [23].
The time constant in (2.46) can be interpreted by referring to Figure 2.15(b) where the

interconnect is replaced by a more accurate t model as compared to a simple lumped

model. The time constant 7T’ has four terms, each term of which has a one-to-one
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correspondence to Figure 2.15(b). The first two terms in (2.46) have a factor of one
since the entire interconnect and load capacitances see the transistor resistance. The
third term has a factor of one since the load capacitance sees the entire interconnect
resistance. The fourth term has a factor of 0.5 since on average, the interconnect
capacitance sees half the interconnect resistance.

Another interesting concept introduced by Sakurai in [23] is that not every
interconnect line needs to be represented by the most accurate model since the more
accurate model requires additional simulation time. Only those nets that significantly
affect the accuracy of the simulation should be replaced by a more accurate
impedance model. A criterion for determining which interconnects require more
accurate multiple section 1t or T models depends upon the ratio of the device parasitic
impedances (R, and C,) to the interconnect parasitic impedances (R, and C). If the
device parasitic impedances are much larger than the interconnect parasitic
impedances, the response is dominated by the drive and load gates, which renders the
interconnect model unimportant. In this case, the simplest interconnect mode! should
be used (a short-circuit). Alternatively, for cases where the interconnect parasitic
impedances are large as compared to the gate parasitic impedances, highly accurate
multiple section 7t or T models should be used. Two variables have been introduced
in [23] to characterize the importance of the accurate interconnect models. These

variables are

R (2.50)
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251
c =S (2.51)
C,

When R, is high, the gate resistance dominates the interconnect resistance.
When C; is high, the load capacitance dominates the interconnect capacitance. The
appropriate interconnect model is therefore a function of R, and C,. The worst case
error exhibited by using an inaccurate interconnect model occurs when R, and C; are
equal to zero. A lumped RC model as compared to a distributed RC model is shown
in Figure 2.16 where R, and C; are equal to zero.

R, +R,

(a)
er Rt
- C/2 —— C.2+C
(b)

Figure 2.15 Approximate discrete element linear circuits of a CMOS gate driving
another CMOS gate with an interconnect line. a) The interconnect is replaced by a

lumped model. b) The interconnect is replaced by a single 7 section.
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Figure 2.16 Simulated step response of lumped and distributed RC interconnect when
R,=0and C,=0.

2.3 Repeater Insertion in RC Lines

The dependence of the propagation delay on the length of an RC line is
quadratic as discussed in section 2.2. This behavior of RC lines means that as the line
gets longer, the propagation delay increases dramatically. Thus, it is advantageous to
partition the line into shorter sections by inserting buffers within the line to reduce the
total propagation delay from the beginning of the line to the end of the line [37]-[44].
The shorter the sections of the line, the greater the interconnect delay is reduced.

However, inserted buffers increase the gate delay. Thus, there is an optimum number
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of repeaters that should be inserted into an RC line to minimize the overall

propagation delay. This trend is qualitatively described in Figure 2.17.

Delay

0 5 10
Number of sections

Figure 2.17 Relation between the number of sections an RC line is subdivided into

and the total propagation delay.

1

2 k
[: R/k and C/k [: R/k and C/k [: R/k and C/k [:
< > < Tk > < Tk >

Ik

Figure 2.18 Repeaters inserted along an RC line.

Referring to Figure 2.18, an RC line can be subdivided into k sections by

inserting k buffers within the line [39], [40]. Each buffer is k& times wider than the
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minimum size buffer permitted by the technology. The output resistance of each
buffer is therefore R/h and the input capacitance is Cji, where R, and C, are the
output resistance and the input capacitance of a minimum size buffer, respectively.
Each buffer drives an interconnect section with a total resistance of R/k and a total
interconnect capacitance of C/k. The total propagation delay of the repeater system
(the interconnect line and the repeaters) is the summation of the delays of each of the
k sections of the interconnect. Since each of the sections are similar, the total
propagation delay of the repeater system is k& times the propagation delay of a single
section. Using the formula in (2.48) for the propagation delay of a single section, the
total propagation delay of a k& section repeater system, as introduced by Bakoglu in
[39], [40), is

R, C R R C
t =k|0.693 2 (—+hC,)+0.693—~LhC, +0.35——= | 2.52
pdiotal [ h ( k ! 0) k Y k k J 2.5 )

If the partial derivatives of the above expression with respect to /1 and & are equated to

zero. the optimum values of /2 and k to minimize ¢, are

~

o’ (2.33)

RICO ‘

k= | RE 2.54)
2R,C,

Both of these equations can be interpreted intuitively. The optimum number of

h=

sections k depends upon the ratio of the interconnect delay R.C, to the gate delay R,C,.
The larger the interconnect delay with respect to the gate delay, the more buffers that
should be inserted to reduce the interconnect delay since the increase in propagation

delay due to inserting more buffers is less significant. The optimum size of the
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buffers & is chosen such that the output resistance of the buffers is close to the
interconnect resistance of each section. This characteristic can be observed by
dividing the buffer resistance (R/h) by the resistance of a single section (R/k). The
ratio of the buffer resistance to the resistance of one section is 0.707 when using the
values of / and & in (2.53) and (2.54), respectively. This behavior is understandable
since if the output resistance of the buffers is much larger than the resistance of a
single interconnect section, the gate delay dominates the interconnect delay and the
delay can be further reduced by decreasing the channel resistance. Alternatively, if
the output resistance of the buffers is much smaller than the resistance of a single
interconnect section, the interconnect delay dominates the gate delay. It is therefore
appropriate to further subdivide the line into more sections in order to reduce the
interconnect delay, thereby reducing the interconnect resistance of each section. Thus,
the optimum condition occurs at the point where the output resistance of each gate is

comparable to the resistance of the interconnect section being driven.
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Chapter 3 Evaluating the Transient Response
of Linear Networks

The underlying concepts of the most commonly used methods to evaluate the
transient response of linear networks in VLS/ circuits are briefly reviewed in this
chapter. Simple methods to calculate the delay of signals in an RC tree such as the
Elmore delay [73] and Wyatt’s approximation [74] are introduced in section 3.1 since
extensions to these methods for RLC trees are presented in subsequent chapters. The
calculation of more accurate transient responses of RLC interconnects via moment

matching is discussed in section 3.2 [75]-[107].

3.1 Eimore Delay and Wyatt Approximation

Methods for calculating the propagation delay of a multi-pole system for a
step input given the transfer function of the system are introduced in this section.
These methods do not require the time domain signals of the given system transfer
function to be known in order to numerically solve for the 50% point of the time
domain signal. Furthermore, these approximations do not require complete
knowledge of the transfer function but require only the first moment of the transfer
function which, as is shown in this section, can be efficiently calculated for the most
common RC interconnect structures (single lines and trees). Closed form solutions of
the propagation delay of signals at different nodes of an RC tree are also discussed in

this section.
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3.1.1 Eimore Delay

In 1948, Elmore [73] introduced a general approach for calculating the
propagation delay of a linear system given the transfer function of the system. If the
transfer function of the system is F(s), the normalized transfer function H (s) is

H(s)/H(0), which can be generally described as

_l+as+a,s*+..+a,;s" .1

l+bs+b,s* +..+b, s™

H, (s)
where a, and b, are real and m > n. For a monotone response, all of the poles of H (s)
should be real and for a stable system all of the poles should lie on the negative real
axis. The unit step response of the normalized transfer function is (1/s)-H (s). In the
time domain, the transient unit step response e(r) has a final value of one and is

monotonically increasing as shown in Figure 3.1.

= er) 04 |

0 10 0
(a) t (b)
Figure 3.1 Step and impulse responses of a normalized monotone transfer function.
(a) Step response. (b) Impulse response (which equals the time derivative of the step

response).

10
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Elmore proceeded from the observation that the time domain unit step
response has the characteristics of the integral of a probability function since the
response has a final value of one and is monotonically increasing which makes the
area under e’(r) equal to one and e’(r) always positive. Thus, Elmore defined the 50%

propagation delay (the time where e(?) is equal to 0.5) as

= (3.2)
T, =fte’(t)dt s
]

which is the centroid of the area under e’(r). By noting that e’(¢) for a step input is

simply £ (¢), the transfer function H_(s) can be expressed as

H,(s)=[e (e ™dr =1~ s!te' (t)dr + ;—-!'([tze'(t)dt e

0

(3.3)

Thus, if the normalized transfer function is expanded in the powers of s, the
50% delay can be determined directly as the coefficient of s. From (3.1), the
propagation delay is T, = b, - a,, which is the definition of the Elmore delay. The
Elmore delay as defined by (3.3) is also described as the first moment of the transfer

function [73].

3.1.2 Wyatt Approximation
In 1987, Wyatt [74] used the relationships that b, and a, are given by

(3.4)
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respectively, where p, and z, are the poles and zeros of the transfer function,
respectively. Thus, Wyatt treated T, = b, - a, as the reciprocal of the dominant pole
(the pole that has the smallest absolute value) of the system. This approximation is
accurate for systems that can be modeled by a single dominant pole and with no low
frequency zeros near the dominant pole. Applying this approximation, the unit step

response of the system is

e(t)y=1- exp(—-TLD-) , (3.6)

which indicates a 50% propagation delay equal to 0.6937, rather than 7, as
anticipated by Elmore. For example, the simple RC circuit shown in Figure 3.2 has

the transfer function,

l (3.7)
SRC+1~

Thus, according to Elmore the propagation delay is RC and according to Wyatt the

H(s)=

propagation delay is 0.693RC. Note that Wyatt’s solution is exact for this simple
circuit and a step input signal. In general, Wyatt’s solution is more accurate than
Elmore’s solution. However, the Wyatt approximation is often incorrectly referred to
as the Elmore delay. Note also that the Elmore delay overestimates the propagation

delay and is therefore used as a pessimistic (or a conservative) delay estimate.
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Figure 3.2. Simple RC circuit.

3.1.3 Calculating the Eimore Constant for RC Trees
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AN/ L
C. ==
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1 R 1
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Figure 3.3. General RC tree.
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For the general RC tree shown in Figure 3.3, if a unit step input is applied to

the tree, the voltage drop at any node i, v(r), as compared to the input voltage is [35]

dv, (1) (3.8)

I-v (@)=Y C.,R
t() ; k Nk dt

where & is an index that covers every capacitor in the circuit and R, is the common
resistance from the input to the nodes i and k. For example, for the RC tree shown in
Figure 3.3, R.=R+R+R_. R, =R, =R +R,and R, =R_=R., = R., =R, v (1) is the
voltage across the capacitor at node & as a function of time. This expression can be
further understood by noting that the current drained by the capacitor at node k is
given by C,dv(r)/dt and that this current flows through all of the resistors in the path
from the input to node k. Thus, a capacitor at node k& contributes a voltage drop at
node / as compared to the input voltage equal to the current drained by the capacitor
multiplied by the common resistance from the input to the nodes i/ and 4. This voltage
drop is given by R (C,dv,(t)/dr). The total voltage drop at node i relative to the input
voltage is found as the superposition of the voltage drops due to all of the capacitors
in the tree as given by (3.8). Note also that the voltage at node / relative to the input
voltage is 1 - v(¢) for r > O since the input voltage is a unit step.

If the impulse response at node i of a tree is hi(¢), the Elmore delay (or time

constant as treated by Wyatt) is shown in section 3.1.1 to be

= (3.9)
T, = J'zh, (r)dr
1]
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which is also described as the first moment of the transfer function. Note that if /1(z7) is
the normalized unit impulse response at node i, the unit step response of this

normalized impulse response v (z) is given by

, (3.10)
v (1) = j'h, (r)dr .
0

This relation can be alternatively described as A(f) = v'(r). Note also that v(r) has a
final value of one when r — oo due to the normalization of the transfer function.

Equation (3.8) is integrated from O to r and the resulting expression is

[o=-v,edr =Y C,Rv, (). (3.11)
0 k
Integrating the left hand side above by parts with 7 = oo,

fit=v,@0de =1 —v, 01 [0 (3.12)
0 0

Using the steady state value of v(es) = I, the first term in (3.12) is equal to zero after

substituting this limit. Thus, (3.12) simplifies to

I[l -V, ()t = f tv,(1)dt = j th,(t)dt =T, , (3-13)
0 0 [0}

since 1(r) = v,’(¢). Substituting r = oo into the right hand side of (3.11) and using the
relation v,(e0) = 1, the Elmore delay at node i of an RC tree is given by [35]

Ty =Y C.R, . (3.14)
k

For example, the Elmore delay at node 7 in Figure 3.3 is given by

Ty, =(C,+C,+C,+CHR, +(C; +C XR, +R))+C,(R, + R, + R)).
The Elmore delay at node i of an RC tree can also be described in a different format

as



Tp, =Y CrR, . (.15)
where the summation index & operateks over all of the resistors that belong to the path
from the input to node i. C, is the total capacitance seen by the resistor k. For
example, in Figure 3.3, T,,=R(C,+C,+ ... + C.)) + R( C,+ C, + C.) + R.C.. This
form of expressing the summation is convenient since it has recursive properties [37].
For example, if the delays at all of the nodes of the RC tree shown in Figure 3.3 are to
be determined, the delays can be calculated incrementally. The delay at node 1 is
calculated as T,,, = R,(C, + C, + ... + C,). The delays at node 2 and 3 can be calculated
asT,, =T, +R(C,+C,+C))and T,,=T,, + R(C, + C, + C,). Finally, the delays at
the sinks (nodes 4, 5, 6, and 7) can be calculated as 7, = T,, + R,C,, T,, = T,. + R.C,,
T=T, +RC, and T,.=T,, + R.C.. Recursive algorithms based on this method are
called path-tracking methods and are highly efficient when evaluating the delays of
large numbers of nodes within a complex VLSI circuit [37]. Calculating the delays at
different nodes within large RC trees is accomplished by static timers that provide
fast approximate delays within a complex VLSI circuit [124]-[126]. The devices are
typically approximated by equivalent resistors (where the assumption of an operating
point in a digital circuit can create substantial error) and the parasitic capacitors and
the interconnect are modeled as an RC circuit. Thus, when simulating the temporal
properties of a VLSI circuit, the system is typically reduced into an equivalent large
RC wree where the delays are calculated using methods similar to the path-tracking
method presented above. Other more accurate methods such as moment matching

techniques [75]-[96] can be used if greater accuracy is required at the expense of
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longer processing time and problematic numerical issues associated with such
methods. These moment matching methods are discussed in the following section
[75]-[96].
3.2 Higher Order Transient Response Approximations

Using Moment Matching Techniques

Moment matching techniques [75]-[96] have gained significant popularity
recently for evaluating the transient response of linear circuits. Software packages
based on moment matching techniques such as Rapid Interconnect Circuit Eval uation
(RICE) [79] have now become available. Other common model order reduction
techniques are Pade via Lanczos (PVL) [97], Matrix Pade via Lanczos (MPVL) [99],
Arnoldi Algorithm [100], Block Amoldi Algorithm [101], and Passive Reduced-
Order Interconnect Macromodeling Algorithm (PRIMA) [106],[107]. These methods
seek a reduced order state-space representation of the interconnect portion of a VLSI
circuit which contain nonlinear active elements (transistors) connected with linear
passive interconnect. The reduced order state space representation of the interconnect
is included in the model of the VLSI circuit instead of the original interconnect,
permitting the resulting circuit to be simulated with a dynamic circuit simulator such
as SPICE. With this approach, the simulation time of large VLSI circuits is
significantly reduced since typically an interconnect circuit with thousands of state
variables can be reduced into a smaller state space representation with only tens of
state variables. Only those methods for evaluating the transient response of a linear

circuit are discussed in this section.



3.2.1 Finding a Reduced Order Transfer Function of a
System Using Moments

Wyatt [74] used the first moment of a transfer function (referred to as T, by
Elmore) to calculate the dominant pole of the transfer function. Wyatt used this
dominant pole to determine a first order transfer function which approximates the

transient response of a high order transfer function by

. 3.1
H(s) 1 1 (3.16)

=STD+l=sml+l’
where m, is the first moment of the original transfer function. However, not all
systems can be accurately approximated by a single pole. Some systems have many
poles with relatively close values (similar frequencies) and these poles cannot be
neglected without creating serious error. Moreover, many systems have low
frequency dominant zeros that play a significant role in the transient response. The
Wyatt approximation assumes no low frequency zeros. Thus, for such systems, a first
order approximation is inappropriate and higher order approximations are necessary.
Wyatt’s approach of using the first moment of the transfer function to
calculate the dominant pole can be extended to calculate more than one pole by using
higher order moments of the transfer function [75]-[96]. A normalized transfer

function of a given linear system can be expanded into powers of s such as

l+as+a,s* +..+a,s" (3.17)

> —=1+ms+m,s* +mys’ +...,
l+bs+b,s” +...+b_s

H(s)=

where m, is the " moment of the transfer function. This transfer function is of order m

and has n poles and m zeros and for a real system m < n. A reduced order transfer
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function can be used to approximate the transient response of the original transfer

function,
1+d,;s+ad,s’ +...+d,s" (3.18)

ﬁ(s) = = e =
l+bs+b,s” +...+b 57

=1+ 1,5 + 1i,s” + rys® + ...

The reduced order transfer function is of order g and has g poles and r zeros where ¢

< m and r < gq. This reduced order transfer function has ¢ + r variables

(a, —a, and 51 —5q) which can be chosen to match the first ¢ + r moments of the

reduced order transfer function to the first ¢ + r moments of the original transfer

function (i.e., m, =m,m, =m,,...m__, =m,_ ). For example, in Wyatt’s case the

q q=r

transfer function has r = 0 and g = 1 and thus only the first moment can be matched.
The choice of l;, =m, as given by (3.16) matches the first moment of the original

transfer function as can be seen if (3.16) is expanded in terms of the powers of s.

For a reduced order system that matches only the first moment of the original
transfer function to be an accurate approximation, it is necessary that s be sufficiently
small so that the term m.s* and the subsequent terms are negligible with respect to the
terms 1 +m,s in the original system. If the frequency is sufficiently low (s is small) so
that this condition is satisfied, all of the terms with higher powers of s are sufficiently
small in both the original system and the reduced order system, making the matching
of higher order moments unimportant. This behavior demonstrates that using only the
first moment represents a low frequency approximation of the original transfer
function. The more moments that are matched, the higher the values of s (or higher

frequencies) for which the reduced order system can approximate the original system.
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For RC circuits, the response is monotone since the poles and zeros of an RC circuit
are on the negative real axis [130]-[132]. The monotone response of an RC circuit is
shown in Figure 3.4. Typically, monotone responses contain low frequency
components and can therefore be accurately approximated by matching only a few
moments. Alternatively, for underdamped RLC circuits, reflections occur which cause
higher frequency components to be non-negligible in the transient response of the
circuit as illustrated in the response shown in Figure 3.4. Thus, more moments should
be matched to account for these higher frequency components in the case of an RLC

circuit as compared to an RC circuit.

V 356 £ T I | —
(volts)
3.00 - —
250 WN\W
200 | —
1.50 - -

Underdamped RLC circuit transient
response

Lee —
0.s6 . . —
RC circuit transient response
0.00 - . —
I ] I |
0.00 100.00 200.00 300.00
time (ps)

Figure 3.4. Transient responses of an RC circuit and an underdamped RLC circuit.
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A standard method to evaluate a reduced order transfer function that
approximates the transient behavior of a higher order transfer function is the
Asymptotic Waveform Evaluation (AWE) method [77]-[82]. The AWE method

approximates a transfer function by a ¢ order transfer function of the form,

~ : k (3-19)
H(s)= & + ks e+ ——
S§=Py S—D, S—=p,
where p,, p,, ..., p, are the g poles of the reduced order transfer function and k. &, ....

k, are the corresponding residues, respectively. The reduced order transfer function
has 2q vanables (g poles and g residues) and can match 2¢g moments of the original
transfer function. Given the first 29 moments of the original transfer function, m,, m,.

, m, ,, the values of the g poles and g residues of the reduced order transfer
function are determined so as to match these moments. The moments of the reduced

order transfer function can be calculated from the time domain as

- w 2 (3.20)
T (o I —st A S 25
H(s)= ‘(':h(t)e dr=1- s!th(z)dt + 3?;‘;[ h(t)dr —.....

Thus, the moments of the reduced order transfer function can be calculated from

3.21)

m, = (-.l) It'l;(t)dl.
1A

The reduced order transfer function in the time domain can be calculated by taking

the inverse Laplace transform of (3.19) and is

h(t) = ke + ke +..+ke™ . (3.22)
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Thus, the moments of the reduced order transfer function can be calculated from
(3.21) and equated to the moments of the original transfer function, m_, m,, ..., m,

leading to the set of equations,

kl 2 q
—(—+—=+..+—)=m,,
pl pZ pq
k k, k
—( 11 -'1 ""+ qﬂ)z'nlv
PPy p, (3.23)
k k,
—( 12"+p-2" tot—1) =My,
P, 2 pq

where m, = 1 for a normalized transfer function. Note that the same result can be
reached by simply expanding (3.19) into powers of s. Solving these 2g nonlinear
equations in 2q variables, the poles and residues of the reduced order transfer function
can be determined. However, the direct method of solving these nonlinear equations
is not used to determine the poles and zeros. Alternative methods have been
introduced in [77]-[80] to calculate the poles of the reduced order transfer function by
determining the zeros of a polynomial function, the coefficients of which can be

found by solving g linear equations. Specifically, the required reduced order system is

of the form,
~ l+as+a,s* +..+a, s" ) 5 ot (3.24)
H(s)= =my +ms+m,s” +mys” +.o+my s

1 +bs+b,s* +...+b,s"
Multiplying the denominator of the left hand side by the right hand side, the

following expression results
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l+d,s+d,s’ +...+d, s = (my +m,s +m,s* +m,s’ +otmy, 5T )- (3.25)

(+bs+bs®+..+b,s7)
By comparing the coefficients of the same powers of s in the right and left hand sides

of (3.25), 2q equations result. The set of equations that result from comparing the

coefficients of s' -~ s are

s > O0=meb, +mb,_ +mb, . +...+m, _b +m,
sV 0= mb, +myb,_, +mb, _, +..+mb +m, (3.26)
+m

2q-1 -
s - O=m_b, +mob

Dot b, » +...+my b +m,, .

q+1

Thus, the poles of a g” order approximation are the zeros of the polynomial whose

coefficients are the solution of the following system of linear equations,

my m - m,_, | b m,
m.. my - mgoyb | | M- (3.27)
mq—l mq o mlq-l b] m‘.’q—l

After the poles are found, the residues of the g poles can be determined by solving the

first ¢ linear equations of (3.23) which are given in matrix form by

L1 1

p P P, [k m ,
L1 oy o (3.28)
Pl p: P, ="

Lokl e

PPl pP; |
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Once a reduced order transfer function is found in the form given by (3.19),
calculating the output of the original system for an arbitrary input is straightforward.

For example, for a unit step input, the output response can be calculated as

,. A k
Y(-‘f):lfl(b')zl kl +-l- k: 4"....‘*’l 1 , (329)
5

§sSs—p, SS—p, ss—p,

where Y(s) is the approximate frequency domain output of the system calculated

using the reduced order transfer function. The time domain response of a unit step

input can be determined by considering the inverse Laplace transform of (3.29) and is

k . ,
y(1) = —(ﬁ + 73 +o =)+ k—‘e”" + —kie” Fo.+ Lt (3.30)
P P2 P, P pP: P,

The same procedure can be followed for a ramp input, an exponential input, or any
other type of input signal. Arbitrary accuracy can be achieved by matching additional
moments although there are practical and numerical limitations as is discussed later in

this chapter.

R RC
7
Y C=— V.

Figure 3.5. An RC transmission line with a source resistance and a load capacitance.
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As an example, consider the circuit shown in Figure 3.5. The circuit is
composed of a distributed RC transmission line driven by a lumped resistance R,
(which represents the output impedance of the driving gate) and a load capacitance C,
(which represents the input capacitance of the driven gate). The line has a total
resistance of R, and a total capacitance of C. The values of the circuit elements shown
in Figure 3.5 are R, =50 Q, C, =1 pF, R, = 25 Q, and C, = 0.05 pF. With these

parameters, the first four moments of the transfer function are

m, 1
—53437
R . G.31)
m, 2499.589
m —115386.246

The polynomial representing the denominator of a second order approximation can be
determined by solving the system of linear equations in (3.27) with ¢ = 2 and the
moments given in (3.31). This polynomial is given by

1+51.086- 5 +230.343-5>. (3.32)
The zeros of this polynomial are the poles of the approximate transfer function and

are

p.]_[-0.021697
[pj"[—o.zooozn . (3.33)

The residues of the transfer function corresponding to these poles can be determined

by solving the following system of linear equations according to (3.28),

—-46.008 -4.997 | k, 1
=- . (3.34)
2124.162 24978 | k, —53.437



These residues are

k, 0.025578
= i (3.35)
k, -0.035784
Finally. the output response of the circuit shown in Figure 3.5 to a step input signal is

calculated using (3.30). The resulting time domain signal is given by

$(1) =1—1.178845¢ %% +0.178845¢° . (3.36)

This time domain signal is compared to SPICE in Figure 3.6. Note that despite the
fact that the circuit shown in Figure 3.5 has infinite number of poles (form the
distributed RC transmission line), only two dominant poles can produce an almost
exact response as compared to SPICE. In general, more poles than the two poles used

in this specific example may be needed to produce a highly accurate response.
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Figure 3.6. Comparison of a second order AWE approximation to SPICE for the

output node of the circuit shown in Figure 3.5. The SPICE simulation is represented

by a solid line while AWE is represented by a dotted line.

3.2.2 Calculating the Moments of an RLC Tree

In the previous subsection, the poles and residues of a reduced order transfer

function are determined in order to approximate the transient response of a higher

order system. In the analysis, it is assumed that the moments of the higher order
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system that is approximated by a reduced order system are known. The process for

calculating the moments of an RLC tree is illustrated in this subsection since most

typical VLSI interconnects are tree structured [77]. L R
L4 *4 4
L. R 2 C, ==
——
C. =
R.
= Lavmranann?

n ! C e
C L R
— Y VTAAMN— O
L, R 3 C =
C, == L
7 R7 7
= |—rrr-AANAA

C, =

Figure 3.7. General RLC tree. =

Consider the tree shown in Figure 3.7. Using the same method as described in
section 3.1.3, the voltage drop at any node i as compared to the input voltage can be

found in the frequency domain and is given by

V,.(s)=V,(s)=Y C.V,(s)s[R,, +Lys]. (3.37)
k

where L, is the common inductance from the input to nodes i and k. If the input is a

unit impulse, V_(s) is equal to 1.0 and the voltages at the nodes of the tree are the unit



impulse responses of these nodes (i.e., the transfer functions at these nodes). Thus, the
transfer function H(s) at node i is given by V(s) and is

H,(s)=1-Y C.H,(s)s[R, + L,s], (3.38)
where the transfer functions at akny node k is described by the voltage at this node
with a unit impulse input signal, i.e., H(s) = V,(s). Since a different transfer function
exists at each node of an RLC tree, the moments at each node are different. At any
node i of an RLC tree, the moments can be derived from the expansion of the transfer

function at node i and are

H(s)=m)+ms+ms” +...., (3.39)

where m’ is the j* moment of the transfer function at node i. Substituting the transfer
function expansion in (3.39) into (3.38), a relation between the moments can be found
as

my+mis+mys® +..=1- [C,R,s+C,L,s [Im; +mfs+mis™ +..], (3.40)
k

which can be simplified in terms of the powers of s to

my +mts+m.s’ +....=l—l:2(Ckmg )R*JJ—I:E(Ckmf )R, +2(Ckmg )L, jls2 —...- (3.41)
k k k
Thus, by comparing the powers of s in the left and right hand sides of (3.40) and

(3.41), the moments of an RLC tree can be calculated at any node / and are

m{ ==Y (C,mg)R, (3.42)

my ==Y (C,m{ )R, + Y (Comg)L,.
k &
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From the observation that m, is equal to 1 at all of the nodes of an RLC tree, general

recursive equations for calculating the moments at node i of an RLC tree are given by

=1
ml‘ = —2 Cerk
_ £ (3.43)
m! ==Y (Coms R, + 3. (Com* )L, J=2.3......
k k

The first moment is the Elmore delay which can be efficiently calculated at all of the
nodes of an RLC tree using the path-tracking method introduced in section 3.1.3. The
second moment can be calculated by multiplying each capacitor by the first moment
of the transfer function of the voltage across the capacitor followed by application of
the path-tracking method [37], [93] to calculate the first term with a new value of the
equivalent capacitance. The second term of the second moment can be calculated in
the same way but with the inductance rather than the resistance and m, rather than m,.
The third moment can be calculated in the same manner using the first and second
moments and so on. This recursive method is highly efficient in calculating the
moments in all of the nodes of an RLC tree. Once the moments of the transfer
functions at different nodes are known, the method discussed in the previous
subsection 3.2.1 can be used to determine the transient response at any node for an
arbitrary input. For more general interconnect structures such as networks that include
meshes or coupling capacitances, more complex strategies can be used to calculate
the moments at different nodes of the circuit using a state space representation of the

interconnect [78]-[80].
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3.2.3 Numerical and Computational Issues

The AWE method has several numerical and computational issues which are
discussed in this subsection. These topics include pole instability, numerical

precision, and computational efficiency.

A. Unstable Poles

The AWE method introduced above uses a Pade type approximation {83]-[87]
to determine the poles and zeros of a reduced order transfer function given the
moments of a higher order system. Pade type approximations can generate unstable
poles in the reduced order transfer function of a stable system [83]-[87]. These
unstable (or bad) poles must be compensated for in order to avoid a divergent
transient response for a stable system. Methods as simple as just discarding the bad
poles have been used [77], [78]. However, such simple methods deteriorate the
accuracy of the approximated transient response. More complex methods that use
constrained optimization for RC networks are introduced in [88]. These methods

transform the variables p, in (3.23) into another set of variables x, such that

1 (3.44)

Equation (3.23) is solved for the variables x, using a Newton-Raphson iteration,
permitting the use of (3.39) to determine the poles p. Such a transformation
guarantees that the poles p, are real and negative for any value of the variables x. The
poles of any passive RC network are real and negative and hence this method can be

used with RC networks. This method results in better accuracy for a transient
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response approximation as compared to an unconstrained approximation. However,
the Newton-Raphson method does not always converge and the solution depends
upon the initial values chosen for the variables x. An estimate of the poles is initially
determined by solving (3.23) without applying the transformation described by (3.39)
and changing the sign of the unstable poles. Thus, numerical issues arise that must be
considered when using the method described in [88]. The stability problem is worse
for an RLC network than in the case of an RC network. A more efficient technique
using a moment-shifting approach was introduced by Anastasakis er al. in [89] that
improves the stability of an AWE approximation for RLC networks. The moment
shifting technique is briefly discussed in subsection C.

As an example of encountering unstable poles, consider the RC tree shown in
Figure 3.8. The first four moments at node O, shown in Figure 3.8 can be calculated

as described in section 3.2.2 and are

m, 1

m, _[ -11.91 (3.43)
m, | | 118776 |

m,| |-1146.416

The poles of a second order AWE approximation are calculated as described in

section 3.2.1 using these moment values and are

p,]_[ 0.00154
[p:]-[_o.lm]. (3.46)

Note that the first pole has a positive value which would result in a divergent

exponential creating, an unstable system. This positive pole is caused by AWE since
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a passive RC circuit can only produce negative real poles. If this pole is discarded and
only the single negative pole p, is used in the transient response, the signal waveform
is illustrated in Figure 3.9 results. Note the large error (24% in the propagation delay)
between AWE and SPICE which is a direct consequence of the unstable poles in the
AWE approximations. These unstable poles can actually appear for low order
approximations and RC circuits. This instability can therefore severely limit the utility
of low order approximations and force the calculation of unnecessarily higher order
approximations which require additional computational time. These instability issues
become even more severe with RLC circuits. An alternative method is introduced in
Chapter 12 which has guaranteed stability for approximation orders with less than
five poles. This characteristic is quite useful for analyzing the temporal properties of
RC circuits which exhibit monotone behavior. These RC systems can typically be

accurately simulated with a few poles. The new method is compared to AWE in

Appendix F.
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Figure 3.8. A general RC tree. The resistance values shown are in ohms and

i

capacitance values are in pF.
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Figure 3.9. Comparison of a second order AWE approximation to SPICE of output
node O, for the RLC circuit shown in Figure 3.8. The SPICE simulation is represented

by the solid line while AWE is represented by the dotted line.



B. Numerical Precision

In addition to the stability problem discussed in the previous subsection, AWE
has several numerical problems which limit the capability of determining higher order
approximations. One numerical issue can be observed by noting that the moments of

the original system described by (3.17) are given by

kl k‘.! : k.

my = —(—+—+....+—=),
pl p.’. pn
k, k, k,
m =—(—5+—+....+—7),
by P P (3.47)
k k, k
My = —( 1Zn + -Zn * nln )
P P n

Note that this system of equations is different from the system of equations described
by (3.23) since the moments described in (3.47) are calculated based on all of the n
exact poles of the original system rather than using only the approximate g poles as in
(3.23). The moments described in (3.47) represent the exact moments calculated for
the original system by the method discussed in section 3.2.2 or by state space
methods. Equation (3.23) is the set of equations used to match a subset of these
moments (the first 2g moments) with the moments of a reduced order system with ¢
poles and g residues. Equation (3.47) can be derived from (3.17) in the same manner
(3.23) is derived from (3.19) and (3.24).

The system of equations described by (3.47) involves high powers of the
poles. A g pole approximation requires calculating the first 2g moments which have

powers up to p*'. For an eight pole approximation, the fifteenth moment must be
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calculated which involves the fifteenth power of all of the poles. If the values of the
poles are normalized such that the smallest (most dominant) pole is one and there is a
ten times larger pole in the approximation, the fifteenth power of the reciprocal of
such a pole is 10™. This number is much smaller than the reciprocal of the most
dominant pole (one). This discrepancy increases with g. With a limited number of
significant digits on a computer machine, the addition of large numbers to much
smaller numbers causes the truncation of the smaller numbers. For a machine with r
significant digits in a word, the j* moment will not carry any information
characterizing poles with (p,/ p,) greater than 10’, where p, is assumed to be the pole
with the smallest magnitude. Hence, adding more moments with moment matching
techniques might not lead to any improvement in the accuracy of the approximation
since the higher moments do not include any extra information. As an example. the

first four exact poles of the RC circuit shown in Figure 3.5 of section 3.2.1 are given

by
P -0.021692
| -0.247302 (3.48)
p. | | —0.805239 |
3
P, ~1.725512

The ratios of the second, third, and fourth poles to the first pole are

[ p, | [11.449]

P,

py | |37.278 (3.49)
P, .

p, | |79.884

LPid L J
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For a machine with sixteen decimal significant digits, the fourth pole will not appear

after the eighth moment, the third pole after the tenth moment. and the second pole

after the fifteenth moment. Hence, AWE will simply fail to determine any

approximation beyond a fourth order approximation for this specific circuit since a

five pole system requires the calculation of the tenth moment which has no useful

information about poles beyond the third pole. A sixth order AWE is compared to

SPICE in Figure 3.10. Note that a six pole approximation is highly inaccurate due to

these numerical errors.

3
V(v)

19

100

150

200
Time (ps)

Figure 3.10. Comparison of a sixth order AWE approximation to SPICE for the

output node of the circuit shown in Figure 3.5 of section 3.2.1. The SPICE simulation

is represented by a solid line while AWE is represented by a dotted line.



It is interesting to note that the same property that makes AWE work is that
which makes AWE fail when determining higher order approximations. This property
is the disparity in pole values. An example is presented here to illustrate the concepts
discussed in this section since there is no need to calculate high order approximations
tor this specific RC circuit when a second order approximation is sufficiently accurate
as is shown in 3.2.1. Another example is discussed at the end of this section that
demonstrates how AWE can fail in determining an accurate approximation of the
response of an RLC line.

Another numerical problem is encountered when calculating the residues

using the system of linear equation given by

11 1]

P P> P, —kl m,

= 4 — & m, (3.50)
pr P Pyl - |T - |- )
L 1 1 &, m,,

Pl pe p; |

The poles are raised to the power g in the matrix describing a system of linear
equations. As previously discussed, a discrepancy in the values of the poles is
amplified by the large powers of the poles when ¢ is relatively large. For example,
calculating the residues of a fourth order approximation of the RC circuit shown in

Figure 3.5 requires inverting the following matrix,

-0918 -1.151 -4.043 -46.099
0.843 1.326 16.353 2125 |,

-0.774 -1.528 -66.132 -97969 (3.51)
0.711 1.760 267.437 4516340
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There is a ratio of about 10’ between the largest and smallest elements. This ratio
becomes 10" for an eight pole approximation. A matrix with such a large difference
between its elements is called ill conditioned. The inversion of such a matrix is prone
to large numerical errors. On a machine with a reasonably large word width and with
appropriate numerical techniques, the AWE method is limited to approximations with
less than eight poles due to these numerical problems [77], [79]. In addition, certain
poles calculated using AWE may be unstable as discussed in the previous subsection

and therefore are discarded which further limits the ability of AWE to accurately

model highly complicated signals.

R, L,and C,

v

R, LAz RAz LAz RAz v,

Figure 3.11. An RLC transmission line with a source resistance and a load

capacitance.

To demonstrate the limitations of AWE when simulating complicated signals
which require high approximation orders, consider the transmission line circuit with a
source resistance R, and a load capacitance C, shown in Figure 3.11. The values of

the circuit elements are R, =40 Q, L =7nH, C,=1pF, R_= 10 Q, and C, = 0.1 pF.
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The transient response of this circuit is calculated based on fourth, sixth, eighth, tenth,
and twelfth order AWE approximations. These approximations are compared to
SPICE in Figure 3.12. The poles determined by the AWE approximations are
compared in Table 3.1 to the exact poles of the circuit shown in Figure 3.11. Also, the
rise times determined by the AWE approximations are compared to the exact rise
time simulated by SPICE in Table 3.2. Note that the accuracy of the AWE
approximations improves as the order increases up to the eight pole approximation.
However, as the approximation order increases beyond the eighth order
approximation, the numerical issues discussed in this section cause the accuracy of
the approximation to deteriorate. Thus, for this example, the most accurate AWE
order is eight, which represents the best achievable results by AWE. Even for the best
case of eight poles, AWE suffers an error of 167% in the rise time as compared to
SPICE. The area of the rise time signal shown in Figure 3.12 is magnified in Figure
3.13 to illustrate this large error. Such a significant error in the best approximation
demonstrates that AWE is incapable of accurately simulating this circuit due to
numerical errors with high order approximations. Another method for simulating
complicated waveforms is presented in Chapter 12 which is numerically accurate for
any approximation order and can accurately and efficiently simulate any complicated

signal. The new method is compared to AWE in Appendix F.
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Figure 3.12. Comparison between the AWE approximations and SPICE for the output
node of the circuit shown in Figure 3.11. The AWE simulations are based on
approximation orders of (a) four, (b) six, (c) eight, (d) ten, (e) twelve. The SPICE

simulations are represented by a solid line while AWE is represented by a dotted line.
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Table 3.1 The poles determined by the AWE approximations used in Figure 3.12 as

compared to the exact poles of the circuit shown in Figure 3.11.

Order P, P, P, P, P, P, P,
Fourth | -0-004186 | -0.004186 | -C.001684 | -0.001684

+0.01661i | -0.01661i | +0.04508i | -0.04508i 3 . -
Sixth | -0-004181 | -0.004181 | -0.004623 | -0.004623 | 0.000004 | 0.000004

+0.01661i | -0.01661i | +0.05161i | -0.05161i | +0.0717i | -0.0717i i -
Eighth | -0.004181 | -0.004I81 [ -0.004177 | -0.004177 | -0.009441 | -0.009441 | 0.006055 | 0.006055

+0.01660i | -0.01660i | +0.05129i | -0.05129i | +0.08742i | -0.08742i | +0.09525i | -0.09525i
Tenth | -0-004180 [ -0.004180 | 0.001275 | 0.001275 | -0.026727 | -0.026727 | 0.038994 | 0.038994

+0.01661i | -0.01661i | +0.03849i | -0.03849i | +0.03786i | -0.03786i | +0.03453i | -0.03453i
Twelfth | -0-004462 | 0.01281 | -0.004369 | -0.004369 | -0.002391 | -0.002391 | 0.01574 | 0.01574

+0.01665i | -0.01665i | +0.02429i | -0.02429i | +0.02058i | -0.02038i

Exact | -0.004181 | -0.004181 | -0.004181 | -0.004181 | -0.004201 | -0.004201 | -0.004219 | -0.004219

+0.01660i | -0.01660i | +0.05129i | +0.05129i | +0.08626i | -0.08626i | +0.01217i | -0.01217i
Table 3.2 Comparison between the rise times determined by the AWE

approximations used in Figure 3.12 to the exact rise time of the circuit shown in

Figure 3.11 simulated with SPICE.

Order SPICE AWE Percent
Rise Time | Rise Time Error
Fourth 9 50 455%
Sixth 9 28 211%
Eighth 9 24 167%
Tenth 9 75 733%
Twelfth 9 120 1233%
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Figure 3.13. Comparison between an AWE eighth order approximation and the
SPICE simulation for the output node of the circuit shown in Figure 3.11. The SPICE

simulation is represented by a solid line while AWE is represented by a dotted line.

C. Computational Time
Computationally, the AWE method calculates a different set of poles for each
node in a connected RLC network. It is well known that the transfer functions at

different nodes of a connected RLC network have a common denominator, i.e., the
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RLC circuit has one characteristic equation [135]. This aspect implies that a common
set of poles can be used when calculating the transient response at every node of an
RLC network. The AWE method, however, does not exploit this feature. Such
inefficiency can contribute significantly to the overall computational run time of
programs using AWE if the transient response is required at many different nodes
within the same RLC circuit (which is a common requirement in large VLSI circuits).
The moment shifting approach introduced in [89] permits the use of a common set of
poles for all of the nodes of an RLC network. This approach simply uses a higher
order set of 2g moments rather than using the first 2¢ moments as given by (3.23)
since any 2q equations can be used to determine an approximation of order g. Thus.

the set of g equations used by moment shifting are given by

k, Ca ‘g
—( r+l + r.+l to..t rel ) = m"
P P- P,
k k, 4
—(—=t—= . t—2Y)=m__,
re2 rel r+2 r+l (3 57)
pl p: pq it
k k., k
(=t ——+..+—L=m_, .,
r+lq r-lg r+2q r+2q-1
pl p?_ pq

where r determines the amount of shifting of the moments with r = O representing no
moment shifting as in (3.23). Moment shifting improves the accuracy of the dominant
poles determined by AWE. To better understand the reason for this improved
accuracy. note that the effect of the dominant poles is amplified in higher order
moments since higher pole powers diminishes the effect of poles with larger

magnitudes. Inaccuracies in dominant poles are usually due to the effect of
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undesirable larger poles which affect the values of the individual moments. For
example, assume that only one pole is required to approximate a circuit. Assume also
that all of the other poles of this circuit are at least twice the value of this dominant
pole. If moment shifting is not applied, the value of this pole can be calculated as
my/m, according to (3.27). If moment shifting is used with r = 10, the value of this
pole is given by m,/m,,. Note that the values of the larger poles have been diminished
by at least a factor of 1024 as compared to the dominant pole. Thus, the tenth and

eleventh moments are approximately given by

m, =——g¢

k (3.33)

TN
P\

m, =-

The value of m,/m,, represents the dominant pole with much higher accuracy than
my/m, since the poles with larger magnitude contribute significantly to the values of
m, and m,. For example, the RC circuit shown in Figure 3.5 of section 3.2.1 has a first
dominant pole with the value 0.021692. The ratio m/m is equal to 0.018713, m,/m, is
equal t0 0.021662, and m,/m,, is equal to 0.21692. Thus. moment shifting can be used
to find several dominant poles with high accuracy. The higher accuracy usually
improves the stability of the approximations since the exact poles of any passive
circuit are guaranteed stable. To determine a common set of poles for an RLC circuit,
the moment shifting technique is applied to the node closest to the input since the
signal at this node is rich in harmonics which guarantees the calculation of the largest

number of poles with high accuracy [89]. Altematively, the residues of the poles at
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this node do not decrease rapidly with larger magnitudes of poles guaranteeing that
the effect of these poles remains significant with higher number of moments. The
residues still must be calculated at each node where the transient response is required
since the residues are different for different nodes.

Despite the increased accuracy of the first few dominant poles determined by
the moment shifting technique, moment shifting has several disadvantages. The same
characteristic of higher moments that improves the accuracy of the dominant poles by
diminishing the effect of larger poles implies that an even smaller number of poles
can be found when moment shifting is used. In addition, using the node closest to the
input is not always a reliable technique to determine the common set of poles for an
entire RLC circuit. According to this discussion, moment shifting is primarily useful
with RC circuits (that exhibit monotone responses) since these circuits require few
dominant poles with high accuracy. For more complicated signals such as may occur
in RLC circuits, moment shifting actually degrades the already poor accuracy of
AWE due to numerical instabilities. The algorithm and method presented in Chapter
12 determines the exact common denominator of an RLC circuit, thereby significantly
reducing the computational complexity as compared to AWE. Also, the AWE method
has to solve a set of g linear equations twice at each output node to determine the
characteristic equation and the residues, thereby exhibiting a computational
complexity proportional to q". The algorithm presented in Chapter 12 determines the
characteristic equation directly and determines the residues by direct substitution into

polynomial expressions. This new method is compared to AWE in Appendix F.
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Chapter 4 MOSFET Curre nt-Voltage
Characteristics

A CMOS VLSI logic circuit is primarily composed of MOSFET devices
connected by interconnect. Thus, an understanding of the operation of MOSFET
transistors is important. Also, accurate characterization of the behavior of a MOSFET
transistor is crucial for VLSI circuit analysis and design. In this chapter, the behavior
of MOSFET transistors is briefly reviewed. The basic long channel behavior of a
MOSFET device is first discussed. This long channel behavior is followed by a
discussion of the alpha power law model that characterizes the current-voltage

characteristics of a MOSFET transistor in deep submicrometer technologies [108].

4.1 Basic Theory of Operation of a MOSFET

The basic structure of an N-channel metal oxide semiconductor field effect
transistor (MOSFET) is shown in Figure 4.1 [1]-[3]. The four terminal device consists
of a p-type substrate, in which two n” diffusion regions, the drain and source, are
formed. The surface of the substrate region between the drain and source is covered
with a thin silicon dioxide (SiO,) layer, which acts as an insulator. The metal gate
(typically polysilicon acting as a conductor) is deposited on top of this thin gate

dielectric. Note that the device is completely symmetric with respect to the drain and
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source regions. The different roles played by the two regions are defined by the
applied terminal voltages. The current that flows between the drain and source passes
through the substrate area between the two n” regions. This path is called the channel.
The channel has a length L in the direction of the current flow and a width W in the

transverse direction to the current flow as shown in Figure 4.1.

Gate

Channel
Width (W)

Oxide

Substrate (p-Si)

Figure 4.1. The physical structure of an N-channel enhancement-type MOSFET

device.

To function correctly, the substrate of an N-channel device is connected to the
lowest voltage in the circuit. The substrate is the fourth terminal of a MOSFET device
and is usually called the body. The body in an N-channel device is commonly
connected to the lowest potential in a digital CMOS circuit, typically ground. If a
positive voltage is applied to the drain while the source is connected to ground, the
direction of the current flow is from the drain to the source since the current flows
from a positive voltage to a negative voltage. The magnitude of the current that flows

from the drain to the source is determined by the gate voltage. The configuration of
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the gate and the substrate with an insulator in between forms a capacitor. If zero
potential is applied to the gate, the channel contains positive charges since the
substrate is p-type silicon. If a negative voltage is applied at the gate, the channel will
attract even more positive charges induced by the electric field. If a small positive
voltage is applied to the gate, some negative charges will be induced by the electric
field. However, the net charge in the channel remains positive since there are more
positive charges within the p-type substrate than the induced negative charges. In all
of these cases, no current can flow from the drain to the source since the P-N junction
at the drain is reversed biased. This reverse bias is due to the p-type substrate being
connected to the most negative voltage in the circuit. Thus, for these gate voltages the
transistor is said to be off. If a large positive voltage is applied to the gate of an N-
channel transistor such that the negative charges induced by the electric field are
greater than the positive charges of the p-type substrate, an N-type channel is formed
between the drain and the source. The gate voltage required to cause channel
inversion is termed the threshold voltage V, and is always positive for an
enhancement mode N-type MOSFET. The magnitude of the threshold voltage
depends upon several parameters such as the gate oxide thickness, the substrate
doping, and the body bias. Once an N-channel is formed between the two n” regions,
current can flow between the drain and source and the transistor is said to be on. A
MOSFET transistor is described as a majority carrier device since the current is
carried by the majority charge type.

The amount of current that flows between the drain and source depends on

several factors. The greater the gate voltage as compared to the threshold voltage, the
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higher the current that will flow in the transistor channel due to the increased negative
charges induced in the channel that can pass the current between the drain and the
source. Also, as the drain-to-source voltage increases, the amount of current that
flows between the drain and the source increases due to the higher electric field in the
direction of the current flow. The increase in current is predominantly linear with
increasing drain-to-source voltage V. and thus the transistor is said to operate in the
linear region. However, if the drain voltage is increased further with respect to the
gate voltage, the induced negative charge in the channel becomes zero in the vicinity
of the drain due to the reversal of the direction of the electric field. The point at which
the negative charge in the channel near the drain becomes zero is called the pinch-off
point and is shown in Figure 4.2 (a). The drain voltage at which the pinch-off point
occurs is termed V., .. the magnitude of which depends upon the applied gate voltage.
Beyond the pinch-off point where the drain voltage becomes more positive with
respect to the gate voltage (or V, > V), a depleted surface region (called the
depletion region) forms adjacent to the drain and grows towards the source with
increasing drain voltages as shown in Figure 4.2 (b). This operational mode of a
MOSFET transistor is called the saruration mode and the region of operation is the
saturation region. For a MOSFET operating in the saturation region, the effective
channel length is reduced while the voltage at the channel end close to the drain
remains essentially constant and equal to V,., Note that the pinch-off (depleted)
section of the channel absorbs most of the excess voltage drop, V, — V., and a high
electric field forms between the end of the channel and the drain boundary. Electrons

moving from the source to the channel end close to the drain are injected into the
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depletion region and accelerated by this high electric field, usually reaching the limit
of the drift velocity. The current flowing between the source and drain in the
saturation region is almost independent of the drain-to-source voltage and is almost
equal to the current in the case where V, = V., The gate voltage is usually measured
with reference to the source voltage when characterizing the behavior of a MOSFET
transistor and is termed the gate-to-source voltage, V.. A plot of the dependence of
the drain-to-source current /. on the gate-to-source voltage V_ . is shown in Figure
4.3. A plot of the dependence of the drain-to-source current /. on the drain-to-source
voitage V. is shown in Figure 4.4 for different values of V_. The dotted line that
appears in Figure 4.4 separates the linear region from the saturation region in a
MOSFET transistor.

The channel width and length also affect the magnitude of the current flowing
through a MOSFET transistor. As the length of the channel increases, the current
between the drain and source decreases since the electric field caused by V,, across
the channel length decreases. As the width of the channel increases, the amount of
current flowing between the drain and source increases since a wider channel
produces more carriers to conduct current. An alternative perspective to better
understanding the dependence of a MOSFET transistor on the channel width and
length is to view the channel as a resistance. The lower the resistance of the channel,

the more current that can flow in a MOSFET transistor.
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Figure 4.2. A MOSFET transistor operating in the saturation region a) at the pinch-off
point. b) beyond the pinch-off point.
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Figure 4.4. I ; versus V for several values of V_ in an enhancement N-type
MOSFET.

A P-type enhancement MOSFET transistor is similar in structure to an N-type
MOSFET but with the body composed of an N-type silicon and the drain and source
regions made of p° regions. The operational principles of a P-type enhancement

MOSFET transistor is precisely the same as the principles previously discussed for an
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N-type MOSFET transistor except that the voltage biases are inverted to conduct
current flowing from the source to the drain. Also, the body of the P-channel device is
connected to the most positive voltage in the circuit for correct operation (i.e., V,,)
and the threshold voltage of a P-channel enhancement transistor is negative. The
current is carried by positively charged holes in a P-type transistor which has a lower
mobility as compared to electrons in an N-type transistor. Thus, a P-type MOSFET
produces about one and half to two times less current than an identical N-type

transistor under the same bias conditions.

4.2 Alpha Power Law Model for Short Channel Devices

One of the popular analytical models to characterize the behavior of a short
channel MOSFET transistor has been introduced by Sakurai in [36]. According to the

alpha power law model [36], the current in the saturation region is given by

W « ,
IDS=PCZ‘L(VGS_VT) . (4.1)

d
and in the linear region, the current is

FP- W, = V..
os = FZ—(V Vi)V = Rl?j . 4.2)
where
R:r P W l a” 4.3)
L, VeV

The switching point from the saturation region to the linear region of operation can be

found by equating (4.1) and (4.2) and occurs when
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a
Vos < By (Vs — V) 2.
P. and P_ are technology dependent constants that characterize the drive

(4.4)

current of the transistor in the saturation and linear regions. W, and L, are the
geometric width and length, respectively, of the device and V, is the threshold voltage
of the device. aris a constant between one and two. & is equal to two for long channel
devices and decreases in magnitude to one due to velocity saturation as the channel
length becomes shorter [36]. This model is accurate for deep submicrometer devices

and is used in subsequent sections to characterize the MOSFET transistors.
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Chapter 5 Figures of Merit to Characterize the
Importance of On-Chip Inductance in Single
Lines

It has become well accepted that interconnect delay dominates gate delay in
current deep submicrometer VLSI circuits [1]-[3]. With the continuous scaling of
technology and increased die area, this situation is expected to become worse. In
order to properly design complex circuits, more accurate interconnect models and
signal propagation characterization are required. Historically, interconnect has been
modeled as a single lumped capacitance in the analysis of the performance of on-chip
interconnects. With the scaling of technology and increased chip sizes, the cross-
sectional area of wires has been scaled down while interconnect length has increased.
The resistance of the interconnect has therefore become significant, requiring the use
of more accurate RC delay models. At first interconnect was modeled as a lumped RC
circuit. To further improve accuracy, the interconnect has been modeled as a
distributed RC circuit (multiple T or IT sections) for those nets requiring more
accurate delay models. A well known method used to determine which nets require
more accurate delay models is to compare the driver resistance R, and the load

capacitance C, to the total resistance and capacitance of the interconnect line, R, and
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C, [23], [33]. Typically, those nets that require more accurate RC models are longer.
more highly resistive nets.

Currently, inductance is becoming more important with faster on-chip rise
times and longer wire lengths. Wide wires are frequently encountered in clock
distribution networks and in upper metal layers. These wires are low resistive lines
that can exhibit significant inductive effects. Furthermore, performance requirements
are pushing the introduction of new materials for low resistance interconnect [57],
{61]. In the limiting case, high temperature superconductors may become
commercially available [69]. With these trends it is becoming crucial to be able to
determine which nets within a high speed VLSI circuit exhibit prominent inductive

effects.

In this chapter a closed form solution for the output signal of a CMOS inverter
driving an RLC transmission line is presented. This solution is based on the alpha
power law for deep submicrometer technologies. Two figures of merit are presented
that are useful for determining if a section of interconnect should be modeled as either
an RLC or an RC impedance. The damping factor of a lumped RLC circuit is shown
to be a useful criterion. The second useful figure of merit considered in this chapter is
the ratio of the rise time of the input signal at the driver of an interconnect line to the
time of flight of the signals across the line. AS/X circuit simulations of an RLC
transmission line and a five section RC [T circuit based on a 0.25 um IBM CMOS
technology are used to quantify and determine the relative accuracy of an RC model.

One primary result of this study is evidence demonstrating that a range for the length
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of the interconnect exists for which inductance effects are prominent. Furthermore, it
is shown that under certain conditions, inductance effects are negligible despite the
length of the section of interconnect

This chapter is organized as follows. The equations describing the signal
behavior of an RLC transmission line are provided in section 5.1, along with a closed
form solution for the output signal of a CMOS inverter driving an RLC transmission
line based on the alpha power law [108] for deep submicrometer (DSM) technologies.
The damping factor of a lumped RLC circuit and the rise time of the input signal at
the driver of the interconnect are used to derive two figures of merit that describe the
relative significance of inductance of a local interconnect line. These figures of merit
are presented in section S.1. In section 5.2, the two figures of merit described in
section 5.1 are combined to define a range of the length of interconnect at which
inductance become important. AS/X' circuit simulations [128] calibrated for an
advanced 0.25 um CMOS technology are also compared in this section to the
analytical results presented in the previous section. Finaily, some conclusions are

offered in section 5.3.

"AS/Xisa dynamic circuit simulator developed and used by IBM. AS/X is similar to SPICE but has a specific emphasis on
ransmission line networks and uses the ASTAP language for the input files.
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5.1 Theoretical Analysis of inductance Effects in RLC
Interconnect

The behavior of waves traveling across an RLC transmission line is explained
in this section. The attenuation that a wave exhibits as it travels along a line is
compared to the damping factor of a lumped RLC circuit representation of the same
line. It is shown in subsection 5.1.1 that the damping factor of a lumped RLC circuit
representation of a line can be a useful criterion to determine the relative importance
of inductance. A closed form solution for the output voltage of a CMOS gate driving
an RLC transmission line is presented in subsection 5.1.2. A closed form solution for
a CMOS gate driving a single RC T section representation of the line is also
presented. Both solutions are compared for different values of attenuation to turther
investigate the damping factor as a useful figure of merit. The two solutions are also
compared with different input transition times which leads to the second figure of
merit in this chapter. It is shown that the ratio of the transition time of the signal at the
input of a CMOS gate driving an interconnect line to the time of flight of a wave
across the interconnect is a second useful figure of merit to determine the relative

importance of inductance to a specific line.
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5.1.1 Damping Factor
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Figure 5.1. RLC transmission line model of an interconnect line.

As discussed in Chapter 2. A single interconnect line can be modeled as an
RLC transmission line as shown in Figure 5.1, where R, L, and C are the resistance,
inductance, and capacitance per unit length, respectively, and Az is an incremental
length segment of the line. For an RLC transmission line driven by a sinusoidal input

Re{€™}, the voltage across the transmission line [70]-[72] is

V(Z,t) = Re{‘/le(jal-)’:) +Vze(ﬂ1‘+}’~’)} ) (51)

The solution of V(z) is the sum of two traveling waves, one in the positive :
direction and the other in the negative z direction. V, is the summation of the original
voitage wave and all the reflected voltage waves in the positive z direction. V, is the
summation of all the reflected voltage waves traveling in the negative z direction. The
propagation constant of the transmission line, ¥, describes the characteristics of the
wave propagation across the line. For an RLC transmission line, the propagation

constant is complex [70]-[72] and is
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y=a+jB. (5.2)
where the real part « is the attenuation constant of the waves as the waves propagate

across the line, and the imaginary part B is the phase constant which determines the
speed of propagation of the waves across the line. Substituting (5.2) into (5.1), the

real part of the voltage is given by

V(z1)= Vie ™ cos@t - ) + Vo™ cos@r + Bz). (5.3)

The attenuation of a traveling wave is exponentially dependent on the distance
traveled by the wave, and both the attenuation and speed of the wave are frequency
dependent.

The speed of propagation of the wave across the line [70]-[72] is

(5.4)

W
V==
B

The sequence of events that constitutes a transient response for an input wave begins
with a portion of the wave launched into the line from the source end. This wave
propagates across the line towards the load with a speed determined by (5.4). The
wave attenuates as it travels across the lossy line. If a mismatch exists between the
characteristic impedance of the transmission line and the load impedance, a reflected
wave is generated and propagates towards the source to compensate for the mismatch.
This reflected wave is further attenuated as it moves towards the source. The
reflection process is repeated infinitely, but practically, the signal can be considered
to be at steady state when the reflections become negligible. As the rate of attenuation

increases, the reflections become negligible faster. This behavior can be explained by

noting that the waves are multiplied by a factor of e°” for a round trip across the line,



where [ is the length of the line. This aspect means that as the line becomes longer,
the effect of the reflections becomes less and the line behaves as an RC line. This
same behavior occurs if the resistance of the line increases, increasing the attenuation

constant. The attenuation constant ¢ of an RLC transmission line can be derived from

the basic equations and is

1 R > (5.5
a=wJdLC E("(l+(-az) )-1).

Attenuation
o

"

a(}uym -------------
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Figure 5.2. The attenuation constant « versus the radial frequency.

The attenuation constant as a function of frequency is plotted in Figure 5.2
with L=10" H/cm, R=400 $%cm, and C=10" F/cm [48]. The attenuation constant is

shown to saturate with increasing frequency to an asymptotic value given by

R |C (5.6)
a ===

aym a2 ¥L-
and the radial frequency at which this saturation begins is given by
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Figure 5.3. Simpie lumped RLC circuit model of an interconnect line.

This analysis of an RLC transmission line is compared to the analysis of a
lumped RLC circuit (see Figure 5.3 for a lumped RLC circuit). The interconnect is
modeled as a single section RLC circuit with R=RIl, L=LI, and C=Cl. The poles of
this circuit are

2 <
Pi2 =wol-S£¥(&" - D]. (5.8)

and the damping factor £ is

Rl |C (5.9)
5:7 Z =[aasym.

As (5.8) implies, if & is greater than one, the poles are real and the effect of the
inductance on the circuit is small. The greater the value of &, the more accurate the
RC model becomes. On the other hand, as & becomes less than one, the poles become
complex and oscillations occur. In that case, the inductance cannot be neglected. The
strong analogy between the lumped RLC circuit and the RLC transmission line is
illustrated by (5.9). This relationship is physically intuitive, since & represents the

degree of attenuation the wave suffers as it propagates a distance equal to the length
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of the line. As this attenuation increases, the effects of the reflections decrease and the
RC model becomes more accurate. Therefore £ is a useful figure of mert that
anticipates the importance of considering inductance in a particular interconnect line.
This criterion is the same result as described in [49]-[51] but is derived in a different
way. Note that if £ in (5.9) is squared, this figure of merit becomes a comparison
between the time constant /R and the time constant RC, which is the same result as

described in [46] and [52].

5.1.2 Input Transition Time

The characteristic impedance of an RLC transmission line is complex with a portion
that is negative and imaginary. Therefore, the characteristic impedance looks like a
resistance in series with a capacitance. Thus, the characteristic impedance can be

expressed as

1
Z, =R 5.10
0 0~ ijo ( )

where R, and C, are given by

(5.11)
R, = \EJ; (1+(—))+1)
(5.12)
L
J::Jz(\/“ + (P =)

Plots of R,and C, versus frequency are shown in Figs. 4 and 5, respectively, with

L=10°H/cm, R=400 $¥cm, and C=10" F/cm.
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Figure 5.4. Real part of the characteristic impedance of an RLC transmission line.
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Figure 5.5. Equivalent capacitance of the characteristic impedance of an RLC

transmission line.

Both R,and C, saturate to the asymptotic values given by

(5.13)

L
ROas_vm'_' E
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2JLC (5.14)
COas_\'m = R

where the saturation frequency is given by (5.7).
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Figure 5.6. A CMOS inverter driving the equivalent characteristic impedance of an

RLC transmission line.

An RLC transmission line driven by a CMOS inverter can be approximated as
shown in Figure 5.6, for the period of time, 0<r<2T,, where T, is the time required for
the waves to travel a distance equal to the length of the transmission line. This term is
frequently described as the time of flight of the transmission line. The input is
assumed to be a ramp with a fall time r. Asymptotic values for the characteristic
impedance and the attenuation are assumed in the following analysis. The technology
used in this analysis is an IBM 0.25 um CMOS technology with a 2.5 volt power
supply. The alpha power law is used to characterize the devices [108]. A pulse is
generated at V, for the period of time 0<t<2T, where the time reference is chosen
when the input signal reaches V,,+V, where V_ is the threshold voitage of the P-

channel devices and for an enhancement mode device is negative. Under the
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aforementioned conditions and the assumption that the PMOS transistor is saturated

and neglecting the effect of the NMOS transistor, V,_ is

W, . ([ ke 5.15)
Vaur(t)zpCpL_VSGp(t) E+5—JL7_': u(t)=P(I),

P

for 0<1<2T,, where u(t) is the unit step function and V{, (1) =V,, + V,, -V, (1). P.is
a constant that characterizes the drive current of the transistor in saturation, W and L
are the geometric width and length, respectively, of the transistor, and « is a constant
between one (strong velocity saturation) and two (weak velocity saturation) [108]. p
indicates the PMOS transistor.

The pulse propagates across the transmission line. At the load, the signal is
completely reflected assuming an open circuit (or a small load capacitor) at the end of
the line. This reflected signal propagates back towards the driver and reaches the

driver at a time t+ = 27,. After this round trip is completed, the pulse that reaches the
source is attenuated by a factor of ¢°” and can be described mathematically by P(t-
2T,) e"®. As long as the transistor is in saturation, the transistor maintains a relatively
constant current. Thus, the current reflection coefficient is -1 and consequently the
voltage reflection coefficient is 1. Therefore the pulse is multiplied by two. This cycle
repeats as long as the transistor is saturated. The complete solution for the period

when the transistor remains saturated is

Vour @) = P(2) + Z [2P(t —-2nT,)e ™ ] (5.16)
i=1

for 2nT <t1<2(n+1)T,. This solution is compared to an RC representation of the line,

as shown in Figure 5.7.



118

ola

Q

el
LT

Figure 5.7. A CMOS inverter driving an RC approximation of an interconnect line.

The solution for V_ based on this model when the PMOS transistor is in

saturation is

w Rl &
A |
PL, 2

The analytical solution in (5.16) is compared with AS/X simulation [128] results for
the RLC transmission line characterized in Figs. 8 and 9, with L=10"H/cm and C=10
 F/cm. The analytical solution agrees with the simulations of an RLC transmission
line for a wide variety of interconnect resistances and input fall times. As implied by
the analytical solution, the output signal follows the changing input signal. The period
when the input signal is falling represents the fast rising parts of the response that
depend on the transition time of the input signal. Once the input signal is settled, the
current provided by the transistor is constant and the output signal changes slowly
due to the charging of the equivalent capacitor of the transmission line. This period of
time represents the slow rising part of the response that depends upon the value of the

equivalent capacitance of the transmission line. Note in Figure 5.8 that as R increases,
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the slope of those portions of the response increases since the value of the equivalent
capacitor decreases, as given by (5.14). It can also be seen that as the resistance of the
line increases, the attenuation of the reflections increases as given by (5.9), which
makes the RC response approach the RLC transmission line response.

The output response of the RLC transmission line tracks the output response
of the RC circuit. The points of intersection with the RC response can be calculated

by equating (5.16) and (5.17), and are given by

dK RCI?
o [T0(2K,, -1)+4T,¢& - T - } (5.18)
" 1-£(2k, -1)]
where K,=1 and
e @n+h _ 4 (5.19)
K, =—7— =12..
s | "

The interesting point to note is that those times at which the RC response intersects
the RLC transmission line response are not dependent on the transition time of the
input signal. This characteristic can be noticed in Figure 5.9. Thus, as the transition
time of the input signal increases, the slope of the fast changing portions of the
response decreases, which reduces the width of the slowly varying parts of the
response. This behavior makes the response of the RLC transmission line appear more
continuous. Since the times at which the RLC response intersect with the RC response

are constant, the RLC transmission line response approaches the RC circuit response.
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Figure 5.8. Analytical solution in (5.16) compared to AS/X simulations and a five

section RC circuit. The fall time of the input signal is held constant at 60 ps, while R

is varied.
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As the transition time of the input signal becomes equal to or greater than 27,
the slowly varying portions of the RLC transmission line response disappear, and the
response coincides with the RC approximation. This behavior is evident from Figure

5.9 which leads to the second figure of merit given by

t. >20\LC . (5-20)
where the asymptotic value of T, is WLC. When this inequality is satisfied,

inductance becomes unimportant. Note that the criterion in (5.20) is accurate only if
the line is matched (the width of the transistor driving the line is adjusted to match the
transistor output impedance with the load impedance of the line to avoid reflections)
or underdriven (the width of the transistor driving the line is less than is necessary to
match the transistor impedance to the load impedance). However, this condition does
not affect the validity of the results since in most practical cases it is undesirable to
overdrive the line (using a transistor wider than the matched size). If the line is
overdriven, overshoots occur which degrade performance. Also, to overdrive the line,
wider transistors are needed which places a larger capacitive load on the previous

stage.

5.2 Range of Interconnect for Significant Inductance
Effects

The two figures of merit in (5.9) and (5.20) can be combined into a two sided
inequality that determines the range of the length of interconnect in which inductance

effects are significant. This condition is given by



_’L_<1<£JZ_ (5.21)
2JLC RYC

This range depends upon the parasitic impedances of the interconnect per unit length
as well as on the rise time of the signal at the input of the CMOS circuit driving the
interconnect. In certain cases, this range can be non-existent if the following

condition is satisfied,

L sal 62

R
In this case, inductance is not important for any length of interconnect. For short
lines, the time of flight across the line is too small compared to the transition time of
the input signal. As the line becomes longer, the attenuation becomes large enough to
make the inductance effects negligible. If the effect of the attenuation comes into play
before the effect of the rise time vanishes, the inductance is not important for any
length of interconnect

To demonstrate this behavior, AS/X simulations are shown in Figure 5.10 for
L = 10" H/cm, R = 400 Q/cm, C = 10" F/cm, and 7. = 0.25 ns. With these values,
(5.21) reduces to 0.3259 cm < | < 1.58 cm. This region defines the range of / for
which an RC model is no longer accurate and the interconnect impedance model must
include inductance. The response of a S-section RC I1 circuit compared to the
response of an RLC transmission line is shown in Figure 5.10. The RC model is
inaccurate in the range indicated by (5.21). The limits are not sharp and the further [ is
out of the range defined by (5.21), the more accurate the RC model becomes. The

simulation results for L = 10° H/cm, R = 400 Q/cm, C = 10" F/cm, and ¢, = 0.25 ns

are shown in Figure 5.11. In this case, (5.21) reduces to 1.25 cm < [ < 0.5 cm, which
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demonstrates that no possible value of / exists for which the inductance effects are
significant. The results depicted in Figure 5.11 show that the response of an RC
circuit model is accurate for all / for this set of device and interconnect parameters.
The region where inductance becomes important in terms of the transition
time and the length of interconnect is depicted in Figure 5.12. Note that as the
inductance L increases, the upper bounding line shifts up and the slope of the lower
bounding line decreases, thereby increasing the region where inductance is important.
The effect of increasing the resistance is to shift the upper bounding line down,
thereby decreasing the region where inductance is important. Increasing the
capacitance shifts the upper bounding line down and decreases the slope of the lower

bounding line. The transition time at which the two lines intersect remains constant at

L 5.23
t, =4— (5-23)
R
Thus, as the capacitance increases, the area where inductance is important is reduced.

Also note that this area may be non-existent if (5.22) is satisfied.
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for small I or large /.
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5.3 Conclusions

A closed form solution of the output response of a CMOS inverter driving an

RLC transmission line is presented using the alpha power law for deep submicrometer

technologies. Simple to use figures of merit have been developed that determine the

relative accuracy of an RC impedance to model on-chip interconnect. The range of

length of interconnect where a more accurate transmission line model becomes
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necessary is shown to be based on the parasitic impedances of the line (R, L, and C)
and the rise time of the input signal at the gate driving the line. AS/X simulations
with a 0.25 um IBM CMOS technology exhibit good agreement with these figures of
merit. These tigures of merit can be used in CAD tools to determine which nets needs
to be modeled more accurately by including the effects of on-chip inductance. These
figures of merit can also be used to properly size the interconnect and buffers along a

line during the initial design phase of a high frequency circuit.



Chapter 6 Effects of Inductance on the
Propagation Delay and Repeater Insertion
process in RLC Lines

The focus of this chapter is to provide an accurate estimate of the propagation
delay of a gate driving a distributed RLC line as well as to develop design expressions
for optimum repeater insertion to minimize the delay of a signal propagating along a
distributed RLC line. Repeaters are often used to minimize the delay required to
propagate a signal through those interconnect lines that are best modeled as an RC
impedance ([37]-[44]. Thus, the objective of this chapter is to highlight the
significance of increasing inductance effects in current VLSI circuits with respect to
on-chip interconnect and repeater insertion in RLC lines.

A closed form expression for the propagation delay of a gate driving a
distributed RLC line is introduced that is within 5% of dynamic circuit simulations for
a wide range of RLC loads. It is shown that the error in the propagation delay if
inductance is neglected and the interconnect is treated as a distributed RC line can be
over 35% for current on-chip interconnect. It is also shown that the traditional
quadratic dependence of the propagation delay on the length of the interconnect for

RC lines approaches a linear dependence as inductance effects increase. On-chip
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inductance is therefore expected to have a profound effect on traditional high
performance IC design methodologies.

The closed form delay model is applied to the problem of repeater insertion in
RLC interconnect. Closed form solutions are presented for inserting repeaters into
RLC lines that are highly accurate with respect to numerical solutions. RC models can
create errors of up to 30% in the total propagation delay of a repeater system as
compared to the optimal delay if inductance is considered. The error between the RC
and RLC models increases as the gate parasitic impedances decrease with technology
scaling. Thus, the importance of inductance in high performance VLSI design
methodologies will increase as technologies scale.

This chapter is organized as follows. In section 6.1, simple yet accurate
propagation delay formula describing a gate driving a distributed RLC load is
presented. In section 6.2, the propagation delay formula is used to develop design
expressions for optimum repeater insertion to minimize the propagation delay of a

distributed RLC line. Some conclusions are offered in section 6.3.

6.1 Propagation Delay of a Gate Driving an RLC Load

A simple yet accurate formula characterizing the propagation delay of a gate
driving an RLC transmission line is presented in subsection 6.1.1. The closed form
solution for the propagation delay is shown to be within 5% error of AS/X [128]
simulations for a wide range of RLC lines. In subsection 6.1.2, the closed form

solution for the propagation delay is shown to accurately describe the special case of

an RC line as L — 0. The solution for the propagation delay including inductance is
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compared to the case where inductance is neglected and the line is treated as an RC
line, permitting the error due to neglecting inductance to be quantified. In subsection
6.1.3, the dependence of the propagation delay on the length of an interconnect line is
investigated. It is shown that the traditional quadratic dependence of the propagation
delay on the length of the interconnect for an RC line tends to a linear relation as

inductance effects increase.

6.1.1 Propagation Delay Formula

R, L,and C

Figure 6.1. A gate driving an RLC transmission line.

A gate drniving an RLC transmission line representation of an interconnect line
is shown in Figure 6.1. R, L, and C, are the total resistance, inductance, and
capacitance of the line, respectively. The line parameters R, L, and C, are given by R,
=Rl L = LI, and C, = ClI, respectively, where R, L, and C are the resistance,
inductance, and capacitance per unit length of the interconnect and [ is the length of
the line. The conductance of the line G is neglected since with current operating

frequencies the capacitive impedance dominates the parallel semiconductor



conductance. R, is the equivalent output resistance of the gate driving the
interconnect. C, is the input capacitance of the following gate at the end of the
interconnect section. A minimum size buffer has an output resistance R, and an input
capacitance C,. The input voltage V, is a fast rising signal that can be approximated
by a step signal. V__, is the far output voltage at the end of the interconnect section.

From the basic principles of a transmission lines (see section 2.1.2), the
transfer function of a lossy transmission line with a source impedance z, and a load
impedance z,, V_(s)/V, (s) is given by

V. (s) 2

our

V. (s B Z z z z ’ (61)
w (5 = +1 i+1)e”+ e I s N P
<0 L o <L
where y and z, are the propagation constant and the characteristic impedance of the

L R
T = /——'- ’1+—’—. 6.2
° C, sL, ©2)
yi=syLC, ’1+R—[j. (6.3)
S 4

For a CMOS gate driving another CMOS gate at the end of the line, 2, =R _and z, =

line and are given by

1/5C,. A time scaling is applied by substituting ¢’ / @, for each 7 where

1

" JL(C, +C,)

From the characteristics of the Laplace transform, the complex frequency s is

substituted by w,s’. With this time scaling, the variables ¥, z,, and z, are transformed
to ¥, ', and I’ respectively, which can be evaluated by substituting w_s’ for each s

and are
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yle—2 1+ 2 13E (6.5)
A
’ L ;
= o i B T ©6)
R}

- ii\/“'cr 6.7)
N C,ss ¢
where
c, = 6.8)
C
R
é’lme =— Q' (6.9)
2\VL

Using the above expressions. the impedance ratios describing the transfer function in

(6.1) become

Z(') 1 280 \/1+CT
=— 1+ 2 Sy, N1
z; s s’ Toc, (6.10)
Z: _ 2R L.

’

5.
0 \/1+'C’j"‘\[l_+_c:
S

’ (6.11)

&

where

R, =% (6.12)

4

Referring to the transfer function in (6.1), (6.5), (6.10), and (6.11), the scaled
transfer function in terms of s’ is a function of only three variables: {,_, R,, and C.
The canonical number of variables to characterize the scaled transfer function in
terms of s’ is three. There are numerous ways to select the three variables that
characterize the scaled transfer function. Three variables are chosen to simplify the

process for determining the 50% delay point, which is the target of this analysis.
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Thus, the three variables, { R, and C,, are chosen to describe the transformed

transfer function, where

C. R +C;+RC,+0.5 R, +C. +R,C, +0.5 (6.13)

R, [C, .,
“=IL Ja+c,) S Ja+c,)

The vanables, R, and C,, characterize the relative significance of the gate parasitic

impedances with respect to the parasitic interconnect impedances. Increasing R, and
C, demonstrate that the gate parasitic impedances further affect the propagation delay.
To clarify the process for selecting the third variable £, the transfer function is
expressed as a series in the powers of s’. The exponential functions in the transfer

function in (6.1) are replaced by a series expansion, resulting in

Vou (81 _ ! . (6.14)

V B - - FA% - ! '
(5 (1+——“f Il+—(}'71') _— ]+(:—’+~.—°I(Y'1)+(y_;,)i+ """ ]
2! <o L )

it

The first few terms of the series expansion in powers of s’ are

Vo ) _ 1 . (6.15)

V,,.(sl) N . 9 : : : ‘ 2
1+ 2 M.Hﬁg- 1- RT+CT+(RTCT) — | Is""+---
1+C; (R +C; + R.C, +0.5)" |

The third variable {is the coefficient of s’ in the denominator of the transfer function.

¢ is chosen as the third variable since the 50% delay is primarily dependent on the
coefficients of s’ in the denominator and the numerator [73]. This characteristic is
used to reduce the number of variabies that affect the propagation delay from three to
one (&). Note that the three variables, R,, C,, and §, are not independent since {is a
function of R, and C,. Note also that (6.14) and (6.15) show the first terms of the
series expansion of the transfer function in powers of s’ and do not represent any

truncation in the transfer function. The coefficients of powers of s’ are functions of
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only the three variables, R. C, and ¢, for any power as described by (6.1), (6.5),
(6.10), and (6.11).

For a unit step input function, the output voltage waveform V, (1) = £ {(1/s)*

V,.(sVV,(s")} is also a function of the three variables, { R, and C,. The scaled 50%

propagation delay ¢’ can be calculated by solving V_ (' ,{R,.C)) = 0.5 which means
that 1’ is only a function of { R, and C,. Thus, the propagation delay of an RLC line

with a source resistance R, and a load capacitance C, has the form,

. (&R, Cr) (6.16)
. .
The scaled propagation delay ¢’ is dimensionless since @, has the units of 1/time.

t

n

Note that this solution is a characteristic of an RLC line and that no approximations
have been made in deriving this result.

Equation (6.16) states that the same value of the scaled 50% delay ', results

for many different transmission line configurations driven by a step input supply with

a source resistance and a load capacitance. The value of 7’,, remains constant as long

asR.L,C.R, and C, scale such that { R, and C, are constant. Thus, simulations are

r

used to characterize 1’ as a function of { R, and C; based on certain parameters, R,

L, C, R, and C,. The resulting expression for ¢’ is guaranteed to correctly

characterize any combination of the parameters, R, L.C, R , and C,.
AS/X [128] simulations of the time scaled 50% propagation delay ¢°,, of a gate

driving an RLC transmission line as a function of {, R, and C, are shown in Figure

6.2. The simulations depicted in Figure 6.2 for the curve with R, =0 and C, =0 are
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performed with R, =50 Q, C, = 1 pF, R_= 0, and C, =0, and L, is varied to vary {.
AS/X is used to determine the 50% delay ¢, for each value of L. The result is divided
by w, in (6.4) to determine ¢’,,. For the curve with R, = 1 and C; = I, the same
procedure is used but with R, =50 Q and C, = 1 pF. For the curve with R, =5 and C,
=5, R,=250 Q and C, = 5 pF. The specific values of the parameters (R, L, C, R,
and C,) used in the simulations shown in Figure 6.2 are not important as long as the
required ranges of { R, and C, are satisfied. For the cases where the output response
crosses the 50% point several times due to severe ringing, the propagation delay is
calculated based on the final crossing which represents the worst case delay. Note in
Figure 6.2 that the propagation delay is primarily a function of {. The dependence on
R, and C, is fairly weak. This characteristic does not imply that the transistor driving
the interconnect and the load capacitance has a weak effect on the propagation delay
since {includes the effects of R, and C; as given by (6.13). Only the extra effect of R,
and C,; that is not included in ¢ is neglected. Note also that this effect is particularly

weak in the range where R, and C, are between zero and one. This range is most
important for global interconnect and long wires in current deep submicrometer
technologies. Thus, the propagation delay is primarily a function of £, which collects
the five parameters that affect the propagation delay, R. L, C, R,, and C,, into a
single parameter. The time scaled propagation delay ', is considered as a function of
only ¢ in the range where R, and C, are between zero and one and the propagation

delay is given by
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_ (@) (6.17)

d -
P @

n

Approximating the time scaled propagation delay ¢’ , as a function of only one
variable allows simple one-dimensional curve fitting methods to be applied to
determine an expression describing the 50% delay. A curve fitting method is used to
minimize the error when R, and C, are between zero and one as shown in Figure 6.2,
resulting in the following expression for the 50% propagation delay,

1, =" +1.480) /0, (6.18)

AS/X [128] simulations of the propagation delay of an RLC transmission line
as compared to t,in (6.18) are shown in Table 6.1. Note that the solution exhibits
high accuracy (the maximum error is 4.6% and the average error is 1.65%) for a wide
range of interconnect (R, L, and C) and gate impedances (R, and C,). Values of { are
calculated and listed in Table 6.1 for the simulated cases, which varies from 3.36 to
0.20. Thus, the simulation data listed in Table 6.1 include those cases with high
inductive effects where the response is underdamped and overshoots occur (small {),
and those cases with low inductive effects where the response is overdamped (large
¢). Equation (6.18) characterizes the propagation delay accurately for any set of
parameters R.. L, C, R,, and C, for which R, and C, are in the range between zero and

one and any value of ¢
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nd

Eq. (6.18)

0
0 1 2

Figure 6.2. Comparison of the accuracy of (6.18) to AS/X [128] simulations of the
time scaled 50% propagation delay 7’ , of an RLC transmission line with a source
resistance R, and a load capacitance C,. The propagation delay is plotted versus ¢ for

different values of R, and C.

Table 6.1. Comparison of ¢ o in (6.18) to AS/X simulations characterizing the
propagation delay of a gate driving an RLC transmission line. C,= | pF and R, = 25

2. The shaded rows represent the simulated cases shown in Figure 6.3.

L C,=0.1 C.=0.5 C.=1.0
(nH) I (6.18) AS/X Error ¢ (6.18) | AS/’X | Error ¢ 6.18) | AS/X | Error
(6.13) (ps) (ps) (6.13) (ps) (ps) (6.13) (ps) (ps)
2 1.89 131 134 22% | 2.62 213 214 | 0.5% 3.36 314 311 1.0%
5 1.19 133 135 1.5% | 1.66 213 216 | 1.4% 2.12 314 313 | 0.3%
S 0.94 138 137 0.7% 1.31 214 218 1.8% 1.68 315 316 0.3%
10 0.84 142 138 29% | 1.17 216 219 | 1.4% | 1.503 315 320 | 1.6%
2 0.61 53 51 3.9% | 0.80 71 71 0.0% 0.99 96 98 2.0%
S 0.34 76 77 1.3% | 0.50 92 95 3.1% 0.62 114 117 | 2.5%
8 0.31 95 96 1.0% | 0.40 112 115 | 2.6% 0.49 134 140 | 4.2%
10 0.27 106 107 09% | 0.36 124 126 [ 1.6% 0.44 146 152 | 3.9%
2 0.45 49 49 0.0% | 0.57 60 61 1.6% 0.69 75 78 3.8%
5 0.29 75 76 1.3% | 0.36 88 88 0.0% 0.44 103 108 | 4.6%
8 0.23 95 95 00% | 0.28 110 110 | 0.0% 0.34 128 131 | 2.3%
10 0.20 106 106 0.0% | 0.25 124 121 | 24% 0.31 143 144 | 0.7%
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The parameter { can be used to characterize inductance effects more
accurately and comprehensively than the figures of merit developed in [49]-[51] and

[66]-[68] (see Chapter 5). To better explain this point, note that { can be rewritten as

1 R R

_ , -, tco

= y

2Ja+cy |22, Z, T,

where Z , =,/L /C, is the characteristic impedance of a lossless transmission line, T
ol T t pe cL

(6.19)

= C/(R, + R)) is the time constant for charging the load capacitance C, through the

gate and wire resistances, and r, =L C is the time of flight of the signals
& ! t ¢ g o

propagating across the transmission line. Thus, (6.19) characterizes three different
factors that determine inductance effects in RLC lines. The first factor is the total line
resistance R, as compared to the lossless characteristic impedance of the line Z,. If the
ratio of the total resistance of the line to the lossless characteristic impedance
increases, inductance effects can be neglected. The second factor is the ratio between
the driver resistance R, and the lossless characteristic impedance of the line. If this
ratio increases, inductance effects can be neglected. The last factor is the ratio
between the time required to charge C, through the gate and wire resistances to the
time of flight of the signals propagating across the line. If this ratio increases,
inductance effects can be neglected. The three factors are collected in the single
metric ¢ which is sufficient to characterize inductance effects exhibited by an RLC
line and includes the effects of the driver output resistance and the load capacitance.

The same three factors are characterized in [S1] by three separate equations each
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characterizing when the inductance becomes negligible due to each factor’. The
difficulty with this approach is that certain cases exist where each of these factors
separately tested for inductance effects would predict that the line would suffer
inductance effects while actually the line would suffer no inductance effects due to
the combined effect of the three factors. The single metric ¢ introduced here
accurately models the combined effect of these three factors, which is represented by
the addition in (6.19). Simulations comparing an RLC to an RC interconnect model
for the shaded cells in Table 6.1 are depicted in Figure 6.3. Note that the error due to
neglecting inductance is insignificant for { > 1.5. Note also that the effect of the rise
time of the input signal on the significance of inductance is not considered here but is

characterized in [68].

* The load capacitor metric in [51] is different from the metric introduced here.
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Figure 6.3. Circuit simulations comparing an RLC interconnect model to an RC interconnect
model for the shaded cells in Table 6.1. The metric {'in (6.13) is shown on each individual graph.



6.1.2 Comparison to an RC Model
The propagation delay z,, in (6.18) can be rewritten as

_2_9;:35
e +0.74R.C,(R; + C; + R.C, +0.5). (6.20)

L,y =

n

To examine how accurately the closed form solution of the propagation delay of an
RLC transmission line in (6.20) characterizes the special case of a distributed RC line,
(6.20) is evaluated as L, approaches zero (note that inductance is not equal to zero).
Assuming that L, approaches zero in the mathematical expressions means that
inductance effects are negligible because the value of {is high. As given by (6.4) and
(6.13), @, — o= and {— e as L — 0 and thus,
t,4(RC)=0.74R.C,(R; +C; + R,C, +0.5), 6.21)
which can be rearranged into
t,(RC)=0.37R,C, +0.74(R,C, +R,C, + R,C ). (6.22)
Note the similarity of this expression to the expressions for the propagation delay of a
distributed RC line in [23] and [40] (see section 2.2). Thus, the general expression for
the propagation delay of a CMOS gate driving an RLC interconnect described by
(6.18) also includes the special case of an RC interconnect. Note also that the term
1.48¢/ w, in (6.18) is t (RC). Thus. (6.18) can be viewed as the traditional RC delay
plus a correction term representing the effects of inductance.
The error encountered when neglecting the inductance of an interconnect line

and treating the line as an RC line is quantified by the expression (1, (RLC) -



143

1,ARC)/ 1 (RLC). 1,(RLC) is given by (6.18) and ¢ (RC) is given by 1.48{w,. The per

cent error with these expressions is

100e %" (6.23)
e %" +1.487°
Note that the error is only a function of { Eq. (6.23) and AS/X simulations are

Y Error =

plotted in Figure 6.4. The closed form solution in (6.23) accurately anticipates the
error in the propagation delay due to neglecting inductance and can be treated as a
useful metric to determine when inductance should be included in an interconnect
model. Note also that the error is less than 1% for {> 1.5, permitting the RC model to
be applicable with minimal error for { > 1.5. However, for small { ({ < 1), the error
rapidly increases (the error is 30% for { = 0.5). Inductance should be included within
the interconnect model to maintain sufficient accuracy for small { Low resistance,
wide wires (and thus low {) are frequently encountered in clock distribution networks
and certain critical global interconnect (such as data busses). More accurate RLC
models are required for these global interconnect lines particularly since accuracy is
of great importance for these nets. Typical values of line parameters for a 0.25 um
CMOS technology are given in Appendix A for different line widths and lengths.
Note that lines of widths 2.4 pm and 7.5 um have a value of { significantly less than
1.5 for almost ail wire lengths. These widths are common widths of global wires
which can therefore exhibit significant inductance effects. This characteristic
demonstrates that large errors can be encountered in current VLSI circuits if

inductance is neglected. AS/X simulations of CMOS gates driving copper
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interconnect lines from a 0.25 pm CMOS technology are shown in Figure 6.5. The
simulations in Figure 6.5 compare the two cases of modeling an interconnect line as
an RLC transmission line and as an RC transmission line for several driver widths and
line dimensions. The error in the propagation delay due to neglecting inductance can
be as high as 58% for wide drivers and wide wires. What makes these errors even
more serious is that neglecting inductance and using an RC model rather than an RLC
model always results in underestimating the propagation delay. Thus, VLSI circuits
designed using an RC interconnect model may not satisfy the assigned frequency
targets despite a worst case analysis being applied in the circuit design process and

maintaining safety factors.

100 I ] |
% Error
50 — —
AN AS/X
N
/Y
Eq. (6.23)
0 0.5 1 1.5 2

Figure 6.4. Eq. (6.23) as compared to AS/X simulations describing the error between
an RLC transmission line model and an RC transmission line model. R =30Q, C =1

pF.R,=C,=0.5, and L, is varied to vary &
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Figure 6.5. AS/X simulations of a CMOS gate driving a copper interconnect line
based on a 0.25 um CMOS technology. The lines are modeled as RC lines and as
RLC lines and the two models are compared to characterize the effect of neglecting
inductance. The wire length /, width w, and the size of the driving CMOS inverter as
compared to a minimum size inverter & are shown in Figs. (a) to (h). The per cent

error at the 50% delay point between the two models is also shown.
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6.1.3 Dependence of Delay on Interconnect Length

An interesting special case occurs when the gate parasitics (C, and R)) are
neglected. This case is particularly important since it describes the propagation delay
characteristics of a distributed RLC line without the distortion of the gate impedances.

In this case, the propagation delay in (6.18) can be expressed as

t,e =NLC(e ™71 1 0.74a,,,1%), (6.24)

R ’C (6.25)
aunm =Ta5 -
] 2VL

&,.. 1s the asymptotic value at high frequencies of the attenuation per unit length of

[H

where

the signals as the signals propagate across a lossy transmission line. This expression
is given in [68] and has the dimensions of nepers/cm [70].

For the limiting case where L — 0, (6.24) reduces to 0.37RCF. This
expression is the same formula for the propagation delay of a distributed RC line as
described in [1], [23], and [40]. Also note the well-known square dependence on the
length of the wire. For the other limiting case where R — 0, the propagation delay is
given by ;. /rC - Note the linear dependence on the length of the line. The solution
for the limiting case where R — 0 is explained by noting that a distributed RLC line
with zero resistance is simply a lossless transmission line. For a lossless transmission
line, the speed at which a signal propagates is (see section 2.1.1)

1 (6.26)

Y=JIc’
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The time of flight of the signals across a lossless transmission line is /v = [VLC [70].
Thus, for a lossless transmission line, the propagation delay (in the case of R, = 0) is
IJLC . which is the physically-based minimum limit for the propagation delay of an
RLC line. This agreement between the general delay model in (6.18) and an LC
transmission line demonstrates that the limiting case of an LC line can also be
accurately described by (6.18).

The traditional quadratic dependence of the propagation delay on the length of
an RC line approaches a linear dependence as inductance becomes more significant.
According to (6.24), the parameter that describes this dependence on the interconnect
length is ¢, ,. As described in [49], [52], and [133], signals propagate across a
transmission line in two primary modes. The first mode is the propagation mode in
which the signals travel at a constant velocity across the line and the delay is linear
with the length of the interconnect. The second mode is the diffusion mode in which
the signals diffuse through the line and the propagation delay is quadratic with the
length of the interconnect. When there is no attenuation (a,. = 0), the signals
propagate purely in the propagation mode as in the case of a lossless transmission line
and therefore, 1,, o< /. When the attenuation is large (a,_,, > 1), the signals propagate
primarily in the diffusion mode as in the case of an RC transmission line and
therefore, 1, < F. Thus, a, .. describes the dependence of the propagation delay on the
interconnect length. This behavior is illustrated in Figure 6.6. Note that for > 1,
the dependence on [ is quadratic for all practical purposes. For ¢, , < I, the square

dependence is far from accurate which can have a profound effect on determining an
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optimum strategy for driving an interconnect line such as repeater insertion and

transistor sizing [37]-[44].
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Interconnect length / (cm)

Figure 6.6. Dependence of the propagation delay on the length of the interconnect /
ignoring the effects of the gate impedances. The curves represents ¢, =0, 0.5, 1.0,

and 1.5 starting from the top curve.

6.2 Repeater Insertion for an RLC Interconnect

Traditionally, repeaters are inserted into RC lines to partition an interconnect
line into shorter sections [37]-[44], thereby reducing the total propagation delay (see
section 2.3). Applying the same idea to the general case of an RLC line, repeaters are
used to divide the interconnect line into & sections as shown in Figure 6.7. The buffers

are each uniformly the same size and h times larger than a minimum size buffer. The
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buffer output impedance R, is R/h and the input capacitance of the buffer C, is hC,.
The total propagation delay of the repeater system is the sum of the individual
propagation delays of the k sections and is a function of 2 and k& for a given
interconnect line. The values of & and k at which the total delay ¢, is a minimum is

determined by simultaneously solving the following two differential equations,

P paora 1K) _ (6.27)
oh |
[ PCLD) -0 (6.28)
ok '
For the special case of an RC line (L, — 0), the solution for these equations is
h‘, . (RC) ~ ROCA’ , (629)
g RrCO

b, (RC)= | DC (6.30)
2R,C,

These equations are the same as described by Bakoglu in [40] (see section 2.3)..

l 2 cee k
R/ L/k C/k R/ L/ C/ R/k L/k C/k
[>—£ j—{>—1‘ }v% _
) Ik i b Uk - Uk
Figure 6.7. Repeaters inserted in an RLC line to minimize the propagation delay.

Solving (6.27) and (6.28) for the general case of an RLC line is analytically
intractable. However, as described in Appendix B, &, and %, for an RLC line have

the form,
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(6.31)

. / RC, v (6.32)
Lapt - 2R0CO ok (TL/R)'

where h’(T,,) and k’(T,,) are error factors that account for the effect of the inductance

and T, is

L, /R,
T = .

ROCO
The closed form solution for the propagation delay in (6.18) is used to characterize

(6.33)

the delay of the repeater system shown in Figure 6.7 as described in Appendix B
[(B.1)-(B.5)]. The resulting expression is partially differentiated with respect to /1 and
k and the two derivatives are equated to zero. The resulting two equations are solved
numerically for the optimum values of 4 and & (h,, and £, ). The values of /'(T,,) and

k'(T,,) are found using (6.31) and (6.32) as

, h,,
KT,)= % F T (6.34)
0™t
RtCO
' K ope (6.35)
KTy, )= RC ;
2R,C,

i’ and &k’ as functions of T,, are plotted in Figure 6.8. The line and technology
parameters used to generate Figure 6.8 are R, = 100 , C, = 1 pF, R, = 1500 Q, and C,

= 2fF, and L, is varnied to vary T, ,. Once i’ and &k’ are characterized as functions of 7,
based on any line and technology parameters, 4’ and k£’ can be used in (6.31) and

(6.32) with any other line and technology parameters (R, C,, L, R,, and C,).
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Figure 6.8. Numerical solutions of (6.27) and (6.28) and egs. (6.36) and (6.37) for a)
h, and b) k

opt?

respectively. Numerical solutions are shown by the solid line while

(6.36) and (6.37) are shown by the dashed line.

Curve fitting is employed to determine a function that accurately characterizes

h,, and k. These functions are

=[RS, 1 7 (6.36)
v “ARC 3024
Co [1+0.16(7,,, )]
and
RC, 1 (6.37)

k= : ___
opt 0.3
2R,C, 1+0.18(7,,, )]
These closed form solutions are highly accurate with an error in the total propagation

delay of the repeater system of less than 0.05% as compared to numerical analysis.
These formulae can therefore be considered exact for all practical purposes.
Upon examination of (6.36) and (6.37), k,, and £, are equal to i, (RC) and

k,(RC) in (6.29) and (6.30) for the special case of an RC impedance when L — O (or
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T,z — 0). A plot of £, based on both an RC model and an RLC model versus T, is
shown in Figure 6.9. Note that the error between the two cases increases as 7,
increases. This behavior is understandable since inductance effects are more
significant as T, increases (which increases the error of neglecting L ). Also note that
as T, increases (or the inductance effects increase), the number of sections k,,
decreases. This behavior is intuitively understandable by referring to the results of

Figure 6.6 and noting that 7, can be expressed as

ro__ 1 RC (6.38)
L/IR — -
2., VR,C,

Note that as ¢, decreases, T, increases. As shown in Figure 6.6, the dependence of

the propagation delay of an RLC line on the length of the interconnect is linear when
«,.. = 0 (ie., very high inductive effects) and quadratic when ¢__ — oo (i.e., no
inductive effects). In general, the dependence of the propagation delay of an RLC line
on the length of the interconnect is bounded between a linear and quadratic
relationship depending on the value of ¢« ,. The improvement achieved by
partitioning the line into shorter sections in the RC case is primarily due to this
quadratic dependence of the propagation delay on /. In the other extreme case where
... = 0, the propagation delay is linear with / and therefore no speed improvement is
achieved by dividing the line into shorter subsections. Actually, adding repeaters in
this case would only increase the total propagation delay because of the additional

gate delay of the repeaters. Thus, as inductance effects increase, the optimum number

of repeaters inserted to minimize the total interconnect delay decreases.
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Figure 6.9. The number of sections &, that minimizes the propagation delay of an
RLC line as a function of T, ,. The cases where the inductance is neglected and where
the inductance is included are considered. Note that the error between the two cases

increases as 7, , increases.

The per cent increase in ¢, caused by neglecting inductance and treating an
RLC line as an RC line as compared to including inductance based on (6.36) and

(6.37) for h,, and k_,, respectively, is

opt?

100 * l(tpdwlal drc — ( puttorat ) reC J (6.39)

% Increase =
(tpdwml )RLC
(2, s)rc 18 calculated by substituting the solution for h, (RC) and k,_(RC) in
(6.29) and (6.30) into ¢, .. (1,,,.)xc IS calculated by substituting the solution for A,

and &, in (6.36) and (6.37), respectively, into ¢, . The resulting solution is a

function of T, only and can be accurately approximated by
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30

' (6.40)
\[[ 1+ 0.5 +23e708Tur 4 10 e 3Tun

L/R
The per cent increase in ¢, , over the RLC case is plotted in Figure 6.10. Note that

% Increase =

(1, su)rc 18 larger compared to (7,,,,,)i.c as T, increases. For T, = 3, ¢, increases by
10%, for T, = 5, t,,,, increases by 20%. and for T, = 10, t,,, increases by 30%.

The total area of the buffers in the repeater system is given by A, =
h,*k,*A,, and A, = h (RCY*k,(RC) *A,, for the RLC and the RC case,

respectively. A__ is the area of a minimum size buffer. The per cent area increase %Al

is characterized by 100*(A,-A,,)/A,, - and is

%l =100%1+0.18(,,, |’ <[ +0.16(T,,, > =1} 6.41)

The per cent area increase for T, = 3 is 154% and for T, = 5 is 435%. Thus,
neglecting inductance niot only increases the total delay of the repeater system but
significantly increases the buffer area as well. This trend is expected since treating the
interconnect as an RC line and neglecting inductance requires more repeaters. These
extra repeaters add to the total delay and buffer area without reducing the line delay
because inductance makes the dependence of the delay on the length of the
interconnect sub-quadratic. Although the effect of inductance on the power dissipated
by the repeater system has not been quantitatively characterized in this chapter, it is
expected that considering inductance in the interconnect model would result in a
repeater system that consumes less power due to the decreased buffer capacitance and

width.
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As described in Appendix A, T,, > 3 is common for a wide range of on-chip
interconnect and 7,, approaches 10 for wider interconnects commonly seen in a
typical 0.25 um CMOS technology. Thus, the propagation delay of a repeater system
can increase in a standard 0.25 um CMOS technology by up to 30% and the buffer
area by up to 15 times if inductance is neglected. Note also that T, increases as R,C,
decreases. This relation means that as the gate delay decreases, inductance becomes
more important. Thus, the effects of inductance in next generation design
methodologies will become fundamentally important as technologies scale.

This trend can be explained intuitively by examining the special case of a line
with large inductance effects. As discussed before, the minimum total propagation
delay can be achieved for such a line by not inserting any buffers independent of the
intrinsic speed of the technology. If inductance is ignored and an RC model is used
for such a line, the number of buffers that are inserted will increase as the buffers
become faster since there is less of a penalty for inserting more buffers. Thus, the
discrepancy between the buffer solutions based on an RC and an RLC model (zero
buffer area for dominant inductance effects) increases as faster buffers are used. In
general, the buffer area required to minimize the total propagation delay based on an
RC model increases more rapidly when the devices become faster as compared to an
RLC model.

Finally, in estimating the effect of inductance on repeater insertion, an
equivalent linear resistor is used to model the nonlinear CMOS transistors. This

linearization of the transistors results in an overestimation of inductance effects. This
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behavior can be understood by noting that a transistor in a CMOS gate operates
partially in the linear region and partially in the saturation region during switching. In
the linear region, the transistor can be accurately approximated by a resistor.
However, in the saturation region, the transistor is more accurately modeled as a
current source with a parallel high resistance. The Thevinen equivalent of this circuit
is a voltage source with a high resistance in series. This high resistance in series with
an interconnect line overrides the series resistance and inductance of the line. Thus,
the interconnect appears predominantly capacitive when the transistor operates in the
saturation region and the effect of inductance (and resistance) is negligible. If the
transistor operates in the saturation region during the entire switching time, there is
very small error due to neglecting inductance (and resistance). Since the transistor
operates partially in the linear region and partially in the saturation region, the

inductance effects is limited by the characterizing equations presented in this chapter.
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Figure 6.10. The increase in ¢, , if inductance is neglected as a function of T ,.
Numerical solutions are designated by the solid line while (6.40) is designated by the
dashed line.

6.3 Conclusions

Closed form solutions for the propagation delay of a gate driving a distributed
RLC load are presented that are within 5% of AS/X simulations. It is shown that
neglecting inductance can cause large errors (over 35%) in the propagation delay for
current on-chip interconnect. It is also shown that the traditional quadratic
dependence of the propagation delay on the length of the interconnect for RC lines
tends to a linear dependence as inductance effects increase. This behavior is expected

to have a profound effect on future high speed CMOS technologies.
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Closed form solutions are presented for inserting repeaters into RLC lines that
are highly accurate with respect to numerical solutions. The process of inserting
repeaters into RLC lines increases the propagation delay by up to 30% if inductance is
neglected as compared to applying a distributed RLC impedance model of the
interconnect. Thus, incorporating inductance into the impedance model of the
interconnect is of crucial importance for estimating and minimizing the propagation
delay of on-chip interconnect. This importance is expected to increase as the gate
parasitic impedances decrease and as technologies increase in speed. Future work
includes using more accurate gate models, determining delay formulae for RLC trees,
and characterizing the effects of inductance on repeater insertion in tree structured on-

chip interconnect.
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Chapter 7 Equivalent EImore Delay for RLC
Trees

An interconnect line in a VLSI circuit is in general structured like a tree or a
zigzag line rather than like a single continuous line as shown in Figure 7.1. Thus, the
process of characterizing signal waveforms in tree and zigzag structured interconnect
is of primary importance. One of the more popular delay models used within industry
for analyzing the temporal properties of RC trees is the Elmore delay model [73],
[74]. Despite not being highly accurate, the Elmore delay is widely used by industry
for fast delay estimation. With IC’s composed of tens of millions of gates it is often
impractical to use highly accurate, time consuming methods to evaluate the delay at
each node in the circuit. The Elmore delay model is therefore used to quickly estimate
the relative delays of different paths in the circuit, permitting more exhaustive timing
simulations to be performed for only the critical paths. Also, the Elmore delay is
widely used as a delay model for the synthesis of VLSI circuits such as buffer
insertion in RC trees and wire sizing [24]-[32]. The wide use of the Elmore delay as a
basis for design methodologies is primarily because the Elmore delay has a high
degree of fidelity [31]): an optimal or near-optimal solution achieved by a design
methodology based on the Elmore delay is also near-optimal based on a more

accurate (e.g., SPICE-computed [127]) delay for routing constructions [31] and wire
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sizing optimization [30]. Simulations [32] have shown that the clock skew derived

under the Elmore delay model has a high correlation with SPICE-derived skew data.

source sink

sinkl
source b
sink2
source
sink

Zigzag line

Figure 7.1. Common interconnect structures in an integrated circuit



162

The popularity of the Elmore delay is mainly due to the existence of a simple
tractable formula for the delay [35] that has recursive properties [37], making the
calculation of the circuit delays highly efficient even in large circuits. No formula for
delay calculation has been determined for RLC trees that maintains all the
characteristics of the Elmore delay. The absence of an equivalent delay model for
RLC wees is primarily due to the fact that the Elmore delay does not cover non-
monotone responses [73] which can occur in RLC circuits. The work described in
[134] uses the first and second moments to characterize the response of RLC trees.
However, the solutions in [134] are composed of three different formulae for the
cases of real, complex, and multiple poles and there are no closed form solutions for
the moments of a tree that can be directly incorporated into the delay model.
Furthermore, the solutions in [134] only characterize a step input response and do not
characterize the overshoots and settling time of an underdamped response.

In this chapter, closed form solutions for the 50% delay, rise time, overshoots,
and settling time of signals in an RLC tree are presented. These solutions have the
same accuracy characteristics of the Elmore delay for RC trees and preserves the
simplicity and recursive characteristics of the Elmore delay. Specifically, the
complexity of calculating the time domain responses at all the nodes of an RLC tree is
linearly proportional to the number of branches in the tree (see Appendix C) and the
solutions are always stable. The closed form expressions introduced here consider all
damping conditions of an RLC circuit including the underdamped response, which is
not considered by the Elmore delay due to the non-monotone nature of the response.

The continuous analytical nature of the solutions makes these expressions suitable for
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design methodologies and optimization techniques. Also, the solutions have
significantly improved accuracy as compared to the Elmore delay for an overdamped
response. The solutions introduced here for RLC trees can be practically used for the
same purposes that the EImore delay is used for RC trees.

This chapter is organized as follows. In section 7.1, an equivalent second
order approximation of an RLC tree is developed. Closed form solutions for the 50%
delay, rise time, overshoots, and settling time of the signals within an RLC tree are
introduced in section 7.2. Accuracy characterization of the proposed delay model is

presented in section 7.3. Finally, some conclusions are offered in section 7.4.

7.1 Second Order Approximation for RLC Trees

As mentioned in Chapter 3, the Elmore (Wyatt) delay does not properly
characterize RLC networks due to the possibility of a non-monotone response of an
RLC network. To illustrate this point, consider the simple single section RLC circuit
depicted in Figure 7.2. This circuit has a second order transfer function that can be

characterized by

1 7.1
s’LC+sRC+1’

Note that the coefficient of s’ is RC, which does not include the inductance L. This

g(s)=

coefficient of the Elmore time constant (and thus the Wyatt approximation) does not
depend on the inductance. However, inductance can have a significant effect on the
response of the circuit. To better observe the effect of inductance, the transfer

function of the circuit can be reconfigured as
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w’ (7.2)
g(s)=— =,
s +52fw, +w;
where

r =L RC (7.3)

2JLe’
o =1 7.4)

" JLc’

The poles of the transfer function are

P,=w,[-{ £ -1]. (7.5)

Note that if { is less than one, the poles are complex and oscillations occur in the
response which violates the monotone response condition of the Elmore delay. In this
case, the response is underdamped and overshoots occur. If { is greater than one, the
poles are real and the response is an overdamped response. If { is equal to one, the
response is a critically damped response. {is called the damping factor of the system.

From (7.3), as the inductance increases, { decreases which violates the assumption of

a monotonic response.

L R
+ —YTTAANAN +
V. C=/— V

out

Figure 7.2. Simple RLC circuit.
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At least a second order approximation is required to characterize a non-
monotone response, because a non-monotone response involves complex poles which
appear in conjugate pairs in a real system. Thus, a second order system such as (7.2)
can be used to approximate a system with a non-monotone response. It is therefore
necessary to determine ¢ and w, in order to make the second order approximation as
accurate as possible as compared to the exact transfer function. The transfer function
in (7.2) can be expanded in powers of s where the first two moments of the transfer
function are equated to the first two moments of the system, m, and m, The

expansion of the transfer function in (7.2) is

2 - 20)?
g(s)=1_;(—'£-)+s’—li£,’i)— —.=l+ms+m,s® +...... (7.6)
w, W,

The parameters that characterize the second order approximation of a non-monotonic

system, { and @,, can be calculated in terms of the moments of the non-monotonic

system and are

¢=— = ; (7.7)
= m - —m,
1
0, == : (7.8)
m; —m,

Hence, for a system with a non-monotonic response a second order

approximation can be found if the first and second moments of the system are known.
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Figure 7.3. General RLC tree.

For the general RLC tree shown in Figure 7.3, the voltage drop at any node i

as compared to the input voltage is
Vo (9)=V,()=Y CV,(s)s[R, +Lys]. (7.9)
k
If the input is a unit impulse, V_(s) is equal to 1.0 and the voltages at the nodes of the

tree are the unit impulse responses of these nodes. Thus, the normalized transfer

function g(s) at node i is given by V(s) and is
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g.(s)=1- ECka (s)s[R,, + L,sl=1+mjs +mis* +..... (.10
k

The first and second moments at node i can be derived from

' = , 7.11

1 i |, ( )

m,=L9 &G (7.12)
ST

5=0

Differentiating (7.10) with respect to s and substituting s = 0,

mi ==Y C,R,V,(5) . (7.13)
k

. dv, (s
m =-chR,k ‘;s( ) -EC‘_L,.k AC Y (7.14)
k =0 k

s=

Note that V(s) |_=1 and dV(s)/ds |_=m} since V,(s) =g, (s)=1+mis+m's* + ...

Thus, the first and second moments of a general RLC tree at node i are

m! ='ZCL-R:& i (7.15)
k

m' = ZchR,kchk, ‘Zk:CkLm , (7.16)
< ]

Referring to section 3.1, Elmore (Wyatt) model approximates the first term in m; by
[ZC . R,k) . A similar approximation is used here. Thus, the second moment is
IS

approximated by

( 2 7.17)
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Substituting the first and second moments of a general RLC tree into (7.7), {

and w,, that characterize a second order approximation of the transfer function at node

[ are
R,
g _l ‘ch 1k (7.18)
’ 2 ’zckl‘lk ’
k
1
w, = (7.19)

" Xar

P
Note the analogy with { and w, for a single RLC section in (7.3) and (7.4). The time
constants RC and VLC are replaced by the summations of the equivalent time
constants in the tree. Note also that (7.18) and (7.19) becomes (7.3) and (7.4),
respectively, for a single section. This second order approximation has the same
accuracy characteristics as that of the EImore (Wyatt) approximation for an RC tree.
The accuracy characteristics of this second order approximation is discussed in

section 7.3.

7.2 Signal Characterization in RLC Trees for a Step Input

The second order approximation of the transfer function of an RLC tree at
node / described by (7.2), (7.18) and (7.19) can be used to determine the time domain
signal at node i for an arbitrary input. The Laplace transform of the input is multiplied
by the second order approximate transfer function. The inverse Laplace transform is

calculated for the resulting expression to determine the time domain signal. After
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determining an expression that describes the time domain signal at node i of an RLC
tree, an iterative method is applied to calculate the primary parameters that
characterize the time domain response such as the 50% propagation delay and the
90% rise time. However, for the special case of a step input, these parameters can be
calculated directly without applying the aforementioned procedure due to the
mathematical nature of the time domain signal.

For a step input and a supply voltage of V,,, the time domain response at node

i derived from the second order approximation is

3 3 7.20
VDD exp[wmt(_gl + {1 T - l)] exp[wmt(—gl - Cl T - l)] ( )

S,()y=Vyp + = = - -
2 ;,--l —§J+V§i-—l —gt_VCi-—l

The rise time is defined here as the time for the signal to rise from 10% to 90% of the

final value. Also, the overshoots and the settling time for the case of an underdamped

response are characterized. In the step response in (7.20), note that time is always
multiplied by @,. Thus, if the time is scaled by w_, the step response at node i with a

supply voltage of V,, voits becomes a function of only one variable  and is

' 2 . 2 (721)
VDD exp[t (_C: + gi -1)] _ exP[’ (—gx - g: - 1)]

S'()y=V,, + = = =
2 C;-—l _€i+vgi-_l —gx-vgi-_'l

where S,°(r) is the time scaled response at node i and ¢’ is time scaled by w,. The time

scaled 50% delay and rise time can be calculated by equating S,'(r) to 0.5V,,, 0.1V,
and 0.9V, respectively. The time scaled 50% delay at node i and the rise time are

only functions of one variable {. The 50% delay and the rise time calculated for

several values of { are plotted as functions of ¢ in Figure 7.4. A curve fitting method
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is applied to characterize the time scaled 50% delay and rise time as functions of {

and these functions are

t',;=1047e °% +1.39¢ ,

£ il (7.23)
r',=6.017e ° -5¢ °* +439¢ ,

where 1’ , and ¢’ are the time scaled 50% delay and rise time at node i, respectively.

The 50% delay and rise time at node i/ can be determined by dividing ¢’,, and ¢’ by

@, and are
& (7.24)
l,, =(1.047¢ °¥ +1.39¢ )/w,,,
o1 i (7.25)
t, =(6.017e °* -5¢ °% +439¢ )/ w,.
Note that the 50% delay and the rise time at node i can be described as
g,
YT 2
= (1.047¢°5) /@, +0.695F C,R, , (7.26)
k
;'l as C s (7.27)

1, =(6.017e °* —5¢ ¢ )/w, +2.195% C,R, .
k

For large ¢ (low inductance effects), these solutions become the Elmore (Wyatt)
approximation of the 50% delay and the rise time for an RC tree at node i. This
relationship between (7.26) and (7.27) for large { and the Elmore (Wyatt) delay
demonstrates that the general solutions for the 50% delay and the rise time introduced
here include the Elmore (Wyatt) delay for the special case of an RC tree. Note also

that the general solutions introduced here include all types of responses
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(underdamped non-monotone, critically damped, and overdamped) in one continuous
equation, which is useful in applications such as buffer insertion, wire sizing, and

other VLSI-based design, synthesis, and analysis methodologies.

U, 4 | T T T l/
e
-
N -~ -
3 P d
P
/// .
//4/___ Numerical
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Figure 7.4. The time scaled 50% delay and rise time, ¢’,, and ¢’ , versus {. (7.22) and

(7.23) are also shown.



For the case of an underdamped non-monotone response when { < 1 (see
Figure 7.5), overshoots and undershoots occur which must also be characterized.
Also, another parameter can be used to characterize non-monotone responses and is
defined as the time when the oscillations about the steady state are smaller than x of
the steady state value. This parameter is usually called the settling time and x is
typically chosen to be 0.1 [135]. The value of the maximum or minimum oscillations
can be found by differentiating (7.20) with respect to time and equating the result to
zero. The values for the maximum or minimum oscillations at node i as a percentage

of the final value are given by

(7.28)

%0, =(—1)"" -100ex n=12,...,

nng,
vi-¢°
where %O, represents the maximum overshoots for n odd and minimum undershoots

for n even at node i. The time at which the n* overshoot occurs at node i is

nw
O (7.29)
wm l - gl-

The settling time can be calculated by equating %O, to x*100 to determine n which
represents the first overshoot that is less than x times the steady state value. The time
of this overshoot is the settling time and can be calculated by substituting n calculated
from %O, = x*100 in (7.30). Thus, the settling time at node i is

_ —In(x) (7.30)
" Lo,

Forx=0.1,1 is
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Figure 7.5. Characterization of an underdamped response. V,,, is the supply voltage. x

is the ratio of the final value which bounds the oscillations for the response to be

considered settled. The umes ¢, t,,, ... are the times at which the overshoots and

undershoots occur. ¢, is the settling time.

7.3 Accuracy Characterization of the Second Order
Approximation

The accuracy characteristics of the second order approximation introduced in

section 7.1 are discussed and explained in this section. The effect of the signal applied
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at the input of the tree on the accuracy of the second order approximation is discussed
in subsection 7.3.1. The effects of the unbalance in impedances within the tree and
the branching factor for balanced trees are discussed in subsections 7.3.2 and 7.3.3,
respectively. The effect of the depth of the tree is discussed in subsection 7.3.4. The
effect of the position with respect to the source of the node at which the response is
evaluated is presented in subsection 7.3.5. Finally, the effect of higher order
oscillations in the response is discussed in subsection 7.3.6. In general. the
approximation introduced here for RLC trees has the same accuracy characteristics as
that of the Elmore (Wyatt) delay for RC trees. Expression (7.24) in section 7.2 is used

to calculate the propagation delay throughout this section.

7.3.1 Effect of the Input Waveform Shape

As mentioned in section 7.2, the second order approximation introduced in
this chapter in (7.2), (7.18) and (7.19) can be used to calculate the time domain
response of an arbitrary input signal. The error of the time domain response
calculated using the second order approximation as compared to AS/X [128]
simulations is dependent on the characteristic of the input signal. More specifically,
the calculated time domain response becomes more accurate as the rise time of the
input signal increases. To illustrate this behavior, an exponential input signal of the

form.

V.(0)=V, [l —exp(~t/7)lu(t), (7.32)

is applied to the second order approximation where u(¢) is the unit step function, V,,

is the supply voltage, and the 90% rise time of the input signal is 2.37. T is the time
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constant of the exponential in (7.16). Note that an exponential signal more accurately
characterizes the signals in VLSI circuits as compared to a ramp input signal. The

time domain response at node i of an RLC tree for this exponential input is

_ -G @t (7-33)
e (D=Vy|l-ker~ +%—l:sm(a)mt 6,)- [sm(m -0, ):]
1-¢
where
. 1_ ;lz (7.34)
01 =tan —Zl_ ,
, 7.35
.7 =
[an LCi
(ALC{ )
and
2 (7.36)
( LC!J
-2
(ﬁLCI ) - ( LCI )
1, is

LC:

(7.37)

This closed form time domain solution is evaluated for output O, of the RLC tree
shown in Figure 7.6 and is compared to AS/X [128] simulations in Figure 7.7. Note in
Figure 7.7 that as the rise time of the input signal increases as compared to 7, , the
calculated ime domain response becomes more accurate. This relationship is intuitive
since the closed form solution accurately captures the characteristics of the input

signal. As the input rise time increases as compared to the time constants of the
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impedances within the RLC tree, the dependence of the output response on the input
signal increases as compared to the dependence on the characteristics of the RLC tree.
Hence, the output response becomes more accurate when the response is dominated
by the input characteristics, which are accurately captured by the closed form
solution. Thus, an argument can be made that the time domain response calculated
using the second order approximation introduced here is largest for a step input

(which has a zero rise time).

6nH 50Q 9nH [80Q 0
—W————me/\]_ !
L 0.3 pF
8nH 250 0.6 pF =—— -2 P —r-
v
" ATTTAAA - =
1 pF:‘:
7nH 100 Q
= Moz
4nH 30Q 0.6 pF ==
0.3 pF == 6nH 80Q

Figure 7.6. An example of an RLC tree
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Figure 7.7. Simulations of the time domain response for output O, of the tree shown in Figure 7.6

as compared to the closed form solution in (7.32) for different input rise times.
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7.3.2 Effect of Unbalanced Impedances within an RLC Tree

A balanced tree is a tree where the impedances of the RLC sections that
constitute each level are equal, making the paths to all the sinks identical. For
example, the tree shown in Figure 7.3 is balanced if the RLC sections, 2 and 3, which
constitute the second level of the tree are identical and the RLC sections, 4, 5, 6, and
7. which constitute the third level are identical. If the tree in Figure 7.3 is not
balanced, the transfer function at any of the sinks (nodes 4, 5, 6. or 7) is of order 14
since the tree has seven capacitors and seven inductors. The transfer function at any
of the sinks has six of the 14 zeros (the total number of zeros is always equal to the
total number of poles) at infinity since there are three shunt capacitors and three series
inductors from the input to each sink. The remaining eight zeros are finite zeros
making the order of the numerator eight. When the tree is balanced, an exact
calculation of the transfer function illustrates that the eight finite zeros of the transfer
function coincide with eight of the poles. These eight poles and zeros cancel, leaving
the transfer function at the sinks only of order six with no finite zeros. To better
interpret this behavior, note that nodes 2 and 3 can be shunted when the tree shown in
Figure 7.3 is balanced due to symmetry without affecting the response at any node of
the tree. Also, nodes 4, 5, 6, and 7 can be shunted due to symmetry. Thus, the RLC
tree shown in Figure 7.3 is equivalent to the ladder circuit shown in Figure 7.8 after
calculating the equivalent impedance of the parallel RLC sections. This ladder circuit
has a transfer function of order six at the output with no finite zeros. Note that if the

tree has a fourth level, the eight RLC sections of that level correspond to one RLC
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section in the equivalent ladder circuit. In the fifth level, sixteen RLC sections
correspond to one RLC section in the equivalent ladder circuit. Thus, the number of
poles of the transfer function at the sinks of a balanced RLC tree increases linearly
with the number of levels in the tree due to pole-zero cancellation. Note that no finite
zeros are added by increasing the number of levels. For an unbalanced RLC tree with
a binary branching factor, the number of poles and finite zeros at the sinks increases
exponentially with the number of levels in the tree. The second order approximation
used here has two poles and no finite zeros and more accurately approximates the
transfer function of a balanced RLC tree than that of an unbalanced tree.
% L R, 1| LJ/2 Rp 23 L/A4 R/

— NV N\ NT— TV NN TV AN

C, == 2C, == 4C, ==

4,5,6,7

Figure 7.8. Equivalent ladder circuit of the RLC tree shown in Figure 7.3 when the

tree is balanced

The closed form solution is compared to AS/X [128] simulations of the tree
shown in Figure 7.3 at output node 7. The simulations are shown in Figure 7.9 for a
balanced tree with several values of £, (the equivalent damping factor at node 7) and a
step input which represents the highest error as discussed in subsection 7.3.1. The
Elmore (Wyatt) solution is also shown for comparison. Note the high accuracy that

the solution exhibits as compared to the AS/X simulations for the case of a balanced
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tree. The error in the propagation delay is less than 4% for this balanced tree example.
The accuracy of the solution introduced here deteriorates as the tree becomes more
asymmetric. To quantify the error between the closed form solution introduced here
and AS/X simulations, simulations and analytic solutions of several asymmetric trees
are shown in Figure 7.10. The parameter asym is introduced to quantify the relative
asymmetry of an RLC tree. For example, when asym is equal to two, the impedance
of the left branch is always twice the impedance of the right branch. The higher asvm,
the higher the asymmetry of the tree. The error in the propagation delay can reach
20% for highly asymmetric trees. The error in the waveform shape is even higher as
compared to AS/X simulations. These characteristics, however, are also typical for

the Elmore (Wyatt) approximation for RC trees.
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Figure 7.9. AS/X simulations as compared to (7.20) for several values of . The Elmore (Wyatt)

solution is also shown. Results are for node 7 shown in Figure 7.3.
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Figure 7.10 AS/X simulations as compared to (7.20) for several asymmetric trees.

Results are for node 7 shown in Figure 7.3.
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7.3.3 Effect of the Branching Factor for Balanced Trees

An RLC wree with a binary branching factor and n levels has 2" - 1 branches. As shown in
the previous subsection, the tree is equivalent to a ladder circuit with n RLC sections if the tree is
balanced due to pole-zero cancellation. The second order approximation is more accurate for
balanced trees because of this exponential pole-zero cancellation. A tree with a general
branching factor B and n levels has (B"-1)/(B-1) branches. However, if the tree is balanced, the
tree is again equivalent to a ladder circuit with n RLC sections. Thus, a higher number of zeros
are canceled by poles by increasing the branching factor of a balanced tree while keeping the
number of sinks constant. For example, a balanced tree with a binary branching factor driving 16
sinks has five levels and is equivalent to a five section ladder circuit. If the same 16 sinks are
driven by a balanced tree with a branching factor equal to 16, the tree has only two levels and is
equivalent to a two section ladder circuit. Thus, the second order approximation more accurately
describes an RLC tree with a branching factor equal to 16. AS/X simulations and the closed form
solution from (7.20) with a step input for the response at the sinks of both trees are shown in
Figure 7.11. In this example, all the RLC sections in the binary branching tree has R = 12.5 Q. L
=5 nH, and C = 1 pF. All the RLC sections in the tree with a branching factor of 16 has R = 25

€. L =5nH, and C = 1 pF. Note that the second order approximation is less accurate in the case

of a tree with a binary branching factor.
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Figure 7.11. AS/X simulations as compared to (7.20) for the response at the 16 sinks of a

balanced tree. a) The tree has a binary branching factor. b) The tree has a branching factor of 16.

7.3.4 Effect of the Depth of the Tree

The depth of a tree can be characterized by the number of levels n of the tree. The
accuracy of the solution decreases as the number of levels in the tree increases since the order of

the transfer function at the sinks increases. The increased error due to increasing the depth of the



tree can be best observed for a balanced tree since the error due to the unbalance overrides the
error due to the depth in an unbalanced tree. AS/X simulations are compared to (7.20) in Figure
7.12 for balanced trees with a different number of levels. Note that the error between AS/X and
the closed form solution increases as the number of levels of the tree increases. Note also that for

a single line, the depth represents the number of sections of the line.
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Figure 7.12. AS/X simulations as compared to (7.20) for several balanced trees with different

depths. The horizontal dotted line characterizes the 50% threshold voltage.
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7.3.5 Effect of the Node Position

The error exhibited by the second order approximation increases as the position of the
node at which the response is evaluated moves from the sinks towards the source. This behavior
is due to the extra finite zeros in the transfer function since there are less capacitors and inductors
in the path from the input to the node at which the response is evaluated. Again, this effect is best
observed for a balanced tree. AS/X simulations are compared to (7.20) in Figure 7.13 at several
positions of the binary balanced tree with five levels described in subsection 7.3.3. Note that the
error between AS/X and the closed form solution is least at the sinks which is typically the

location of greatest interest.
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Figure 7.13. AS/X simulations as compared to (7.20) for a binary balanced tree for nodes at

different levels within the tree. The horizontal dotted line characterizes the 50% voltage.
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7.3.6 Effect of Second Order Oscillations

As an RLC tree becomes larger and as the number of levels increase. high
frequency oscillations are superimposed over the primary response. For example, in
Figure 7.14, the second order approximation (7.20) of the response for a large RLC
tree is illustrated. Note the overshoots. AS/X simulations are also shown in Figure
7.14 and the actual signal oscillates around the second order approximation with a
higher frequency as compared to the frequency of the primary oscillations. The
oscillations around the low frequency response characterized by (7.20) are second
order oscillations. The second order approximation introduced here cannot accurately
model the higher frequency harmonics of the time domain response since the
approximation only has two poles. However, the second order approximation can be
used effectively to estimate the macro features of the response such as the
propagation delay, the rise time, and the primary overshoots. If the fine details of the
response are of interest, higher order delay models can be used such as AWE [75]-
[79] at the expense of additional processing time, numerical issues, and stability
issues. Note that the responses in the simulations presented in this section also exhibit
second order oscillations. The second order approximation successfully characterizes

the dominant low frequency response.
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Figure 7.14. AS/X simulations as compared to (7.20) for a large RLC tree.

7.4 Conclusions

A general method to characterize the response of a linear non-monotone
system that is equivalent to the Elmore delay is presented. The generated delay
expressions for an RLC tree have the same accuracy characteristics as the Elmore
(Wyatt) approximation for RC trees. Simple analytical expressions of signals in an
RLC wree are provided for the 50% delay, the rise time, overshoots, and settling time.
These expressions consider both monotone and non-monotone signal responses. The
delay expressions are continuous and hence are useful for optimization and synthesis
in VLSI-based design methodologies. The second order approximation introduced
here is always stable and can be used with arbitrary inputs. Furthermore. the second
order approximation is computationally efficient since the number of multiplication
operations required to evaluate the approximation at all the nodes of an RLC tree is

linearly proportional to the number of branches in the tree.
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Chapter 8 Inductance Effects in RLC Trees

The importance of on-chip inductance for single lines has been characterized
in [49]-[51] and [68] (see Chapter 5). However, nets in a VLSI circuit are often
structured as a tree rather than as a single line. Also, the clock distribution network,
which is common to all synchronous digital circuitry, is typically tree structured. The
performance of a VLSI circuit therefore heavily depends upon the design of the clock
distribution network where the most accurate interconnect models are required. It is
shown in this chapter that a branch of a tree cannot be treated as a single line for the
purpose of evaluating inductance effects. Rather, the entire tree should be examined
for inductance effects as a single structure since a large interaction occurs among the
different branches. It is therefore shown that applying a single line analysis to an RLC
tree can cause misleading conclusions.

The focus of this chapter is the introduction of simple figures of merit that can
be used as criteria to determine which nets (structured as trees) require more accurate
RLC models. The second order approximation introduced in Chapter 7 is used
together with Wyatt’s approximation (see section 3.1.2) to derive figures of merit to
characterize the effects of inductance at a specific node in an RLC tree. The effective
damping factor of the signal at a specific node within an RLC tree is shown to be one
useful figure of merit. It is also shown that as the effective damping factor of a signal
increases, an RC model is sufficiently accurate to characterize the waveform. The rise

time of the input signal driving an RLC tree is shown to be a second factor that affects
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the relative significance of inductance. As the rise time of the input signal increases
as compared to the effective LC time constant at a specific node within an RLC tree,
the signal at this node will no longer exhibit the effects of inductance. It is
demonstrated that a single line analysis to determine the importance of including
inductance to characterize an interconnect line that is a part of a tree is invalid in
many cases and can lead to erroneous conclusions. The error exhibited by a single
line analysis is due to the large interaction among the various branches within the
tree.

This chapter is organized as follows. The effective damping factor of a signal
at a specific node of a tree and the rise time of the input signal are used to derive two
figures of merit that describe the relative importance of inductance for the signal at
this node. These figures of merit are presented in section 8.1. In section 8.2, examples
of RLC trees are used to illustrate the error encountered in treating a branch of a tree

as a single line. Finally, some conclusions are offered in section 8.3.

8.1 Effect of Damping Factor and Input Rise Time

A second order approximation of the signals in an RLC tree (see Chapter 7) is
used in this section to determine if the signal at a certain node exhibits significant
inductance effects. The comparison scheme used in this section applies the same
input to the second order approximation and to Wyatt’s approximation. Two
expressions result in the s domain representing RC and RLC models of a tree

structured interconnect and are
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1

Sgci(s) = Va (s). (8.1)
[2 C.R, Js +1
k
1
Seci ()= V,.(s). (8.2)
[ZC,(L& Jsz +[ZCkR,k ]s+l
14 k

respectively. The time domain equivalent of these two expressions are compared to
determine the conditions at which the two time domain signals exhibit negligible
error with respect to each other. These conditions represent criteria for neglecting
inductance and using an RC model without suffering significant errors.

In subsection 8.1.1, the effective damping factor { at node i of an RLC tree is
used to characterize when an RC model is sufficiently accurate as compared to an
RLC model, permitting inductance to be neglected. It is shown that as ¢ increases (or
as the equivalent RC time constant at node i increases as compared to the equivalent
LC ume constant), inductance effects decrease. In subsection 8.1.2, the effect of the
input rise time on the importance of inductance is discussed. It is shown that as the
input rise time increases as compared to the equivalent LC time constant at node i, the
effect of inductance on the transient behavior of the signal at node i/ becomes less

significant.

8.1.1 Damping Factor

A step signal is used as the input to the second order approximation of the
transfer function at node i of an RLC tree to investigate the relationship between the
effective damping factor { and the significance of inductance on the transient

behavior of the signal at node i. A step input is used since it eliminates the effect of
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the rise time and maximizes the significance of the inductance, permitting the effect
of the damping factor to be investigated. For a step input and a supply voltage of V,

volts, the signal at node i is

explw, (¢, +y¢,’ -] explw,1(=¢, ~J¢i-n]

S.()=V,, +V,, = =
=8 +y87 -1 -¢, -V¢ -1

As the damping factor increases, the importance of the inductance on the circuit

(8.3)

-
13

decreases. Thus, the following approximation can be made assuming large

3 1
\/C,' -1=4.[1- %} , with arelative error < E . (8.4)

1

With ¢ > 2.5, the error due to this approximation is less than 0.7%. With this

approximation, the signal at node i can be approximated by

i Y (8.5)
S, (1) =Vpp + ——VQ’-’——[— 2{, explw, 1(~1/28 )]+ explw, /(26 ~1/2¢, )]] :
1 2
2[¢, ——7C ] ‘

For {, > 2.5, this expression can be further approximated by

S,(t) = Vyp =V, expl@, 1(-1/2¢ )] =V, =V, expl—t/ Y, C,R, 1, (8.6)

k
with an error less than 8%. The maximum error is realized when the signal initially
switches since the exponential terms are still relatively large. Note that (8.6) is
precisely Wyatt’s approximation for a step response at node i of an RC tree [74]. This
relation shows that for {, > 2.5, the inductance has a minimal effect on the transient
response at node i which is similar to the response of an equivalent RC tree where

inductance is neglected. Thus, the first figure of merit presented in this Chapter is
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C.R
LZ k * Nk (8.7)

—_—>25.

/2 C.L,
k

If this inequality is satisfied, the effects of inductance at node i are negligible. A plot

g =

9|

of AS/X [128] simulations for the RLC tree shown in Figure 7.3 at output node 7 as

compared to an equivalent tree with all inductances equal to zero is shown in Figure
8.1 for several values of {. The closed form solution in (8.3) is also shown. Note that
for { > 2.5, the response of the RLC tree is aimost identical to that of an equivalent

RC tree in which inductance is neglected.



194

e T v T T T ™ e L R
. 7 Sy AS/X RLC Tree
> (volts) 250 b
66 \ — -
vee b i / 4 200 - —
e =
e ’/ (8.3) - -4 1s¢ - -
l'c ‘ " -
</7'—— AS/X RC Tree e - 7
T =
P ese - A
cse // é; =0.2 1
cce | - a.cc — y
; ! I I i j
c.00 10006 200,00 30000 scece 1sed
time (ns) time (ns)
2eC 3 260 T T T T ] -
24c . e - 7
220 - 2.2¢ — —
sec 4 e | —
. sc 4 1se | -
. cc e —
¢ 4 e -
L2 4 o120 - -
e 1 e —
cse - —
c.sc -
i cee |- —
c.ec —
s ] ew -
c-’c 4 & r i
ot cee -
¢ T 20 L I ! I 1 —
. ‘e 0.0 16.00 20c6 3¢.c0 <c.cc JSo.00
time (ns) time (ns)
i ' 260 [ T T T T T -
2.5¢C —
240 | .
2a0 i // i
EX R 200 | —
150 | -
se L 60 -
10 =
120 - -
Lec ) L0 .
,/’ ose =
cse - b7 4 e | | -
! !{l‘/ 20 ado - g 25 S
v o9 G=20 | @ | =25
L ! 1 1 ! ! e T L ! i ! | ]
c.ce 1660 2c.0¢ 30.00 4000 coc 26.00 s080 60.0¢ %0.00
time (ns) time (ns)

Figure 8.1. Effect of the equivalent damping factor on the accuracy of the RLC and RC models
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8.1.2 Input Rise Time

An exponential signal of the form,

V() =V, [L —exp(—£/T)u(r) (8.8)
is used as the input to the second order approximation of the transfer function of an
RLC tree to investigate the relationship between the input rise time and the effects of
inductance on the transient behavior of the signal at node i. u(r) is the unit step
function, V,, is the supply voltage, and the 90% rise time of the input signal is 2.37

where 7 is the time constant of the exponential in (8.8). With this input signal, the

response at node i of an RLC tree is

_r -G, @t
e O=Vy|l—ke = + —r—;[sin(w",t -0,)- % sin(w,,t -0, ):, , (8.9)
. 1- Ci-
where
1-¢°
6, =tan™| =—=—|, (8.10)
¢
T 1-— C 2
(T
6, =tan™ (/LC‘ , (8.11)
7 -1
( T, )g'
and
. 2
k= e . (8.12)

T,.1s



196

Tio=[D.Cily - (8.13)

k

According to Wyatt’s approximation [74], if the same input is applied to an

RC tree, the response at node i is

eurc (t) = VDD [l - kle-r + e-”TRG [kZ - l]}’ (8'14)

k. = (\ %RC:‘] (8.15)
U
RCi

T, = zckak . (8.16)
k

where

When the rise time of the input signal increases, (8.9) approaches (8.14). This trend
can be better understood by noting that if /T, and 7/ T, are both much greater
than one, & and £, tend to one and 6, tends to 8,. Thus, if 7/ T, and 7/ T, are much
greater than one, the response at node i of an RLC tree does not exhibit any effects
caused by inductance and an RC tree model can be used to model the interconnect

tree. These two conditions, 7/T, ., and 7/ T,_, are much greater than one and reduce to

the first condition if the damping factor figure of merit described by (8.7) is
considered. If { is greater than 2.5, the inductance effects are not significant because
of the damping factor and there is no need to determine the rise time of the input
signal. If { is less than 2.5, then T, < 5T,. Thus, 7/T,, < 57/ T, is the range where

the input rise time should be evaluated (¢, < 2.5). Hence, if 7/ T, is much greater

than one and { < 2.5, then 7/ T, is also much greater than one.
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The second figure of merit can be derived by assuming 7/ T, = 10 and using

the relation ¢, = 2.37. Thus, the second figure of merit is

t,. >23 /;C,:L‘.k . 8.17)

If this inequality is satisfied, the effects of inductance at node i can be neglected. A
plot of AS/X [128] simulations of the RLC tree shown in Figure 7.3 at output node 7
as compared to an equivalent tree with no inductances is shown in Figure 8.2 for
several values of r_. The closed form solution (8.9) is also shown. { is kept constant
at 0.5 so that the inductance can not be ignored. Note that for ¢ / T, > 23, the
response of the RLC tree is the same as that of an equivalent RC tree in which

inductance is neglected.
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Figure 8.2. Effect of the rise time on the inductance effects in an RLC tree. /T, is varied from
0.1 to 25. AS/X simulations are shown for an RC tree and an RLC tree. (8.9) is also shown to
illustrate the accuracy of the closed form solution introduced here. Note that as 7, / T, increases,

the RC model approaches the RLC model.
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8.2 Results and Examples

Examples illustrating the importance of using a tree analysis for characterizing
inductance effects as well as general traits of inductance effects in RLC trees are
presented in this section. In subsection 8.2.1, a single line analysis to characterize the
importance of inductance is compared to a tree analysis and an example is given that

demonstrates that a single line analysis can lead to erroneous conclusions. The effect

It is shown that there is a range of tree size for which inductance effects are

prominent.

8.2.1 Tree Analysis Versus a Single Line Analysis

The analysis of single lines to characterize the importance of on-chip
inductance has been previously evaluated [49]-[S1] and [68]. However, analyzing
single lines to characterize the importance of inductance in RLC trees can be invalid.
To illustrate this point, values for the branch resistances, inductances, and capacitors
for the RLC tree shown in Figure 7.3 are listed in Table 8.1. According to [49]-[51]
and [68], if a single line analysis is used for each branch, the damping factor for

branch 7 is

¢ =LRG (8.18)
‘ 2 VLiCx

The damping factor of branch i affects the signal at node i. The single line analysis

and the RLC tree analysis introduced here are compared in Table 8.2 for the tree

shown in Figure 7.3. The branch impedance values listed in Table 8.1 are used. Note
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the large difference in the values of the damping factors according to an RLC single
line analysis as compared to an RLC tree analysis. For example, at node 7, the RLC
single line analysis anticipates no significant inductance effects (£, = 1.58) while an
RLC tree analysis anticipates large inductance effects (£, = 0.529). Simulations of the
voltage signal at node 7 of the RLC tree shown in Figure 7.3 with the branch
impedance values listed in Table 8.1 are shown in Figure 8.3. The voltage at node 7
exhibits high inductive effects as anticipated by the RLC tree analysis introduced
here. This simple example demonstrates that an RLC single line analysis can lead in
certain cases to erroneous conclusions. Note also that for node 1, the RLC single line
analysis anticipates greater inductance effects ({, = 0.176) as compared to the RLC
tree analysis (§, = 0.306).

The RLC single line analysis generates a significant difference between the
maximum and minimum damping factors (0.176 < { < 1.58) as compared to the
difference between the maximum and minimum damping factors in the more accurate
RLC tree analysis (0.306 < { < 0.529). This behavior is due to analyzing each line
individually while in reality all the branches in the tree interact significantly,
distributing the effects of the branch inductances throughout the tree. Alternatively,
the branches with higher inductive effects and the branches with lower inductance
effects influence each other, making the effect of inductance less on those branches
with higher inductance effects and more on those branches with lower inductance
effects. This phenomenon is accurately captured by the RLC tree analysis introduced

in this Chapter.



Table 8.1. Branch impedances for the RLC tree shown in Figure 7.3

201

Branch R (2) L (nH) C (pF)
1 25 10 2
2 50 10 1
3 50 10 1
4 100 0.5 0.5
5 100 0.5 0.5
6 100 0.5 0.5
7 100 0.5 0.5

Table 8.2. Damping factors for the nodes of both the RLC single lines and the RLC

tree shown in Figure 7.3

Node & (RLC single line analysis) ¢ (RLC tree analysis)
1 0.176 0.306
2 0.25 0.441
3 0.25 0.441
4 1.58 0.529
5 1.58 0.529
6 1.58 0.529
7 1.58 0.529
| | [ | |
) A AS/X RLC Tree N
(volts) 250 |- < —
200 |- —
150 |- -
Los AS/X RC Tree B
050 :': -
6eo ] | ! 1 1]
0.00 160.00 200.00 3060.00 400.00

time ( 10 ps.)

Figure 8.3. AS/X simulations of the output voltage at node 7 of the RLC tree shown in
Figure 7.3 with the branch impedance values listed in Table 8.1 for the equivalent RC

tree
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8.2.2 Effect of Tree Size on the Significance of Inductance
The effect of increasing the size of the tree is to increase the damping factors
at the nodes of the tree (and thus decrease the importance of the inductance). If the

size of a tree increases, both of the summations ch R, and ZCL_ L, increase. As
k k

described by (7.18), ¢ is half the first summation over the square root of the second
summation. Thus, if the two summations increase at the same rate while increasing
the size of the tree, the net result is an increase in {. For example, the damping factor

at node 1 for the RLC tree shown in Figure 7.3 is

_1RC, R |c
Cx— "2—

\/L‘T = —_ (8.19)
T

where C; is the total capacitance of the tree. If the size of the tree increases, C,

l\)lr—

increases which increases the damping factor at node 1.

An important example of an RLC tree is a tree structured clock distribution
network. A clock distribution network is often structured as a balanced tree with a
wide trunk and narrowing branches [60]-[65]. If a tree has a branching factor of two
(where each line is the parent of two other lines), for impedance matching purposes
the parent will have double the width of its children [58], [59]. The size of the tree
can be characterized by the number of levels n. A tree that has n levels has 2"-1
branches. For example, the tree shown in Figure 7.3 has three levels and seven
branches. The impedance of the branches in each level (r = 1, 2, ..., n) can be
L

and C,, / 2", where R and C_, are the root

approximated by 2°'R_, L

root’ root? rooe? root?

resistance, inductance, and capacitance, respectively. The number of branches in level

r is 2", Note that the inductance is assumed constant since it is a slowly varying
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function with the width of the interconnect [48], [S1]. The damping factor at an
output node can be calculated as a function of the number of levels (representing the
size of the tree) and the root impedance and is

_ 1 R,Con n(n+1)
42 L, Cr 2" +(n-1)

€ s (8.20)

Note that the output damping factor increases monotonically as n increases. For large
n. ¢ increases as n"’. A plot of {_ versus n is shown in Figure 8.4.

Alternatively, if the size of the tree is smaller, the rise time of the input signal
can be much greater than T, which, according to the second figure of merit in (8.17),
eliminates the effects of inductance. Thus, there is a range of the size of an RLC tree
where inductance effects are significant. For the special case of a single RLC line the
size is simply represented by the length of the line which is consistent with the results
described in [68], in which there is a range of interconnect line length where

inductance effects are significant.

4 T T I T |
Coue
3 -
2 -
l_ —
0 ] | 1 | ]
1 2 3 4 5 6 7

n

Figure 8.4. Effect of the number of levels n on the output damping factor {  of a
binary clock tree.



8.3 Conclusions

A second order approximation of an RLC tree with the same accuracy
charactenstics as the Wyatt approximation for an RC tree has been introduced. This
second order approximation is used to derive two simple figures of merit to evaluate
the significance of the inductance effects exhibited by an RLC tree. The first figure of
merit is the damping factor of a signal at a specific node of a tree. It is shown that as
the damping facior increases, inductance effects decrease. The second figure of merit
is the nise time of the input signal as compared to the effective LC time constant of
the tree at a specific node. It is also shown that as the input rise time increases as
compared to the effective LC time constant, the importance of inductance decreases.
Evidence is provided that using a single RLC line analysis for those branches within a
tree can lead to incorrect conclusions. The error exhibited by a single line analysis is
due to the large interaction among the branches of a tree. Finally, it is shown that

there is a range of the size of an RLC tree where a tree can exhibit significant

inductive effects.



Chapter 9 Repeater Insertion in Tree Structured
Inductive Interconnect

As discussed in Chapter 6, repeater insertion has become an increasingly
common design methodology for driving long resistive interconnect [37]-[44]. Closed
form solutions for repeater insertion in RLC lines have been presented in Chapter 6.
Most of the interconnects in a VLSI circuit are typically tree structured. To verify the
theoretical results described in Chapter 6, an algorithm is introduced to insert and size
repeaters within an RLC tree to optimize a variety of possible cost functions.
Examples of cost functions are minimizing the maximum path delay, the skew
between branches, or a combination of area, power, and delay. The algorithm has a
complexity proportional to the square of the number of possible repeater positions
and determines a repeater solution that is close to the global minimum. The repeater
insertion algorithm is used to insert repeaters within a variety of 0.25 um CMOS
copper-based interconnect trees with the objective of minimizing the maximum path
delay based on both an RC model and an RLC model. The two repeater solutions are
compared using AS/X. It is shown that as inductance effects increase, the area and
power consumed by the inserted repeaters to minimize the path delays of an RLC tree
decreases. These results are in agreement with the theoretical results presented in
Chapter 6. By including inductance in the repeater insertion methodology, the
interconnect is modeled more accurately as compared to an RC model, permitting

average savings in area, power, and delay of 40.8%, 15.6%, and 6.7%, respectively,
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for the set of trees analyzed in this chapter. The average savings in area, power, and
delay increases to 62.2%, 57.2%, and 9.4%, respectively, when using five times faster
devices with the same interconnect trees.

The focus of this chapter is two fold: to describe a CAD system for repeater
insertion in RLC trees in order to optimize a variety of cost functions and to
characterize the effects of neglecting inductance on the repeater insertion process.
Results from applying the repeater insertion tool to several industrial trees are also
interpreted. The chapter is organized as follows. In section 9.1, the basic repeater
insertion algorithm which can be used with any delay model for the interconnect and
transistor devices is described. The specific delay models used in this chapter for the
transistors and the interconnect are described in section 9.2. The results of applying
the tool to insert repeaters in several practical copper-based interconnect trees are

presented in section 9.3. Finally, a summary is given in section 9.4.

9.1 Algorithm for Repeater Insertion in RLC Trees

A generic algorithm to insert repeaters in a general RLC tree is presented in
this section. The algorithm can be used with different delay models such as the
Elmore delay, moment matching methods, and/or the effective capacitance model to
evaluate the transient response of the buffered RLC tree. The algorithm has a
quadratic complexity with the number of possible repeater positions in an RLC tree
and achieves a repeater solution that is reasonably close to the global optimum
repeater solution. In subsection 9.1.1, the repeater insertion problem is defined. The
algorithm for repeater insertion used in this chapter is discussed in subsection 9.1.2.

The complexity and optimality of the algorithm are discussed in subsection 9.1.3.
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9.1.1 Problem Definition

The problem of inserting repeater in an RLC tree to minimize a given cost
function is formulated and defined in this subsection. The terms and mathematical
notations used in this chapter are also defined. An arbitrary tree is shown in Figure
9.1. The tree has n wires with the input source driving the root wire. Each wire w
drives two wires, a left wire left(w) and a right wire right(w). If a left (right) wire does
not exist then left(w) = 0 (right(w) = 0). A leaf is a wire that has lefi(w) = 0 and
right(w) = 0. The tree has r leaf wires, each of which drives one of the sinks of the
tree. A binary branching factor is used without loss of generality since any tree can be
transformed into a binary tree by inserting zero impedance wires [37], [43]. At each
sink 1 </ < r, the propagation delay ¢, is defined as the 50% delay of the output signal
at sink 7 with respect to the input signal at the root of the tree. Within a tree, there are
m pre-specified repeater positions where repeaters can be inserted to minimize a
given cost function. The possible repeater positions are represented by the circles
shown in Figure 9.1 and are placed at the beginning of each wire to allow for
maximum capacitive decoupling of the critical paths [37], [43]. Each wire can be
subdivided into several shorter wires to permit repeater insertion within long wires
[43]. In some cases, no possible repeater positions can be assigned to some wires due
to layout constraints. Those wires are labeled to indicate that no repeaters can be

inserted along the wires.
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Figure 9.1. An arbitrary tree with n wires. The possible repeater positions are

represented by circles.

The repeater insertion problem can be defined as: determine the set of repeater
sizes i, 1 £ j < m, that minimizes a given cost function C(h,, h,, ..., h, ....h,). The
repeaters are considered to be symmetric inverters with widths # and a minimum
sized channel length. The repeater sizes /i are continuous numbers. The special
repeater size s, = 0 indicates that no repeater is inserted at node j. The sizes of the
repeaters are to be found in the range 1 < h, < A, where i is the maximum
allowable size of any repeater. A variety of cost functions can be used. Examples are:
minimize(max, t,) which aims to minimize the maximum path delay,
minimize(max, (z,-1,)) where 1 < ik < r which is equivalent to minimizing the skew

between branches 7 and k, minimize(z,,) where £ is a critical output, or minimize (f{z,)

+ Z’;:lh , ) which considers the area of the repeaters. Other cost functions can

include power and slew rate.
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9.1.2 Repeater Insertion Algorithm

According to the problem definition described in the previous subsection, the
sizes /1, that minimize the cost function C(h,, h., ..., h, ...,h,) need to be calculated.
The algorithm to calculate the optimum sizes of the repeaters to minimize the cost
function is provided in Figure 9.2. Referring to Figure 9.1, the algorithm starts with
the initial condition A, = 0 V j which corresponds to an unbuffered tree. The cost
function C(h, h,, ..., h, ....,h) is evaluated for several sizes of the repeater at node 1,
h,. with all other repeater sizes h,, ..., h_equal to zero (no repeaters). A binary search
is applied which permits the value of 4, that minimizes the cost function to be reached
within a few steps where each step involves choosing a new value for h, and
evaluating the cost function. The number of steps depends on A, and is typically less
than ten steps. If the case of no repeater at node 1 (4, = 0) provides the lowest cost, ,
remains equal to zero. Thus, the algorithm can only improve the cost function at each
step. Next, the size of the repeater at node 2, h,, that minimizes the cost is determined
in the same manner with /, set to the value calculated from the previous step and all
other repeater sizes set to zero. The process is repeated for all m possible repeater
positions. At each possible repeater position the size that minimizes the cost function
is determined while all of the previous optimum repeater sizes remain constant. The
process of covering all possible m repeater positions is defined as an iteration. Since
in each step (determining the best repeater at node j) of an iteration the algorithm
improves the cost function, the repeater solution at the end of an iteration generates a
lower cost than at the beginning of an iteration. After the first iteration is completed, a

second iteration starts by changing the sizes of the repeaters at the pgpssible repeater
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positions to determine the repeater sizes h,, h,, ..., h,_ that minimize the cost function.
However, in the second iteration, the initial repeater solution is the output of the
previous iteration. Thus, at the second iteration (as compared to the first iteration), the
capacitive load and driving resistance at the node at which the best repeater size is
sought are closer to the values for minimum cost, enabling the optimum repeater sizes
to be more accurately calculated. The iterations are repeated until there is no change
in the size of any repeater as compared to the previous iteration. The algorithm

typically converges within two or three iterations.

Iteration
—> — Find best repeater size at node j

—> — Compare the cost of the best repeater to a no repeater case

——— Jj=J+ L until all possible repeater positions are exhausted

— Repeat until no repeater change in the whole tree can improve
the cost function

Figure 9.2. Proposed algorithm for inserting repeaters in an RLC tree.

9.1.3 Complexity and Optimality of Proposed Algorithm

The algorithm consists of several iterations. Each iteration scans the m
possible repeater positions to determine the repeater sizes that minimize the objective
cost. The number of necessary steps to find the repeater size at a possible repeater
position which minimizes the cost is denoted B and is on average ten for the typical

range of allowable repeater size (1 < h < h,_). The cost function is evaluated each
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time the repeater size is changed at each of the B step. Thus, the complexity of an

iteration is

OC(iteration) = O(m - B) - O(evaluating the cost function) . ©.1H)
The complexity of evaluating the cost function depends upon the delay model used
for the drivers and the interconnect. As shown in section 9.2, for the specific delay
model used here, the cost function can be evalua;ed in a time proportional to the

number of wires in the tree, n. Thus, the complexity of a single iteration is

O(iterationy = O(m-n-B). (9.2)
As mentioned previously, the number of iterations for convergence is typically two or
three. The memory requirement of the algorithm is proportional to the number of
wires, 1.
The algorithm terminates when no change in the size of a single repeater can
improve the cost function. This can be expressed mathematically as

dC(h,,h,,..., h,,..h,)
dh

)

=0 Vj. (9.3)

This relation means that the algorithm reaches a minimum in the cost function. There
is no guarantee, however, that this minimum is the global minimum. To improve the
final repeater solution, the two repeaters at the left and right possible repeater
positions of each wire are simultaneously changed. The process of determining two
repeater sizes that minimize the cost simultaneously requires B’ steps with the binary
search algorithm used here. Since there are m / 2 possible repeater position pairs, the

complexity of this modified algorithm is

-

O™ order alg) =O(m-n- %;) . 9.4)
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This modified algorithm does not reach the first minimum near the initial point.
Rather, the modified algorithm searches for a minimum closer to the global
minimum. The price is increased processing time. In general, a set of higher order
algonthms can be achieved by simultaneously changing more repeaters. The

complexities of these aigorithms are

O(alg)=0(m-n-B), O(m-n- B ), O(m-n-B?), ------ , O(n-B™). 9.5)
The algorithm that changes m repeaters simultaneously is guaranteed to reach the
global minimum. However, the processing time is exponential with the number of
possible repeater positions and is prohibitively high even for relatively small trees.
This set of algorithms has been examined for small trees (seven to eight possible
repeater positions) and compared to the exhaustive algorithm that changes all m
repeaters simultaneously. The results demonstrate that the second order algorithm
consistently reaches the global or a near global minimum. The higher order
algorithms introduced no or only a slight improvement in the final repeater solution
as compared to the second order algorithm. The CPU run time of the second order
algorithm is 20 sec on an S/490 IBM machine with one gigabyte of RAM for a large
tree with 250 possible repeater positions. For typical trees with less than fifty possible
repeater positions, the CPU time is less than one second. Hence, the second order

algorithm is used in the examples discussed in this chapter.



9.2 Delay Model

As mentioned in the previous section. the repeater insertion algorithm can be
used with any delay model. The specific delay model used in this chapter is discussed

in this section.

<

oD

.
=

Linear
RLC
Network

IS
T L_]_J L

Figure 9.3. A symmetric CMOS inverter driving an RLC Network.

The problem of evaluating the delay at a sink of a buffered tree simplifies to
adding the delay of several structures as shown in Figure 9.3 along the path from the
input to the sink. The structure shown in Figure 9.3 is a symmetric inverter (repeater)
driving an RLC tree (which is a sub-tree of the original RLC tree). Evaluating the
delay of such a structure is complicated by a combination of linear and nonlinear
elements constituting the circuit. It is common to replace the nonlinear transistors by
equivalent linear resistors, e.g., [23], [37]. [39], [42], [43]. However, such an
approximation strongly affects the final repeater solution, significantly increasing the
final cost achieved by the repeater insertion algorithm. Thus, in this subsection, a

method [109] is discussed that significantly improves the accuracy of the transistor
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model as compared to a linear resistor approximation. The proposed method
approximates the nonlinear transistor characteristic by a two piecewise linear curve as
shown in Figure 9.4. Assuming a step input, the input signal is constant at the supply
voltage V,, for the entire switching time. Thus, the gate-to-source voltage of the
NMOS transistor is V,, and the PMOS transistor is off for the entire switching time.
The curve shown in Figure 9.4 is the drain-to-source current [, versus the source-to-
drain voltage of the NMOS transistor V,; where V_ is equal to V.

The method used here calculates the delay of two linear networks, one
assuming the transistor operates in the linear region for the entire switching time and
the other assuming the transistor operates in the saturation region for the entire
switching time. The two linear circuit models used for approximating the transistor in
the linear and saturation regions are shown in Figure 9.5 (a) and (b), respectively.
These linear and saturation transistor models are combined with the RLC tree driven
by the repeater, resulting in two linear RLC networks. A delay value is determined for
each RLC network using a linear network analysis method and are denoted 7,,,, and
t . for the linear and saturation regions of operation, respectively. The parameters
used to define the device model in the linear and saturation regions are C,, R, C, .
R _, and R

I, and R_. [ respectively, and are shown in Figure 9.4. These

ar sar? sur? lin?

parameters describe the saturation current of a transistor with V_  equal to V,, and the
equivalent output resistance of a transistor in the saturation and linear regions,
respectively. C,_ and C, are the input and output capacitances of the repeater. These
parameters are calculated in terms of the corresponding parameters, C,,. R, . C,... [,
and R, of a minimum size symmetric inverter. An inverter h times wider than a

minimum size inverter has C,=C,h, R, =R,/ h,C =C, 4, I _=I h,and R_=R_,/h.
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Figure 9.4. Piecewise linear approximation of an NMOS transistor for V= V.
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Figure 9.5. Equivalent circuit models of an NMOS transistor when operating (a) in

the linear region and (b) in the saturation region for V_ =V, .

The method presented here proceeds by observing the values of the two delays

.. and r . . attempting to estimate a delay value that most closely approximates the

delay of the network with nonlinear transistors based on 7, and 7, The key



216

observation to achieve this goal is that if one of the delays is significantly larger than
the other delay (say t,,,, is significantly larger than t ), the larger delay is an accurate
estimate of the delay of the nonlinear transistors. This trait can be explained by noting
in Figure 9.4 that in region where the saturation approximation accurately describes
the characteristic of the transistor, the linear region approximation predicts a higher
source-to-drain current. Similarly, the saturation region approximation predicts a
higher source-to-drain current where the linear region approximation is accurate.
Thus, if the saturation delay ¢, is significantly larger than ¢, , the transistor has
operated in the saturation region most of the time since a larger saturation delay
indicates less current than predicted by the saturation region approximation.
Alternatively, a significantly larger ¢, indicates that the transistor has operated
primarily in the linear region. ¢, therefore accurately characterizes the delay of the
nonlinear transistor. Inaccuracies arise when the magnitudes of ¢ s And 7, are
relatively close, in which case neither L., nor ¢, can solely characterize the
propagation delay of a nonlinear CMOS gate driving an RLC tree since the NMOS
transistor operates partially in the saturation region and partially in the linear region.
However, a combination of both 7, and ¢, can be used to accurately characterize
the total propagation delay [109].

Based on this discussion, the variable A = (P !y l,u, 1S USEd as a criterion
to determine how best to combine 7, and 7. SPICE simulations of the propagation
delay 1, of a CMOS gate driving an RLC tree versus A are shown in Figure 9.6. Note
that the parameters of the tree and the transistor sizes are varied such that !, TEMains

constant. Thus, A changes linearly with ¢, . Referring to Figure 9.6, the delay is

accurately characterized by 7, for small A (A <-0.5) and by ¢, for large A (A > 2)
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which agrees with the conclusions made above. Curve fitting is used to derive the

function that best characterizes the delay as a function of A. This function is

t (A +A+e Iy (9.6)

pd pdsar

Substituting for A, the resulting delay for the general case in terms of ¢, and 7, is
[109]

dlin (97)
tpd pdlm + tpdsat exp( l l p )
pdsat
2000 T l | |
t, (ps)
Simulations and (9.6)
1000 -
0 | 1 | |
-1 0 l 2 3 4
A

Figure 9.6. SPICE simulations of the propagation delay r,, of a CMOS gate driving an
RLC transmission line versus A. C, =0, C,= 1 pF, L = 10 nH. and R, is varied to

change A. The interconnect is modeled as 32 RLC IT sections.

In general. this method is highly accurate (errors within 3%) for fast input
signals. Additional error may result from the linear analysis method used to determine

1. andr, of an RLC network.



9.3 Results and Discussion

The results of applying the CAD-based repeater insertion tool to several
industrial copper-based interconnect trees are summarized and discussed in this
section. The RLC trees described in this chapter are copper interconnect wires based
on an IBM 0.25 um CMOS technology. The depth of the trees (the maximum path
length from the input to the sinks) is between 0.5 cm to 1.5 cm which represents a
wide range of critical global signals typically encountered in VLSI circuits. Long
wires within the trees are partitioned with a maximum segment length of 0.5 mm to
permit repeaters to be inserted within these long wires in order to improved the
performance of the circuit [43].

A repeater solution is determined to minimize the maximum path delay of
each tree based on the RLC delay model discussed in the previous section. The total
area of the repeaters inserted within each tree is described in terms of the area of a
minimum size repeater. The tool also generates an AS/X [128] input file which is
used to simulate the maximum path delay and the power consumption of the buffered
RLC wree. The total inserted repeater area, the maximum path delay, and the power
consumption of the buffered trees are depicted in Table 9.1. The tool is also used with
AS/X to determine the total repeater area, the maximum path delay, and the power
consumption of the buffered RLC trees when inductance is neglected and repeaters
are inserted based on an RC model. The results based on the RC model are also listed
in Table 9.1. Finally, AS/X simulations of the unbuffered RLC trees are used to
determine the maximum path delay when repeater insertion is not employed. These

results are listed in Table 9.1 as well.
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Two important trends can be observed from the data listed in Table 9.1. The
first trend is that inserting repeaters significantly reduces the maximum path delay as
compared to the maximum path delay of an unbuffered tree. This behavior illustrates
the importance of repeater insertion as an effective methodology to reduce
interconnect delay. According to Table 9.2 and Table 9.3, the average saving in the
maximum path delay when inserting repeaters based on an RLC model as compared
to an unbuffered tree is about 40% where the maximum saving is 76% for TGLI
which is a large asymmetric tree. The second important trend apparent in the data
listed in Table 9.1 is that inserting repeaters based on an RLC model as compared to
an RC model consistently introduces savings in all of the three primary design
criteria: area, power, and delay. This behavior demonstrates the importance of
including inductance in a high speed repeater insertion methodology. According to
Table 9.3, including inductance in the interconnect model saves an average 40.8% of
the repeater area, 15.6% of the power dissipated by the buffered trees, and 6.7% of
the maximum path delay as compared to using an RC model.

The reduced repeater area when including inductance in the interconnect
model is due to the quadratic dependence of the delay on the length of an RC wire
which tends to a linear dependence as inductance effects increase [110] (see Chapter
6). The 50% delay of an RC line is given by 0.35RCI’ [1], [23], [42] and by IJLC
[L10] for an LC line when the line is driven by an ideal source with an open-circuit
load. R, L, and C are the resistance, inductance, and capacitance per unit length of the
line and [ is the length of the line. These two cases of an RC line and an LC line are
the limiting cases for inductance effects with the RC case representing no inductance

effects and the LC case representing maximum inductance effects. In the RC case, the



square dependence on the interconnect length causes the delay to increase rapidly
with wire length. It is therefore necessary to partition the line into multiple shorter
sections by inserting repeaters, thereby reducing the total delay. However, for an LC
line, the dependence is linear and no gain is achieved by breaking the line into shorter
sections. Inserting repeaters in an LC line only degrades the delay due to the added
gate delay. Thus, an LC line requires zero repeater area for minimum propagation
delay.

In the general case of an RLC line, the repeater area for minimum propagation
delay is between the maximum repeater area in the RC case and the zero repeater area
in the LC case. The repeater area for minimum propagation delay of an RLC line
decreases as inductance effects increase due to the sub-quadratic dependence of the
propagation delay on the length of the interconnect [110]. Hence, inserting repeaters
based on an RC model and neglecting inductance results in larger repeater area than
necessary to achieve a minimum delay. The magnitude of the excess repeater area
when using an RC model depends upon the relative magnitude of the inductance
within the tree. For the specific copper-based interconnect RLC trees used here,
almost half the repeater area can be saved by including inductance in the interconnect
model. Note that a single line analysis can be used to interpret the behavior of a
repeater insertion solution in a tree since in both cases repeaters are inserted to break
the RC delay of long wires (paths and branches in the case of a tree).

Additionally, repeaters are inserted in a tree to decouple capacitance from the
critical path. The effect of capacitance decoupling on improving the critical path
delay is less significant when inductance effects increase. This trend is due to the LC

time constant at node i of a tree ( Sc.L, ) [113] (see Chapter 7), which has a square
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root behavior as compared to the linear behavior of an RC time constant, ZC Ry .
k

Reducing the capacitance coupling has less effect on the LC time constant as
compared to the RC time constant due to this square root behavior. As inductance
effects increase, the square root behavior of the LC time constant dominates the
behavior of the propagation delay. Thus. as inductance effects increase, the area of
the inserted repeaters for capacitive decoupling also decreases.

A reduction in the power consumed by the buffered trees when including
inductance in the interconnect model as compared to an RC model is a direct
consequence of the reduced repeater area. The dynamic power consumption, which is
linearly dependent on the total capacitance of the interconnect and the repeaters,
decreases due to the reduced input and output capacitance of the repeaters. The short-
circuit power consumption is significantly less for a smaller repeater since the short-
circuit power consumed by a CMOS inverter is quadratically dependent on the width
of the repeater [6]-[8]. The decreased delay achieved by including inductance is due
to more accurate modeling of the interconnect; thereby enabling improved repeater
insertion which eliminates the excess repeater area that would resuit when using an
RC interconnect model. This excess repeater area increases the total delay due to the
increased gate capacitance.

Another interesting aspect noted in Chapter 6 is that 7, in (6.33) increases as
the time constant R,C, decreases, or alternatively, as faster repeaters are used. An
increase in T, increases the discrepancy between an RC model and an RLC model as
described by (6.36) and (6.37) even if the same interconnect trees are buffered to
minimize the path delay. Thus, the analytical solutions in (6.33), (6.36), and (6.37)

anticipate additional savings in repeater area by including inductance in the
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interconnect model as compared to an RC model for technologies with faster devices.
To verify this trend, five times faster devices than the 0.25 um devices are used as
repeaters to minimize the maximum path delays for the same set of trees listed in
Table 9.1. The results corresponding to the data listed in Table 9.1 are listed in Table
9.4. Note that the savings in area, power, and delay increases when including
inductance in the interconnect model rather than using an RC model with faster
devices as compared to the 0.25 um CMOS technology. The average savings
increases from 40.8% to 62.2% for the repeater area, from 15.6% to 57.2% for the
power consumption, and from 6.7% to 9.4% for the maximum path delay when using
five times faster devices as compared to a 0.25 um CMOS technology. Thus, with a
faster technology, the penalty of ignoring inductance increases for all three primary
design criteria: area, power, and delay. Therefore, with technology scaling, the issue
of including inductance in the repeater insertion methodology will become of
paramount importance.

This trend can be explained intuitively by examining the special case of a line
with large inductance effects. As previously discussed, the minimum total
propagation delay can be achieved for such a line by not inserting repeaters
independent of the intrinsic speed of the technology. If inductance is ignored and an
RC model is used for such a line, the number of repeaters that are inserted will
increase as the repeaters become faster since there is less of a penalty for inserting
more repeaters. Thus, the discrepancy between the repeater solutions based on an RC
and an RLC model (zero repeater area for dominant inductance effects) increases as

faster repeaters are used. In general, the area required by the repeaters to minimize the
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total propagation delay based on an RC model as compared to an RLC model

increases more rapidly as the devices become faster.

Table 9.1 Simulation results of unbuffered trees, buffered trees based on an RLC
model, and buffered trees based on an RC model. The area, power, and maximum
path delay are compared. The area is generated by the repeater insertion program

while the power and maximum path delay are simulated using AS/X.

Area Power Maximum Delay
Tree (minimum size inverters) (pJ per Cycle) (ps)
Name Un- Buffered | Buffered Un- Buffered ; Buffered Un- Buffered | Buffered
Buffered Tree Tree RC Buffered Tree Tree RC Buffered Tree Tree RC
Tree RLC Model Tree RLC Model Tree RLC Model
Model Modei Model
TSsl 0 352 380 13.86 23.26 25 488 288 297
L1 0 102 250 8.15 11.19 13.76 342 267 272
TS2 0 0 659 25.67 25.67 37.90 193 193 193.5
L2 0 310 337 11.92 20.85 21.55 700 437 454
L3 0 0 422 22.8 22.8 30.3 213 213 237
TSml 0 1246 1709 95 125 146 389 268 284
TSm?2 0 1630 2751 135 211 221.5 343 278 296
TSL 0 1734 2471 147.5 196 227 431 292 304
TSL1 0 2999 4120 164 237 275 781 360 382
TGsl 0 649 842 38 51.2 57.8 262 231 256
TGs2 0 0 553 40.20 40.20 59.80 212 212 247
TGml 0 1271 1854 89.1 120 139 460 306 344
TGL1 0 3823 7506 201 295 378 1740 442 495
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Table 9.2 Percentage savings in area, power, and maximum path delay introduced by

inserting repeaters based on an RLC model rather than an RC model. The percentage

savings in delay when inserting repeaters as compared to an unbuffered tree are also

listed.
Per cent savings in | Per cent savings in | Per cent savings in | Per cent savings in
delay of a the area of power dissipation delay when
Tree Name buffered tree repeaters inserted | when repeaters are repeaters are
based on an RLC based on an RLC | inserted based on | inserted based on
model as model as an RLC model as an RLC model as
compared to an compared to using | compared to using | compared to using
unbuffered tree an RC model an RC model an RC model
TSsl 40.9 7.3 6.9 3
L1 219 59.1 18.6 1.8
TS2 0 100 32.26 0.26
L2 376 8 3.2 3.7
L3 0 100 24.75 10.4
TSmi 31 27 14.3 5.9
TSm2 18.9 40.7 4.7 6.2
TSL 32.2 290.8 13.6 4
TSL1 51 27 13.8 5.9
TGsl 11.8 22.9 11.4 2.1
TGs2 0 100 32.77 14.5
TGml 379 314 13.6 11.5
TGL1 76 49.5 21.9 11.9

Table 9.3 The total repeater area, total power, and total maximum path delay of all of

the trees. The per cent savings shown here represent the average savings in area,

power, and maximum path delay when using an RLC model for repeater insertion.

Totals
Un- Savings | Buffered | Savings Buffered
Buffered | in delay RLC compared | RC Model
Model to RC
Area (min inverters) 0 - 14116 40.8% 23854
Max delay (ps) 6554 42.2% 3787 6.7% 4061
Power (PJ/Cycle) - - 1379 15.6% 1632
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Table 9.4 Simulation results of unbuffered trees, buffered trees based on an RLC
model, and buffered trees based on an RC model with five times faster devices. The
area, power, and maximum path delay are compared. The area is generated by the

repeater insertion program while the power and maximum path delay are simulated

using AS/X.
Area Power Maximum Delay
Tree (minimum size inverters) (p] per Cycle) (ps)
Name Un- Buffered | Buffered Un- Buffered | Buffered Un- Buffered | Buffered
Buffered Tree Tree RC Buffered Tree Tree RC Buffered Tree Tree RC
Tree RLC Mode! Tree RLC Model Tree RLC Model
Model Model Model
TSs1 0 1349 1997 13.86 21.4 244 488 144 145
Ll 0 569 1168 8.15 12.2 14.44 342 164 166
TS2 0 740 2738 25.67 34 62 193 154 165
L2 0 1137 1862 11.92 19.4 224 700 248 258
L3 0 534 1799 22.8 28 40 213 206 218
TSml 0 5150 13468 95 177 348 389 222 240
TSm2 0 7107 21654 135 482 1516 343 238 262
TSL 0 12819 26674 147.5 382 832 431 220 240
TSL1 0 9358 35844 164 242 688 781 268 308
TGsl 0 2152 6392 38 60.8 115 262 198 224
TGs2 0 2402 4410 40.20 77.6 138.8 212 187 262
TGml 0 5738 15184 89.1 141 302 460 212 232
TGL1 0 18905 37037 201 330 588 1740 346 378
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Table 9.5 Percentage savings in area, power, and maximum path delay introduced by

inserting repeaters based on an RLC model rather than an RC model. The devices

used for the repeaters are from a five times faster technology as compared to the 0.25

um CMOS technology used to generate the data listed in Table 9.2. The percentage

savings in delay when inserting repeaters as compared to an unbuffered tree are also

listed.
Per cent savings in | Per cent savings in | Per cent savings in | Per cent savings in
delay of a the area of power dissipation delay when
Tree Name buffered tree repeaters inserted | when repeaters are repeaters are
based on an RLC based on an RLC inserted based on inserted based on
model as model as an RLC model as an RLC model as
compared to an compared to using | compared to using | compared to using
unbuffered tree an RC model an RC model an RC model
TSsl 70.5 324 12.2 0.68
L1 52 51 15.5 1.2
TS2 20 729 45 6.6
L2 37.6 389 13.39 3.8
L3 3.2 70.31 28 5.5
TSml 43 61.7 49.1 7.5
TSm2 30.6 67 68 9.2
TSL 49 52 54 8.3
TSL1 65.7 74 64.8 214
TGsl 244 66.3 47 11.6
TGs2 11.7 45.5 44.1 28.62
TGml 53.9 62.2 53.3 8.6
TGL1 80 49 43 10.8

Table 9.6 The total repeater area, total power, and total maximum path delay of all of

the trees using five times faster devices. The per cent savings shown here represent

the average savings in area, power. and maximum path delay when using an RLC

model for repeater insertion.

Totals
Un- Savings | Buffered | Savings Buffered
Buffered | in delay RLC compared | RC Model
Model to RC
Area (min inverters) 0 - 67960 62.2% 170227
Max delay (ps) 6554 57.17% 2807 9.4% 3098
Power (PJ/Cycle) - - 2007 57.2% 4691




9.4 Summary

The effect of inductance on inserting repeaters in RLC trees is investigated in
this chapter. An algorithm is introduced to insert and size repeaters within an RLC
tree to minimize a variety of possible cost functions. The algorithm has a polynomial
complexity proportional to the square of the number of possible repeater positions
and determines a repeater solution that is reasonably close to the global minimum. It
is shown that as inductance effects increase, both the number of repeaters and the size
of each repeater decrease. This trend means significantly less repeater area and power
consumption due to decreased repeater capacitance. Also, less cost can be attained by
including inductance in the design methodology rather than using an RC model since
the interconnect is modeled more accurately. Hence, it is shown that including
inductance in a repeater insertion design methodology as compared to using an RC
model improves the overall repeater solution in terms of area. power, and delay. The
average savings in area, power, and delay for the set of trees used in this Chapter are
40.8%, 15.6%, and 6.7%, respectively, when inserting repeaters based on an RLC
delay model as compared to an RC delay model with repeaters from a 0.25 um
CMOS technology and copper interconnect. The average savings in area, power, and
delay increases to 62.2%, 57.2%, and 9.4%, respectively, when using repeaters from a

five times faster technology with the same set of interconnect trees.
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Chapter 10 Dynamic and S hort-Circuit Power of
CMOS Gates Driving Lossless Transmission
Lines

An RC model can be viewed as a limiting case of the RLC transmission line
model where the inductance is considered to be negligible. This case has been
thoroughly investigated and is well represented in the literature, e.g., [21]-[44]. The
other limiting case is an LC (or lossless) transmission line where the resistance is
negligible. This case approximates the low loss lines encountered in Multi-Chip
Modules (MCM) and Printed Circuit Boards (PCB). Although it is highly improbable
that the resistance of an on-chip interconnect will become negligible within the near
future, this LC analysis provides an upper limit for analyzing inductive effects in
VLSI circuits. The behavior of an RLC transmission line case can therefore be
bounded by analyzing the behavior of the RC and the LC cases.

The dynamic and short-circuit power consumption of a CMOS gate driving an
LC transmission line as a limiting case of an RLC transmission line is investigated in
this chapter. Closed form solutions for the output voltage and short-circuit power of a
CMOS gate driving an LC transmission line are presented. These solutions agree with
circuit simulations within 11% error for a wide range of transistor widths and line
impedances for a 0.25 um CMOS technology. The ratio of the short-circuit to
dynamic power is shown to be less than 7% for CMOS gates driving LC transmission

lines where the line is matched or underdriven. The total power consumption is
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expected to decrease as inductance effects become more significant as compared to an
RC dominated interconnect line.

This chapter is organized as follows. A closed form solution for the output
voltage of a CMOS gate driving an LC transmission line is presented in section 10.1.
This solution is based on the alpha power law for deep submicrometer (DSM) CMOS
technologies [108]. This solution is compared to the output voltage of a CMOS gate
driving a lumped capacitive representation of a line. It is also shown in section 10.1
that these two solutions become equivalent as the transition time of the signal at the
input of the CMOS gate driving a transmission line becomes greater than twice the
time of flight of the waves across the transmission line. The dynamic and short-circuit
power consumption of a CMOS gate driving an LC transmission line is presented in
section 10.2. The analysis in section 10.2 is performed for the case where the
transition time of the signal at the input of the CMOS gate driving a transmission line
is smaller than twice the time of flight of the waves propagating across the

transmission line. Finally, some conclusions are offered in section 10.3.



10.1 Capacitive Approximation of a Lossless Transmission
Line
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Figure 10.1. Equivalent circuit of a CMOS inverter driving a lossless transmission

line for a period of time, 0<1<2T,.

A transmission line can be replaced by its characteristic impedance Z, for the
period of time 0 < r < 2T, where T, is the time of flight of the signals across the line
{70]-[72]. An equivalent circuit of a CMOS inverter driving a lossless transmission

line with a characteristic impedance z, =f1,7C, is shown in Figure 10.1. For this

equivalent circuit, the output voltage is given by the inverter output current multiplied
by the characteristic impedance of the line. Ignoring the effect of the NMOS
transistor for a falling input and assuming the PMOS transistor is saturated, the output
current of the transistor does not depend on the output voltage (neglecting channel

length modulation). Thus, the output voltage is

V

out

= Zol psqr = P(D). (10.1)

for the period of time 0 < t < 2T, I, is the saturation current of the PMOS transistor

and is



WP ap,
Ipsat = Pep 7= (VDD = Viy |V )7, (10.2)
p

assuming the alpha power law is used to model the saturation current of a MOSFET
[108], where P_ is a constant that characterizes the drive current of the transistor in
saturation, W and L are the geometric width and length, respectively, of the transistor,
and « is a constant between one (strong velocity saturation) and two (weak velocity
saturation) [108]. V., is the threshold voltage of the P-channel device and is negative
for an enhancement mode device. p indicates the PMOS transistor and » indicates the

NMOS transistor.

4

t=input fall
time.

Figure 10.2. The initial output voltage pulse generated by the inverter for the period

of time 0<t<2T,.

This current depends on the input voltage and has a final value of

Lt = Pop -V Ve, p 7
final = FCp 3 (Vpp — TpI) . (10.3)
p

which is reached when the input voltage reaches its final value of zero volts. This
initial output voltage pulse is shown in Figure 10.2. This pulse propagates across the

line, reaches the open circuit (or small capacitor [36]), and reflects a signal of the
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same magnitude and sign back towards the CMOS inverter. Since the PMOS
transistor is assumed to be in saturation, the transistor maintains an almost constant
current which requires a current reflection coefficient of negative one. Therefore, the
voltage reflection coefficient is one. Thus, after a time 27, the original signal that is
launched at time zero is multiplied by three (the initial signal, the signal reflected at
the load, and the signal reflected at the transistor). Under the above conditions. the

output voltage is

n . (10.4)
Vour = P(r) + £ 2P(1—2iT,) for 2nT,<t<2(n+1)T,,

=1

where n = 1,2,...m. m is the time at which the transistor is no longer saturated and
enters the linear region. This behavior is illustrated in Figure 10.3. The horizontal

parts of the curve have voltage values given by

Vour = Cn+10Zy1 gna. (10.5)
At the times (2n+1)T,, the output voltage has the values given by (10.5) since these

times fall in the middle of the periods 2nT, <t < 2(n+1)T,.
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Figure 10.3. Voltage at the output of a saturated transistor connected to an open

circuit transmission line.

A transistor driving a lossless transmission line in the matched or underdriven
case has an output voltage that follows the response of a transistor driving a
capacitance C,, as shown in Figure 10.4. A CMOS gate is matched to a transmission
line if the geometric widths of the transistors are finely adjusted to avoid reflections
such that the output impedance of the CMOS gate is equal to the characteristic
impedance of the line. The line is said to be underdriven if the widths of the
transistors of the CMOS gate driving the transmission line are smaller than the
transistor widths in the matched case such that the output impedance of the CMOS

gate is greater than the characteristic impedance of the line. Since Ty = ,/C, L, and
Z,=JL,7C, (see Chapter 2), where L, and C, are the total inductance and capacitance

of the line, respectively, the value T/Z, is equal to C,. Thus, equating C, to T/Z, or the

total capacitance of the line, V,, becomes
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Vout = Iﬁnal _Ot' (10.6)
Ty

after the input voltage reaches its final value. If V,_ is sampled at times (2n+1)T,, the

resulting expression for V__ is

Vor =Qn+1DZ,1 ., . (10.7)
This expression is exactly the same as (10.5). The equivalence of (10.7) and (10.5)
demonstrates that the output voltage of a CMOS gate driving a capacitor equal to the
total capacitance of a transmission line intersects the output voltage of the CMOS
gate driving the transmission line at times (2n+1)T,. Results from the IBM developed
circuit simulator AS/X [128] based on a 0.25 um CMOS technology are shown in
Figure 10.5. As the fall (rise) time of the signal at the input of the inverter increases,
the slope of the rising (falling) portions of the transmission line response decreases
while the intersection points determined by the capacitance approximation remain the
same. Thus, while the rise (fall) time of the input signal increases with respect to T,
the capacitive approximation more accurately matches the transmission line model as
shown in Figure 10.5. Once ¢, becomes greater than 27, the horizontal portions of the
response are no longer apparent and the two responses coincide. It can be shown that
the assumption made here (a lossless transmission line behaves as a single lumped
capacitor when ¢, > 2T)) for a saturated transistor holds when the transistor also
operates in the linear region. This behavior can be seen in Figure 10.5 at the
exponential tail of the response at the end of the logical transition where the transistor
enters the linear region. When the lumped capacitor response approaches the
transmission line response when the transistor is saturated, the two responses also

approach each other in the linear region. This behavior can be qualitatively
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interpreted by noting that the inductive impedance is given by jwL and the capacitive
impedance is given by 1 / jwwC where @ is the radial frequency. When the frequency
decreases (the rise time increases), the capacitive impedance becomes large compared
to the inductive impedance which make the inductance negligible permitting the line
to be treated as a single lumped capacitor.

This behavior makes the study of a CMOS gate driving a lossless transmission
line unnecessary when r, > 27, because the transmission line model can be simply
replaced by a capacitor equal to the total capacitance of the line. Also, on-chip signal
transition times are decreasing in next generation VLSI circuits while wires are
becoming longer (which increases T,). Therefore, the more important regime of
interest when analyzing the effects of on-chip inductances occurs when 1, < 2T, (see
also Chapter 5). Thus, it is assumed that 7, < 27, in the remaining analysis presented in

this chapter.

Figure 10.4. A PMOS transistor driving a capacitive approximation of a lossless

transmission line.
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10.2 Dynamic and Short-Circuit Power

The dynamic power consumption can be derived from analyzing the behavior
of a transmission line interacting with a CMOS gate. This topic is discussed in
subsection 10.2.1. It is shown that the dynamic power consumption of a CMOS gate
driving a transmnission line is the same as the dynamic power consumption of a gate
driving a capacitor equal to the total capacitance of the transmission line. In
subsection 10.2.2, the short-circuit power consumption of a CMOS gate driving a
lossless transmission line is investigated for the regime where ¢, < 27T, The short-
circuit to dynamic power ratio is examined in subsection 10.2.3 and compared to the

same ratio when the load is a simple capacitor or an RC line.

10.2.1 Dynamic Power

A MOS transistor driving a lossless transmission line launches an initial
voltage wave with a value V, = I Z, This initial voltage signal propagates towards
the load and reaches the load at time 7, Assuming the load is open or is a small
capacitor, a voltage wave propagates back towards the transistor with a magnitude V,
and a current wave -/_,. This wave returns to the MOS transistor at time 27,. At that
moment the current of the two waves cancels and the voltage adds to 2V,. For this
period of time (from 0 to 27), a current of V/Z, is drawn from the power supply. At ¢
= 27T,, a new voltage wave is initiated with a value V, = I(V -2V -V )Z,, where I(V -
2V.-V.) is the current of the transistor with V= 2V, +V.. The cycle is repeated and a
current V/Z, is drawn from the supply for the period of time from 27, to 47T, This
cycle repeats until the voltage at the output of the transistor reaches V,_,. The last

voltage wave is assumed to be V,, where n is the number of traversals of the line



238

required to reach steady state. The number of iterations can in general be infinite or
only one in the perfectly matched case. The output current /. of a PMOS transistor as

a function of time pulling up the output voltage is shown in Figure 10.6.

o T T L i ﬁ_
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2.00 — \ —
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Figure 10.6. Source to drain current of a PMOS transistor driving a lossless

transmission line.

Summing these voltages, the following condition is satisfied,

VoD (10.8)
—2 .

since the final voltage is V,, once the transient response reaches the steady state

NV+WVa+...+V, =

value. From this description, the energy taken from the power supply for a low to

high transition is

2T,
Ed_vn /Cycle = VDD -—ZOO . (Vl + Vz +..+ V" ) (10.9)
Using (10.8) and noting that T/Z, is equal to C, the total capacitance of the line,
(10.9) evaluates to

Egyn ! Cycle = C; - Vpp®. (10.10)
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This energy is stored in the capacitance of the line and is passed to ground in the next
high to low transition as the line is discharged. Thus, (10.10) represents the energy

per cycle of the output. The dynamic power is therefore

Py, =C, ,VDsz' (10.11)
where fis the frequency of the signal at the output of the CMOS gate. This formula is

the same as the dynamic power for a capacitor of the same value as the total

capacitance of the line.

10.2.2 Short-Circuit Power

The other component of switching transient power in CMOS circuits is the
short-circuit power that occurs when both the NMOS and the PMOS transistors
conduct current at the same time. This power is consumed during the rise (fall) time
of the input signal when the input signal is between V,_and V_,+V, (where V, is the
threshold voltage of the N-channel device). The case considered here is when the rise
time is less than twice the propagation delay across the line (¢, < 2T,), as discussed in
section 10.1. In this case, the reflections do not affect the short-circuit power because
the signal returns to the driver after the input signal has reached its final value. Under
this condition, the transmission line appears as a resistance with a value Z,. The
equivalent circuit of a CMOS inverter driving a lossless transmission line for the
period of time O to T, is shown in Figure 10.7, where C, is the intrinsic drain
capacitance of a CMOS inverter.

The differential equation describing the KCL for the output node is

(,-1,)=C,- AViop ~Vou) | Vop =Vour) (10.12)
dt Z,
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where /, and I, are the currents of the NMOS transistor and the PMOS transistor,
respectively. Note that the resistance Z, representing the transmission line is
connected between V, and V, because the line is assumed to be charged to V,, and
that d(V,,-V )dt = -d(V, )/dr. The NMOS transistor is assumed to be in the
saturation region during the rise time of the input signal. This assumption is justified
because the output is initially V,, which makes V,_  large where V,_ is the drain to
source voltage of the NMOS transistor. Also, since the input is still rising, V, is
smaller than V,,, where V_  is the gate to source voltage of the NMOS transistor.
Thus, the saturation condition in [108], V,, > P, (V_ -V, )®”, is satisfied during the
rise time of the input signal. P, is a constant that characterizes the current drive
capability of the NMOS transistor when operating within the linear region [108]. This
assumption is further accurate in deep submicrometer technologies because of the
early saturation phenomenon [108]. This aspect can be understood by noting that a
decreases for deep submicrometer devices and approaches one, which makes the
aforementioned saturation condition be satisfied for a larger range of the output
voltage. On the other hand, the PMOS transistor starts in the linear region and then
enters the saturation region. The short-circuit current describes the current through the

PMOS transistor during a rising input. The signal at the input of the CMOS driver is

V, =kt=—"22¢ (10.13)

before the input signal reaches V,, (i.e., 1 < V,_/k).
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Figure 10.7. Equivalent circuit of a CMOS driver driving a lossless transmission line

for0 <t < 2T,.

Based on the alpha power law, when the PMOS transistor is in saturation the

short-circuit current is

w
I = F 'L_p'(VDD—kt_IVTpI)@, (10.14)

P

p
When the PMOS transistor operates in the linear region, the solution of (10.12)
appears intractable because V,, (the drain to source volitage of the PMOS transistor)

is a function of V. Therefore, the current from the output capacitor C, is assumed to

our®
be small compared to the current from the transmission line. This assumption is
accurate in deep submicrometer technologies because the transistors have small
parasitic capacitances and high current levels. Also Z, is typically in the range of 30
to 60 ohms, see e.g.. [48], [S1], which results in large currents compared to the

current sourced by the parasitic capacitance C,. Under this assumption and using the

alpha power law model, the output voltage is

W
- P, L.kt -V, )™

ZO Cn .T
R P W - = . (10.15)
1+ Fcz — -(VDD —kt —|VT,,|)2 Z,
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for the time 0 < r < ¢, where 1, < 2T, according to the assumption made in section
10.1. Noting that V-V, is V , of the PMOS transistor, the short circuit current of a
CMOS inverter loaded by an LC transmission line is
W,
Zy- Fen ZA(I“ - VTn)Cm
- : (10.16)

P, L 2
-ﬁ--u/_z.(VDD—kt—IVTPI) 2 +ZO

Isc =
Pcp
A CMOS gate driving a transmission line can be most efficiently

characterized by the matching factor A, where

_25,W,%

A (10.17)

Vop

and S, is a technology dependent constant. A detailed derivation of A is given in
Appendix D. When A =1, the transistor is optimally matched to the transmission line.
If A is less than one, the transmission line is underdriven and the response suffers
from a slow output rise time. If A is greater than one, the transmission line is
overdriven and the respense suffers from overshoots and undershoots that can cause
reliability problems. If the overshoots and undershoots are large enough, logical
errors can occur. Voltages higher than the supply voltage and lower than ground
create large electric fields that can deteriorate the oxide and increase hot electron
effects. Also, out of rail voltages can forward bias the junctions between the drain
and source and the substrate, the n-well, or the p-well. When these junctions are
forward biased, current flows directly into the wells or the substrate. This behavior is
undesirable because it wastes current, dissipating extra power, and can induce other
reliability problems within the substrate. Thus, the range defined by 0.3 <A < 1.6 is

arbitrarily chosen to represent the range of interest characterizing practical matching
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conditions. The analytical solutions of (10.14) and (10.16) are compared to AS/X
simulations in Figure 10.8 assuming ¢, = 100 ps and using A as a design parameter.
The characteristic impedance of the line Z, is kept constant while the PMOS transistor
width W _is varied to change A. The analytical solution shows good agreement with

the circuit simulations for a wide range of A.
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The short-circuit energy per transition can be calculated from

Egc / Transition = Areagc - Vpp . (10.18)

where Area,_ (in coulombs) is the area under the short-circuit current curve. This area
can be approximated by a triangle [38] whose base is given by (V,,-V, +V, )1/V,, and
height is given by [ _, (the maximum point on the short-circuit current curve). Thus,

the short-circuit energy per transition is

(10.19)

Esc / Transition = -I%E(VDD ~ Vi = Vi, K.
where K is a correction factor. Note in Figure 10.8 that the analytical solution
deviates from the simulated results in a consistent way at the point of intersection of
the saturated curve and the linear curve. This deviation is due to the non-monotonic
nature of the alpha power law model used to characterize the devices. Due to this
consistent error at the saturation/linear break point, a constant correction factor K. is
used and calibrated at A = 1.

[, can be calculated by equating (10.14) and (10.16). Alternatively, I, can

be calculated as

Ipeai = K(A)W,,. (10.20)
where K(A) is determined from varying A and calculating L /W, K(A) for a specific
0.25 um CMOS technology is plotted in Figure 10.9.

K(A) quantifies in [ , the effect of the output waveform shape on the short-
circuit current. Note that K(A) saturates to an asymptotic value. This behavior can be

explained by observing how the shape of the output signal varies with A in Figure

10.10. Note that the shape of the output voltage waveform depends heavily on A for
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small A and this dependence saturates as A increases. The short-circuit current
depends upon the output voltage waveform because the drain to source voltage across
the PMOS transistor is dependent on V. The gate to source voltage of the PMOS
transistor depends only on the input signal of the transistor (since the source is
connected to the power supply). The output voltage with respect to the input voltage
is determined by A, as shown in Figure 10.10. The peak current of the PMOS
transistor is completely determined by A and the geometric width of the PMOS
transistor W , as given by (10.20). The transition time of the input signal results only
in a shift of the time at which the peak current occurs without changing the magnitude
of the peak current. The AS/X circuit simulator is used to quantify the accuracy of
these analytic equations. such as the comparison of (10.19) with AS/X in Table 10.1.
The analytical solution shows good agreement (less than 1% error for A > 1) with the

circuit simulations for a wide range of A and exhibits a maximum error of 11% for

small A .
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Table 10.1 AS/X simulations compared to analytical solution for E /transition (in

joules).
AS/X Analytical
A Simulation x10™ % Error

x10"
0.4 131.20 116.00 11.00
0.6 161.45 152.50 5.50
0.8 182.77 178.95 2.09
1.0 199.60 199.60 0.00
1.2 212.55 212.30 0.12
1.4 224.55 223.20 0.60
1.6 231.93 231.37 0.24
1.8 239.68 238.20 0.62

10.2.3 Short-Circuit to Dynamic Power Ratio

Assuming a symmetric CMOS gate, the short-circuit power is

2
Psc = I peak (Vpp — Vi _IVTpI)trf- (10.21)
As described previously, the dynamic power is
0 2
Payn = Z “Vop~f - (10.22)

Dividing (10.21) by (10.22), the magnitude of the dynamic power can be compared to

the magnitude of the short-circuit power. The resulting ratio is

e o ooV b,
dvn “ Voo T, 2Sp‘ (10.23)

The ratio between the short circuit power and the dynamic power depends upon the
matching condition A of the transmission line impedance to the output impedance of
the CMOS gate and the ratio between the rise time of the input signal to the time of
flight of the waves across the transmission line (¢/T,). The dependence on the supply

voltage is fairly weak. The dependence only exists if the supply voltage and the
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threshold voltages scale differently. The dependence of the short-circuit to dynamic
power ratio on A is shown in Figure 10.11. As the matching condition moves from
underdriven to matched to overdriven, the short-circuit to dynamic power ratio
increases. This ratio is less than 7% for the matched (A=1) and underdriven cases
(A<1). This low ratio is due to the small voltage step in the output voltage while the
input signal is still changing, as can be seen from Figure 10.10. In the matched case,
the input signal transitions approximately twice as fast as the output signal since the
input signal transitions from 0 to V,, at the same time as the output signal transitions
from O to V,/2. This characteristic explains the low short-circuit to dynamic power
ratio in a matched or underdriven circuit. Therefore, it is preferable to not overdrive
the line (i.e., make A>1) in order to decrease the short-circuit power. The classical
design criterion for driving a capacitive load is to maintain equal input and output
transition times which gives rise to a short-circuit power of approximately 20% of the
dynamic power [6]. For RC loads, the P, /P, ratio is even greater because the
voltage drop across the load resistance makes the source to drain voltage large once

the transistor begins to switch.
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Figure 10.11. Dependence of the short circuit to dynamic power ratio on A.

The maximum value of ¢/T, to exhibit nontrivial inductance effects is two. If
t/T, is larger than two, the transmission line can be approximated by a capacitor, as is
illustrated in section 10.1. As the rise time of the input signal 7. increases, the short-
circuit power increases, since there is more time for the short-circuit current to flow.
The rise time ¢, does not affect the dynamic power and thus increasing 7, increases the
ratio of the short-circuit power to the dynamic power. Dynamic power increases with
increasing T, because the total capacitance of the line is T/Z,. Thus, as T, increases,
the capacitance of the line increases linearly which increases the dynamic power
linearly. The short-circuit power is not affected by T, as long as T, is greater than half
the input rise time, making the ratio of the short-circuit power to the dynamic power

decrease as T, is increased.

10.3 Conclusions

A closed form solution for the output voltage of a CMOS gate driving a

lossless transmission line is presented. Transmission line effects are shown to be
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insignificant when the transition time of the input signal at the CMOS gate driving a
transmission line is greater than twice the time of flight of the signals across the line.
The dynamic and short-circuit power consumed by a CMOS gate driving a lossless
transmission line is investigated. The dynamic power of a CMOS gate driving a
lossless transmission line is shown to be the same as that of a CMOS gate driving a
capacitor equal to the total capacitance of the line. A closed form solution for the
short-circuit power is presented that agrees with circuit simulations within 11% error
for a wide range of the matching factor A. An expression for the short-circuit to
dynamic power ratio is presented that shows that the short-circuit power is below 7%
of the dynamic power for A less than or equal to one. Thus, the short-circuit power for
the case of an LC load is much less than that of the case of an RC load. In the case of
an RLC load, the short-circuit power is in the middle, greater than the case of an LC

load but less than the case of an RC load.
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Chapter 11 Exploiting On-C hip Inductance in
High Speed Clock Distribution Networks

As discussed in previous chapters, the importance of on-chip inductance is
continuously increasing with faster on-chip rise times, wider wires, and the
introduction of new materials for low resistance interconnect [45]-[61]. These
increasing inductance effects are typically viewed as an additional problem which
must be managed. This perspective is accurate in many respects. Dealing with
inductance requires efficient inductance extraction methods [47]-[51], [55] and
increases the computational processing time of CAD tools. Furthermore,
underdamped responses can cause reliability issues and increase noise in integrated
circuits. Thus, to date, much of the effort within industry has focused on limiting the
effects of inductance, e.g., [45]. [52], and [44]. However, suppressing inductance
effects is typically at the expense of deteriorating the performance of an integrated
circuit in terms of speed, power consumption, and/or device area. An example of an
industrial clock distribution network is presented towards the end of this chapter that
illustrates this point. Design methodologies can be developed to exploit useful effects
of on-chip inductance while maintaining noise at acceptable levels so as to guarantee
the reliable performance of an integrated circuit.

The objective of this chapter is to describe certain beneficial effects of
inductance on the performance of an integrated circuit. These effects are described in

section 11.1. The design of an industrial clock distribution network is presented in
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section 11.2 to illustrate how inductance effects can significantly improve circuit

performance. Finally, some conclusions are provided in section 11.3.

11.1 Useful Inductance Effects

The effects of inductance on the rise time of signals within an integrated
circuit is discussed in subsection 11.1.1. It is shown that increasing inductance effects
result in faster signal rise times. In subsection 11.1.2, the effects of inductance on the
area of repeaters inserted to reduce signal degradation along long interconnects is
discussed. It is shown that the total repeater area decreases as inductance effects
increase. The effects of inductance on the power dissipated by CMOS gates is
discussed in subsection 11.1.3, particularly the dramatic decrease in the short-circuit
power consumption of CMOS gates. Also, the decreased device area required to drive

inductive lines results in less device capacitance, which further decreases the total

power consumption.

11.1.1 Effects of Inductance on the Signal Rise Time

< ! >
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Figure 11.1. RLC transmission line.
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The faster rise times of signals in a high speed integrated circuit as inductance
effects increase can be best explained by examining the signal propagation
characteristics in a lossy RLC transmission line. Signals propagating across an RLC

transmission line travel with a frequency dependent velocity given by

1
V=
, (11.1)
\/LC\/l(‘/(1+(£)2)+l)
2 wl

where R, L, and C are the resistance, inductance, and capacitance per unit length of

the line, respectively, and w is the radial frequency. Furthermore, the signals attenuate

as they travel across the line with an attenuation constant & given by [120]

_ 1 R (11.2)
a wJLC‘/z("(1+(wL)) D.

The attenuation constant and the speed of propagation as functions of frequency are
plotted in Figure 11.2. In the limiting case of a lossless line representing maximum
inductance effects, the attenuation constant « is zero and the propagation speed

becomes frequency independent and is

1 (11.3)

JLC'

Thus, as inductance effects increase, a pulse propagating across an RLC line

v=

maintains the high frequency components in the edges, improving the signal rise and

fall times. This behavior is qualitatively illustrated in Figure 11.3.
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Figure 11.3. Signal dispersion of a square wave signal in a lossy transmission line.
a) Pulse shape after traveling along a lossless transmission line. b) Pulse shape after

traveling along a lossy transmission line.

11.1.2 Effects of Inductance on the Repeater Insertion Process

As discussed in Chapter 6 and Chapter 9, repeater insertion has become a
common design methodology for driving long resistive interconnect [37]-[44]. Since
the propagation delay has a square dependence on the length of an RC interconnect
line, subdividing the line into shorter sections by inserting repeaters is an effective
strategy for reducing the total propagation delay. Currently, typical high performance
circuits have a significant number of repeaters inserted along the global interconnect
lines. These repeaters are large gates and consume a significant portion of the total
circuit power.

The repeater area for minimum propagation delay of an RLC interconnect

decreases as inductance effects increase due to the sub-quadratic dependence of the
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propagation delay on the length of the interconnect [110]. Hence, inserting repeaters
based on an RC model and neglecting inductance results in a larger repeater area than
necessary to achieve a minimum delay. The magnitude of the excess repeater area
when using an RC model depends upon the relative magnitude of the inductance
within the RLC tree. The reduced number of inserted repeaters also simplifies the
layout and routing constraints. Finally, the reduced repeater area greatly reduces the

power consumed by the repeaters in an integrated circuit.

11.1.3 Effects of Inductance on Power Dissipation

Power consumption is an increasingly important design parameter with
mobile systems and high performance, high complexity circuits such as leading edge
microprocessors. If the frequency of switching is f cycles per second, then the
dynamic power consumption is described by the well-known formula,

Py, =CVp5o f. (11.4)

The dynamic power depends only on the total load capacitance, the supply
voltage, and the operating frequency. As discussed in subsection 11.1.2, increasing
inductance effects result in fewer number of repeaters as well as smaller repeater size.
The smaller size and number of repeaters therefore significantly reduces the total
capacitance of the repeaters and, consequently, reduces the total dynamic power
consumption.

As described in Chapter 10, the short-circuit power [6]-[8] results from the
NMOS and PMOS blocks of a CMOS gate being on simultaneously during the rise
and fall times of the input signal, creating a current path between the power supply

and ground. It has been shown in Chapter 10 that the short-circuit power consumption
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of a CMOS gate decreases as the load driven by the gate exhibits more inductance
eifects. In addition to this trend, it has been shown in subsection 11.1.1 that the
inductance reduces the rise time of the signals in an integrated circuit, which further
reduces the short-circuit power. To quantify this effect, consider the circuit
configuration shown in Figure 11.4. A fast input signal drives CMOS gate 1 which in
turn drives an RLC transmission line. The output at the far end of the RLC
transmission line is the input to the second gate V_,. Gate 2 drives a capacitive load
C.. The short-circuit energy consumed by gate 2 per cycle is listed in Table 11.1
where the total inductance of the transmission line is varied while the resistance and
capacitance are maintained constant. The data listed in Table 11.1 are also plotted in
Figure 11.5. Note that as inductance effects increase, the short-circuit power
consumption significantly decreases due to the faster input rise time.

V h
RLC transmission line

|
|
5p

Figure 11.4. A CMOS gate driving another CMOS gate with an RLC transmission

line connecting the two gates. The second gate drives a capacitive load.
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Table 11.1 Simulations of the short-circuit energy consumed per cycle by gate 2

shown in Figure 11.4. The total inductance of the transmission line is varied while the

resistance and capacitance are held constant at 100 Q and 1 pF, respectively.

Total inductance of

Short-circuit power at

the line L, (nH) gate 2 (pJ/cvcle)
1 2.20
2 2.05
4 1.66
6 1.27
8 1.00
10 0.83
3 T T T T
Short-circuit
power \
(pJ/cycle) Bl o g -
L5 -
. \\
' \\\~ -
\\>~‘
05~ -
0 J ] 1 1
0 2 4 8 10 12 L (nH)

Figure 11.5. Simulations of the short-circuit energy consumed per cycle by gate 2

shown in Figure 11.4 versus the inductance of the transmission line. The total

resistance and capacitance of the line are maintained constant at 100 Q and | pF,

respectively.

The effect of smaller repeater sizes on the short-circuit power consumption is

significant. By decreasing the widths of the transistors, the short-circuit current

decreases because the current drive of the NMOS and PMOS transistors is linearly
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proportional to the transistor width. Also, by decreasing the width of the transistors,
the output transition time becomes slower which decreases the source-to-drain
voltage of the transistor passing the short-circuit current. Since the output current is
proportional to the source-to-drain voltage of a MOS transistor operating in the linear
region, the short-circuit current is smaller with decreasing transistor size. Thus,
decreasing the transistor sizes has a two fold effect on the short-circuit power. In
general, the short-circuit power has a super linear dependence on gate size. AS/X
[128] simulations of the short-circuit energy/cycle of a CMOS gate driving a constant
capacitance of 0.2 pF with a 100 ps input rise time versus gate size are depicted in
Figure 11.6. The super linear behavior is evident in Figure 11.6. Thus, the smaller

repeater size and number significantly reduces the owverall short-circuit power.

o ! T T T T T P
Short-circuit P
power 7
(pJ/cvcle) 08 - ad 7]
S
AS/X //
06 simulations -
P
l I Linear
d behavior
04~ /// .
’// - - : : i )
02 o -
’/'/ T o
T
0 L~ 1 ] L 1 1
5 10 15 20 25 30

Gate size relative to a minimum size gate

Figure 11.6. Simulations of the short-circuit energy consumed per cycle by a gate
driving a load capacitance of 0.2 pF versus the gate width. The rise time of the input

signal is 100 ps.



11.2 Clock Distribution Network Example

The clock distribution network significantly affects the performance of an
integrated circuit and consumes a large portion of the total chip power (typically 30%
to 40%) [62], [63]. Designing an efficient and reliable clock distribution network is of
primary importance for a high performance integrated circuit. To illustrate the
concepts discussed in section 11.1, the clock distribution network of an integrated
circuit is investigated. The integrated circuit has been designed using a 0.18 um IBM
CMOS technology with copper interconnect. The supply voltage for this technology
is 1.8 volts and the target frequency of the circuit is 250 MHz. The integrated circuit
has four primary modules and several other smaller modules.

The clock distribution network at the top level is composed of a wide buffer
that drives a four-node H-tree carrying the clock signal to the center of the four
quadrants of the integrated circuit. At the center of each cof the four quadrants, a local
central wide buffer receives the clock signal and drives the local clock distribution
network of each quadrant. Each local central buffer drives a clock tree connected to
an average of 1350 sinks. At each sink, a final buffer (a CMOS inverter) receives the
clock signal and drives the final group of flip-flops. Each of the final buffers drives a
capacitive load of approximately 250 fF. The structure of the local clock distribution

network of this module is schematically depicted in Figure 11.7.
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Figure 11.7. Local clock distribution network of a primary quadrant of a large

integrated circuit.

The top level and local clock distribution networks have been initially

simulated with wires sized to satisfy the design constraints of the clock tree. The slew

should be within 5% of the clock period at the input of the latches and the clock delay

(or the phase delay) must be less than the clock period. AS/X [128] simulated

waveforms at the input of the central buffer V,, . and at the inputs of the final buffers

Vv

min

are shown in Figure 11.8. The initial choice of wire sizes results in degraded
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signal waveforms on the internal nodes of the clock distribution network. Note that
the rise time of the signals illustrated in Figure 11.8 is greater than one ns. The final
buffers restore the signal rise time to 200 ps at the input of the local flip flops Vo
This faster rise time is necessary to maintain stable operation of the flip flops. Thus,
the performance of the clock distribution network satisfies a target cycle period of 4
ns. Note also that this clock distribution network suffers no inductance effects,

therefore an RC model can be used to model the clock distribution network.

Input of the final Output of the final Input to the central
buffers Vo buffers V,_ buffer V bur

1.80

1.60

1.40

1.20

1.00

0.80

0.60

0.40

0.20

0.00

Time (ns)

Figure 11.8. AS/X [128] simulations of the signals at the input of the central buffer
V. at the input of the final buffers V,_, and at the output of the final buffers V,_ for

n

the local clock distribution network shown in Figure 11.7 with narrow wires.



The power consumption of the clock distribution network, however, is
excessively high due to the slow signal rise times at the inputs of the central buffer
and the final buffers. AS/X simulations of the dynamic and short-circuit power
consumption of the central buffer are shown in Figure 11.9. The current depicted in
Figure 11.9 is drawn from the supply voltage V,, through the PMOS network. When
the output is pulled down, this current represents the short-circuit current. When the
output is pulled high, the current from the supply represents the sum of the short-
circuit current (through the N-channel transistor) and the dynamic current charging
the output capacitance. The energy shown in Figure 11.9 is the integration of the
supply current multiplied by the supply voltage and represents the total energy
consumed by the gate at any given time. Note in Figure 11.9 that the short-circuit
power is much higher than the dynamic power consumption, constituting about 80%
of the total power consumption of the central buffer. This large amount of short-
circuit current directly contradicts the common conception that the short-circuit
power contributes less than 20% of the total power consumption [6], [7]. This 20%
figure is typically true when the input and output rise times are close to each other.
However, for this clock distribution network example, the input rise time is extremely
slow and the final buffers provide sufficient current to enable small rise times of 200
ps at the inputs of the flip flops. AS/X simulations of the dynamic and short-circuit
power of one of the final buffers are shown in Figure 11.10. Note again that the short-
circuit power dominates the dynamic power. The dynamic and short-circuit power
consumption of the central buffer and the final buffers are listed separately in Table

11.2.
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Table 11.2 Dynamic and short-circuit energy of the central buffer and the final

buffers in the local clock distribution network depicted in Figure 11.7 with narrow

wires

Dynamic power Short-circuit power Total power
(pJ/cycle) (pJ/cycle) (pJ/cycle)
Central buffer 68 133 201
Single final buffer 0.71 1.86 2.57
All final buffers 958 2511 3469
Local clock distribution 1026 2644 3670
network (total)

400.00
Current (mA)

Energy (pJ) 330.00
300.00
250.00
200.00
150.00
160.00

50.00

0.00

Short-circuit
current

Short-circuit + Dynamic current

i1
‘i

Short-circuit current

Dynamic current

e e —
| ] 1
4.00 6.00 8.00
Time (ns)

Figure 11.9. AS/X [128] simulations of the dynamic current, short-circuit current, and

energy of the central buffer in the local clock distribution network depicted in Figure

11.7 with narrow wires.
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Figure 11.10. AS/X [128] simulations of the dynamic current, short-circuit current,
and energy of one of the final buffers in the local clock distribution network depicted

in Figure 11.7 with narrow wires.

To decrease the power dissipated by the final buffers, the clock distribution
network is rerouted with wires twice as wide as the original wires. Simulations of the
signals at the input of the central buffer and the final buffers are shown in Figure
11.11. The rise time of these signals is below 200 ps. The short-circuit and dynamic
power of the central buffer and a single final buffer are shown in Figure 11.12 and
Figure 11.13, respectively. Note that the dynamic power consumption of the central
buffer has increased due to the increased capacitance of the wider wires driven by the

central buffer. However, the faster input rise time has effectively eliminated the short-
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circuit power, reducing the total power consumption of the central buffer. The short-
circuit power consumed by the final buffers is also virtually eliminated while the
dynamic power remains constant since the load of the final buffers has not changed.
The power consumption of the redesigned clock distribution network is compared to
the power consumption of the original clock distribution network design in Table

11.3.

2.00 I I T 1 T

Voltage
(v) 180 B { 1 P y —

166 || -. -
1.40 — —
1.20 — i —
l.oo — i —

0.80 — —

0.60 — Input to Input of
0.4 i the final the central
e buffers buffer | .

0.20 — ; l l . —
0.00 | — Va : J —

-0.20 — | ] ] | |
0.00 2.00 4.00 6.00 8.00
Time (ns)

Figure 11.11. AS/X [128] simulations of the signals at the inputs of the central buffer
and the final buffers in the local clock distribution network depicted in Figure 11.7

with wider wires.
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Table 11.3 The power consumption of the central buffer, the final buffers, and the

clock distribution network in Figure 11.7 when wider wires are used as compared to a

narrow wire implementation.

Total power dissipation Old design New design % power savings
(pJ/cycle) (narrow wires) (wider wires)
Central buffer 201 137 31.8%
All final buffers 3469 1445 58.3%
Local clock distribution 3670 1582 56.9%
network
] I 1 |
Current
(mA)
250.00 —  Short-circuit + Dynamic current ]
Energy
®D " s00.00 | ‘l -
i
150.06 | Short-circuit ) —
current :
100.00 — —
5000 — rl —
i

0.00 |- p—

' |

0.00 8.00
Time (ns)

Figure 11.12. AS/X [128] simulations of the dynamic current, short-circuit current,

and energy of the central buffer in the local clock distribution network depicted in

Figure 11.7 with wider wires.
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Figure 11.13. AS/X [128] simulations of the dynamic current, short-circuit current,
and energy of one of the final buffers in the local clock distribution network depicted

in Figure 11.7 with wider wires.

Note that the effects of inductance are now prominent with the use of wider
wires in the clock distribution network, requiring that inductance be included in the
interconnect model. This example illustrates that exposing inductance effects can
improve the performance of an integrated circuit and that penalties in rise time, delay,
and/or power consumption are incurred if these effects are eliminated. The overshoot
that appears in the signal waveforms shown in Figure 11.13 does not cause any
significant reliability problem:. In certain cases, the increased power can be tolerated.

However, if the original clock distribution network is intended to operate at 500
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MHz, the signals at the inputs of the final buffers become problematic as shown in
Figure 11.14. Note that the signals do not reach the required logic levels and the
voltage swing is reduced, decreasing the noise margin. Such signals are unacceptable
in a high performance integrated circuit. In this case, wider wires are not only
necessary to reduce the power but to also maintain reliable operation of the integrated
circuit. To achieve sufficiently fast signal rise times while maintaining reliable
operation at high clock frequencies, wider drivers and wires should be used, resulting

in greater inductance effects.
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Figure 11.14. AS/X [128] simulations of the signal at the input of a final buffer in the
local clock distribution network operating at 500 MHz as depicted in Figure 11.7 with

narrow wires.



11.3 Summary

It is shown in this chapter that on-chip inductance can be exploited to improve
the performance of high speed integrated circuits. Specifically, inductance improves
the signal slew rate, dramatically reduces the short-circuit power consumption, and
reduces the area of the active repeaters inserted to optimize the performance of long
interconnects. These beneficial effects encourage design strategies that can exploit
on-chip inductance. AS/X simulations of a clock distribution network have been
presented to illustrate how inductance can be used to improve the performance of
high speed integrated circuits. The power consumption of the clock distribution
network decreases from 3670 pJ/cycle to 1582 pJ/cycle and the slew rate decreases
from 1.2 ns to 200 ps on the internal nodes of the clock distribution network when

wider, more inductive, wires are used.
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Chapter 12 Accurate and E fficient Evaluation of
the Transient Response in RLC Circuits: the
DTT Method

Several popular methods for evaluating the transient response of VLSI circuits
have been discussed in Chapter 3. The EImore and Wyatt approximations for RC trees
are discussed in 3.1. An equivalent Elmore delay model for RLC trees is presented in
Chapter 7. These models are used as fast, low accuracy approximations of the delays
within a VLSI circuit. The computational speed of these delay models makes these
models appropriate for analyzing large VLSI circuits in a reasonable time in order to
determine approximate delays within a circuit. The high fidelity of these delay
models also makes these models appropriate for design methodologies where a
solution is required. However, high accuracy characterization and simulation of the
interconnect behavior and signal transients are required for analyzing performance
critical modules and nets and to accurately anticipate possible hazards during
switching. Also, increasing performance requirements has forced a reduction of the
safety margins used in a worst case design, requiring more accurate interconnect
delay characterization.

Dynamic simulators such as SPICE [127] or AS/X [128] can provide the
required accuracy for the crtical paths. However, these simulators are too slow for
iterative design methodologies in current large VLSI circuits. Moment matching
techniques such as AWE [75]-[80] have been discussed in section 3.2, having gained

popularity as a more accurate delay model as compared to the Elmore delay model.
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These moment matching techniques are also orders of magnitude faster than dynamic
simulators [127], [128]. AWE is a well known algorithm that applies moment
matching in which a set of low frequency dominant poles is determined that
approximate the transient response at the nodes of an RLC tree. However, AWE
suffers several problems and limitations as discussed in subsection 3.2.3. Specifically,
AWE suffers two primary problems [77]-[79]. The first problem is that the AWE
method can lead to an approximation with unstable poles even for low order
approximations [77]-[79]. The second problem is that AWE becomes numerically
unstable for higher order approximations which limits the order of the approximations
determined using AWE to less than approximately eight poles (of which some poles
may be unstable and are discarded) [77]-[79]. This limited number of poles is
inappropriate for evaluating the transient responses of an underdamped RLC tree
which requires a greater number of poles to accurately capture the transient response
at all of the nodes. To overcome this limitation, a set of model order reduction
algorithms have been developed to determine higher order approximations
appropriate for RLC circuits based on the state space representation of an RLC
network. Examples are Pade via Lanczos (PVL) [97], Matrix Pade via Lanczos
(MPVL) [99], Amoldi Algorithms [100], Block Amoldi Algorithms [101], Passive
Reduced-Order Interconnect Macromodeling Algorithm (PRIMA) [106], [107], and
SyPVL Algorithm [136]. However, these model order reduction techniques have
significantly higher computational complexity than AWE. The complexity of these
techniques is super linear with n, where n is the order of the RLC tree and is equal to
the total number of capacitors and inductors in the tree. This high complexity is due

to these model order reduction techniques solving n linear equations in n variables
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several times [97]-[136]. This complexity is much higher than the complexity of
AWE which is linearly proportional to n for an RLC tree {77]-[79]. Note that n can be
on the order of thousands for a typical large industrial RLC circuit.

The objective of this chapter is to introduce a new method [122] for
evaluating the transient response at the nodes of a general RLC tree. This method is
capable of determining high order approximations appropriate for underdamped RLC
trees in a computationally efficient manner. The DTT (Direct Derivation of the
Transfer function) method is introduced as an alternative to moment matching
techniques to evaluate time domain signals within RLC trees with arbitrary accuracy
in response to any input signal. This method depends on finding a low frequency
reduced order transfer function by direct truncation of the exact transfer function at
different nodes of an RLC tree. The method is numerically accurate for any order of
approximation, permitting approximations to be determined with a large number of
poles appropriate for approximating RLC trees with underdamped responses. The
method is computationally efficient with a complexity linearly proportional to the
number of branches in an RLC tree. A common set of poles is determined that
charactenize the responses at all of the nodes of an RLC tree which further enhances
the computational efficiency. Stability is guaranteed by the DTT method for low
order approximations with less than 5 poles. Such low order approximations are
useful for evaluating monotone responses exhibited by RC circuits.

The rest of this chapter is organized as follows. A description of the DTT
method is provided in section 12.1. In section 12.2, the complexity and stability
characteristics of the DTT method are discussed. The transient responses based on the

DTT method for several RC and RLC trees are compared to SPICE simulations in
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section 12.3. Finally, some conclusions are offered in section 12.4. Pseudo-code
describing the DTT method is provided in Appendix E. The DTT method is compared

to AWE in Appendix F.

12.1 The DTT Method

The concepts used to develop the DTT method are explained in this section.
The rules governing the poles and zeros in an RLC tree are defined in subsection
12.1.1. The method used to calculate the exact transfer functions at the nodes of an
RLC tree is introduced in subsection 12.1.2. The use of transfer function truncation to
determine a reduced order approximation is discussed in subsection 12.1.3. The
process of determining the set of common poles describing the transient response of
an RLC tree and the corresponding residues at each node of the tree is described in

subsection 12.1.4.

12.1.1 Pole-Zero Behavior in RLC Trees

The poles and zeros of an RLC tree maintain specific relations to the poles and
zeros of the subtrees forming the RLC tree. These rules are established in this
subsection and are used in the following subsection to develop an algorithm to
determine the poles and zeros of a general RLC tree by recursively subdividing the
tree into smaller subtrees.

Rule 1: The poles of an RLC circuit are zeros of the impedance seen at the input of
the circuit.
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This rule can be understood by referring to Figure 12.1 and noting that the
transfer functions describing the capacitor voltages and inductor currents have a
common denominator (the characteristic equation of the tree) [129]-[132]. Thus, the
transfer function at an arbitrary node i/ of an RLC tree and the input admittance of the

tree are given by

V.(s) _ N.(s) )
V.(s) D(s)’ (121

N
¥, (s)=1nl) _ V) (12.2)

V() D(s)

respectively, where N(s) and N, (s) are functions of s dependent on the circuit

structure and D(s) is the common denominator of the circuit. The input impedance is

=Vin(s) - D(s)
1,(s) N, (s)

Z,(s) (12.3)

Thus, the common denominator of an RLC circuit is the numerator of the input

impedance which proves rule 1.

T RLe
r v
o Circuit

L

Figure 12.1. A general RLC circuit.

As an example, consider the single section RLC circuit shown in Figure 12.2.

This circuit has a transfer function and an input impedance given by

Vour (5) _ 1
V.(s) s*LC+sRC+1’

(12.4)



V,,,(S)=SL+R+_1____S'LC+SRC+1, (12.5)
I,(s) sC sC

respectively. Note that the denominator of the transfer function is the numerator of
the input impedance. Another way to interpret Rule 1 is that an RLC circuit has a

short-circuit input impedance when s is equal to the poles of the circuit.

Figure 12.2. Simple RLC circuit.
Rule 2: The poles of an RLC circuit driven at node x are zeros of the transfer

Sfunction at node x.

This rule can be explained by referring to Figure 12.3. Note that the RLC
circuit 2 is driven by the RLC circuit 1 at node x. Applying rule 1, Z , is a short-
circuit between node x and the ground at frequencies equal to the poles of circuit 2.
Hence, V (s) is equal to zero when s is equal to the poles of circuit 2, i.e., the poles of

circuit 2 are zeros of the transfer function at node x.

X
+ 7 +
v RLC v RLC
= _E Circuit | r _E Circuit 2
Z,

Figure 12.3. A general RLC circuit composed of two RLC subcircuits connected

together.



As an example, consider the circuit shown in Figure 12.4. Note that the RLC
subcircuit 2 is driven at node x and that if not connected, subcircuit 2 has a
denominator given by 1 + R,C,s + L,C,s’. The transfer functions at node x and the

output node are

V.(s) _ 1+ R,C,s + L,C,s* ,
Va(s)  L+[R(C, + Co) + RC.1s +[L(C, + C) + LG, + RGR,C,Is* +[RC,L,C, + R,C,LCs +LG LG, s

V..(5) _ 1

ouf

V,(5) T+[R(C, +C) + RGIs +[L(C, + Cy) + LG, + RGR.C, 15" +[RC,L,C, + RCLC,1s° + (LCLCoIs

respectively. Note that the numerator at node x is the same as the denominator of the

disconnected subcircuit 2 in accordance with rule 2.

.
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Figure 12.4. A ladder RLC circuit composed of two RLC sections in series.

Rule 3: The poles of an RLC circuit driven at node x are zeros of the transfer
Sfunctions at all of the nodes of parallel RLC circuits driven at the same node
X.
This rule can be explained by referring to Figure 12.5. The RLC subcircuits 2,
3. .... k are driven by RLC subcircuit 1 at node x. Applying rule 1, Z, is a short-

circuit at frequencies equal to the poles of circuit 2. Hence, V (s) is equal to zero and
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all of the current supplied by circuit 1 is sunk to ground by Z_, when s is equal to the
poles of circuit 2. Since V(s) is equal to zero and no current is supplied to the
subcircuits 3, ..., k when s is equal to the poles of circuit 2, the voltages at all of the
nodes of subcircuits 3, ..., k are equal to zero. Alternatively, the poles of circuit 2 are
zeros of the transfer functions at all of the nodes of the parallel subcircuits driven at
node x. The same is true for the poles of subcircuits 3, ..., & which are zeros of the
transfer functions at all of the nodes of the parallel subcircuits driven at node x.

As an example, consider the RLC tree shown in Figure 12.6. The RLC section
1 drives the two parallel RLC sections 2 and 3. The transfer functions at nodes x, 2,

and 3 are given by

V.(s) _(+R,C,s+LC,s*)1+RC;s+ L,C,s”)

o)
o - (12.6)
Vo(s) _ 1+ R,Cis + LiCss?) 12.7
v, () D ’ e
Vi(s) _ (1+R,Cos+ L,Cys*) (12.8)

V,.(s) D

respectively, where D is the common denominator and is a polynomial in s of order
six. The specific form of D is not of interest here. The denominators of subcircuits 2
and 3 are 1 + R.C,s + L,Cs" and | + R,C;s + L,Cs°, respectively. Note that both
denominators are multiplied in the numerator of the transfer function at node x
showing that the poles of subcircuits 2 and 3 are zeros of the transfer function at the
driving node x in accordance with rule 2. Note also that the poles of subcircuit 2 are

zeros of the transfer function at node 3 and vice versa, which verifies rule 3.
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Figure 12.5. A general RLC circuit composed of an RLC subcircuit driving several
subcircuits connected in parallel.
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Figure 12.6. An RLC tree composed of three RLC sections.
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12.1.2 Calculating the Transfer Functions at the Nodes of an RLC
Tree

L, R, 4
— VAN
Lz R2 2 C‘ —_—
C é:
i LS RS 5
= L—yvrr-ANAAA
1
v, L, R, c, 1
c, jf L, R,
— VYA, O
L3 R3 3 C6 ——
C. ——
3 L7 R;, 7
= LA
C, ==

Figure 12.7. General RLC tree.

It is illustrated in this subsection how to recursively calculate the transfer
functions at the nodes of an RLC tree using the concepts developed in the previous
subsection. Consider the general RLC tree shown in Figure 12.7. The current sunk to
ground by a capacttor k is given by Cdv(t)/dt where v(z) is the voltage across C,.

Thus, the current passing through the resistance R, and the inductance L, is given by

dv,
=Y c, 20 (12.9)
% dt

where the summation index k operates over all of the capacitors in the tree. The

voltage drop across R, and L, is given by



[\
00
(18]

v (8) = v (1) = Ry () + L, d';‘lf') =rYc, dv;t(') +LYC, d:t"z(') . (12.10)
k k

In the frequency domain, this relation transforms to
V() =Vi(5) = (SR, +5°L) Y, C,V, (5). (12.11)
k

Dividing (12.11) by V_(s), the following relation results,

L=Ty(5) = (R, + S*LOXCT(5). (12.12)
where T(s) is the transfer function at node 1 and 7,(s) is the transfer function at node
k. Note that determining the transfer function at node 1 is sufficient to determine the
poles of the entire circuit since the transfer functions at all of the nodes of an RLC

tree have a common denominator (as was mentioned previously).

T,(s) Left RLC
\ subtree
L, R, 1 —L
+
Vln C! .
) Right RLC
= _E subtree

Figure 12.8. Building block of a general RLC tree.

Now consider the structure shown in Figure 12.8 which depicts an RLC
section driving left and right subtrees. Without loss of generality, a binary branching
factor is used here since a general tree with an arbitrary branching factor can be
transformed into a binary tree by inserting zero impedance branches [37], [43]. The

structure shown in Figure 12.8 can be used recursively to fully represent any RLC tree
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since the left and right subtrees can in turn be represented by the same structure. The
transfer function at node 1 of Figure 12.8 is given by (12.12), which can be
reformulated by using the rational representations of the transfer functions,

T,(s)=N (s)/D(s) and T,(s)=N(s)/D(s), and is

D(s) = N,(s) =(sR, + s’L)Y, C,N(s). (12.13)
k

Assume that the transfer functions at all of the nodes of the left and right RLC
subtrees (when the trees are disconnected) are known and are given by
T, (s)=N,,(s)/D(s) at node k, of the left subtree and T, (s)=N . (s)/D(s) at node k, of
the right subtree. The numerator at node 1, N (s) of Figure 12.8, can be directly

calcuiated by applying rule 2 described in the previous subsection and is
N,(s)=D,(s)e D, (s). (12.14)
The “o” operator above represents a polynomial multiplication. The denominator D(s)
can be determined from (12.13) as
D(s) = N,(s) + (sR, +s:L,)Ml, (12.15)
where M, is defined as
M, =Y C.N, (), (12.16)
k

and characterizes the summation of the numerators of the transfer functions across the
capacitors in the tree multiplied by the corresponding capacitances. The summation in
M, operates over all of the capacitors in the tree and can be divided into three

components.

M, =C,Nl(s)+ZC“N“(s)+2C“Nu(S), (12.17)
il k2
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where &, covers the capacitors in the left subtree and &, covers the capacitors in the
right subtree. By applying rule 3, the numerators in the left subtree can be described
in terms of the parameters of the disconnected left and right subtrees as
N, (s)=N,(s)eD (s). Similarly, N,(s)=N ,.(s)eD(s). Thus, (12.17) can be reconfigured

as

M, = Cle(s)‘*'(ZCuNm(S))'D,(S)+(2Ck2N,k2(s))ODI(S). (12.18)
&l 2

Note that the two summations above are M, and M, of the disconnected left and right
subtrees, respectively. Hence, M, can be fully calculated in terms of the disconnected

left and right subtree parameters as

M, =C/N,(s)+M,(s)eD,(s)+ M _(s)eD,(s). (12.19)

Thus, by knowing the parameters of the left and right subtrees, M(s), D(s),
M (s), and D (s), (12.14), (12.19), and (12.15) can be used in that order to determine
N.(s), M (s), and D(s), respectively. The parameters of the left and right subtrees,
M(s), D(s), M(s), and D(s), can be determined in turn in terms of their left and right
subtrees by using the structure shown in Figure 12.8 and (12.14), (12.19), and
(12.15). This process is repeated recursively until the left and right subtrees are non-
existent. If the left subtree does not exist, then M/(s) = O and D(s) = 1. If the right
subtree does not exist, then M (s) =0 and D(s) = 1.

After this recursion process terminates, the denominator and numerator across
each capacitance C, in the tree represent the transfer function for the subtree rooted at
the RLC section k. For example, for the tree shown in Figure 12.7, D(s) and N(s) at
node | represent the transfer function at node 1 for the entire tree. However, D(s) and

N(s) at node 2 represent the transfer function at node 2 for the subtree composed of
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the RLC sections, 2, 4, and 5. Also, D(s) and N(s) at node 4 represent the transfer
function at node 4 for the subtree composed of RLC section 4. Thus, after the
recursion process terminates, the only relevant parameters for the entire RLC tree are
D(s) and N(s) across the capacitor closest to the input (C, in the case of the tree shown
in Figure 12.7). The denominators and numerators at all of the other nodes are
incorrect. The denominators at these nodes need not be corrected since these
denominators are the same as the denominator at the node closest to the input.
However, the numerators differ at each node and need to be corrected. According to
rule 3, all of the numerators in the left subtree have to be multiplied by D (s) and all
of the numerators in the right subtree have to be muitiplied by D(s). This process is
repeated recursively starting at the root of the tree and advancing towards the sinks.
Thus, the process of determining the transfer function at all of the nodes of an
RLC tree consists of two steps. The first step is to calculate the common denominator
of the RLC tree and is accomplished by the function Cal_Denominator presented as
pseudo-code in Appendix E which uses the recursive equations in (12.14), (12.19),
and (12.15). The common denominator is the denominator at the node closest to the
input of the RLC tree after the recursion terminates. The second step is to correct the
numerators of the transfer functions at the nodes of the RLC tree. This task is
achieved by the function Correct_Numerators which is also described as pseudo-code

in Appendix E.

12.1.3 Transfer Function Truncation and Approximation Order

The process of calculating the exact transfer functions at all of the nodes of an

RLC tree has been described in the previous subsection. However, calculating the
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exact transfer function can be time consuming since n can be in the order of
thousands for typical large industrial RLC trees. In practice, there is no need to
calculate the thousands of poles characterizing an RLC tree since the transient
behavior can be accurately characterized by a few number of low frequency dominant
poles [75]-[80] (typically several tens of poles). Thus, a low frequency approximation
is required that can correctly anticipate the set of dominant poles without calculating
the exact high order transfer function.

Assume that the exact transfer function at a specific node of the RLC tree is
given by

l+as+a.s*+..+a,s"

> , 12.20
l+bs+b,s” +...+b,s" ( )

I(s)=

where b, — b_ and a, — a, are positive real constants. The system order n is equal to the
total number of capacitors and inductors in the tree. The order of the numerator
polynomial m is less than n and is dependent on the node at which the transfer
function is calculated. A ¢” order approximate transfer function is found by direct

truncation of the exact transfer function 7(s) in (12.20) and is given by

l+as+a,s®+..+as"
= (12.21)

T (s)= 3 )
) L+bs+b,s” +.+b,s"

where g < n. The numerator order x = mif m < q - 1, otherwise x = q - 1. The order of

the numerator has to be less than the order of the denominator for a causal

approximation. If s (or the frequency) is sufficiently small, the terms with higher
1

power of s in the denominator and numerator polynomials (b, s — b,s", a_ s -

a,s”) are negligible with respect to the lower power terms in T,(s). Thus, for low
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frequencies, T (s) is an accurate representation of 7(s). The range of frequencies for
which T (s) is accurate increases as g increases.

The calculation of a ¢" order approximation for the transfer functions at all of
the nodes of an RLC tree can be accomplished by an order limited polynomial
multiplication. To better understand this concept, assume that A and B are two
polynomials of orders n, and n,, respectively. The polynomial C given by AeB has an

order of n_= n_+ n,. The polynomials A, B, and C are given by

a=Yas, (12.22)
i=0

B=Ybs' (12.23)
1=0

C= Zc,s‘, (12.24)
=0

respectively, where the coefficients c, are

c=Nap, . (12.25)
J=0

Note that b, is equal to zero if i - j is out of the range of 0 to n,. For a ¢ limited
polynomial multiplication, the highest desired power of s in C is g rather than n_ and
the coefficients of higher powers of s do not need to be calculated. Also, A and B can
be limited by g since higher powers than s’ in both polynomials cannot produce
powers of s in C less than or equal to q. Hence, if a ¢” order approximation is sought,
all of the polynomial multiplications of the DTT method described in the previous
subsection are g limited. These g limited polynomial multiplications are much less
expensive than full polynomial multiplications since g is typically much less than n.

The number of scalar multiplications required for a g limited polynomial
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multiplication is at most g(q+1)/2 when the polynomial orders, n, and n,, are equal to
qg. As is explained in section 12.2, the actual number of scalar muiltiplications
performed by the DTT method is much less than the number of multiplications

anticipated using the g(g+1)/2 complexity of a polynomial multiplication.

12.1.4 Determining the Poles, Residues, and the Transient
Response

Once the common denominator of order g, D (s), is determined as described in
the previous subsections, the first ¢ dominant low frequency poles of the RLC tree
can be calculated as the roots of the polymomial D(s). A numerical method for
evaluating the roots of a polynomial can be used to determine the RLC tree poles, p, —
p, e-g. [137], [138]. The residues corresponding to each pole at a specific node can
be efficiently calculated by direct substitution of the poles into the numerator of the
transfer function at this node. The residues corresponding to the pole p, at node j of an

RLC tree can be calculated as

N (s=p,)
kKl =———" 12.26
; DP ( )
where
q
DP. =b,[](p.-p.). (12.27)

r={
re;

where b, is the coefficient of s* in D (s). Note that DP, is independent of the node at
which the residues are evaluated. Thus, DP, can be evaluated once and used to

calculate the residues at any number of nodes, which reduces the computational

complexity when the transient response is required at many nodes.
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The poles of the circuit and the corresponding residues at node j of an RLC

tree can be used to characterize the transfer function at node j as

k!
T,(s)=g(s_*p). (12.28)

This transfer function can be used to calculate the time domain response at node j for
an arbitrary input by multiplying the Laplace transform of the input by 7(s) and
calculating the inverse Laplace transform of the resulting expression. For example,

for a unit step input, the output response at node j, e(r) is

.
ej(t)=l+g[%e”"]. (12.29)

For an exponential input of the form,

v (1) =l-e™'", (12.30)

the transient response at node j is given by

q J q J
ej(t)=l+e'”'l:2£—]+2[£i— L e"":,, (12.31)

= pT+1 | p, pT+1
where 7 is the time constant of the input signal. Some of the poles determined using
the DTT method can be unstable due to the truncation of the denominator polynomial
as discussed in the following section. These unstable poles can be simply discarded
from the summations in (12.29) and (12.31). However, all of the poles should be

included when calculating the residues using (12.26) and (12.27).



12.2 Complexity and Stability of the DTT Method

The DTT method has a complexity linearly proportional to the order of the
tree n, which is twice the number of RLC sections in the tree since each RLC section
has one capacitor and one inductor. This linear complexity occurs because the DTT
method traverses each section in the tree only once as illustrated in the previous
section and in Appendix E. At each section of the RLC tree, polynomial
multiplications are required to calculate the common denominator as given by
(12.14), (12.19). and (12.15). Although polynomial multiplication has an apparent
complexity proportional to g° for a ¢* order approximation, the average number of
scalar multiplications required per section is much lower than g° for any RLC tree. To
better explain this argument, consider the following cases. A node of an RLC tree
with the right subtree nonexistent has M_ =0 and D, = 1. Thus, (12.14), (12.19), and

(12.15) become

N, (s)=Dy(s), (12.32)
M, =C\N,(s)+M,(s), (12.33)
D(s)= N, (s)+(sR +s*L) )M, (12.34)

respectively. Note that the DTT method has no polynomial multiplication at a node of
a tree driving only one branch. The DTT method is therefore particularly efficient for
single lines and in those cases where branches of a tree can be subdivided into several
series RLC sections to model the distributed nature of the interconnect impedance.

A binary tree (such as the tree illustrated in Figure 12.7) with a total of r
branches has r/2 leaves. These r/2 leaves are driven by r/4 branches, which are in tum

driven by r/8 branches and so on. Determining N(s), M(s), and D(s) at the r/2 leaves
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requires only two scalar multiplications independent of the desired approximation
order since for leaf i, N(s) = 1, M(s) = C,and D(s) = 1 + RCs + L,C,sz. Applying
these values at the next level with r/4 branches, the number of scalar multiplications
required to determine N(s), M(s), and D(s) is ten multiplications for a fourth order
approximation or higher. Thus, for a binary tree, the average number of scalar
multiplications required by the DTT method is much less than ¢° multiplications per
polynomial multiplication. For example, calculating a fourth order approximation at
all of the nodes of a binary tree requires a total number of scalar multiplications, SM.

given by

r r
SM, =2. +10-Z+25-Z=9.75r. (12.35)

r
2
Thus, the average number of scalar multiplications per branch of the tree is 9.75. The
number of scalar muitiplications calculated based on the gq° polynomial muitiplication
complexity is 62r which greatly overestimates the complexity. The overestimation is
even worse for higher values of q. For g = 60, the actual number of scalar
multiplications is 160r multiplications while the ¢° model would predict 110007
multiplications. As the branching factor of an RLC tree increases, the overestimation
by the ¢° model increases. This trend occurs because the leaves of the tree (which
require only two scalar multiplications) constitute a larger fraction of the total number
of branches with higher branching factors. For example, a tree with a branching factor
of ten has almost 9/10 of its branches as leaves. For a general tree with a random
branching factor at each node, the average number of scalar multiplications per node
is much less than the ¢° model.

The above analysis demonstrates that the complexity of calculating the

transfer functions at all of the nodes of an RLC tree is almost linear with the desired



292

order of approximation, q. This feature greatly decreases the expense of calculating
higher order approximations. Also, the method depends on simple polynomial
multiplications, which are numerically accurate for very high orders of approximation
[139]-[141].

An analysis of the stability of the approximations calculated using the DTT
method shows that a DTT approximation with an order less than five is guaranteed to

be stable. Assume that the exact common denominator of an RLC tree is given by

D(s)=1+bs+b,s’ +...+b,s". (12.36)

The common denominator of a g” order approximation is therefore given by

Dq(s)=l+b,s+bzs: +...+b,s7. (12.37)
For a second order approximation, the condition for stability is that b, and b, are
positive [135]. Since b, and b, are the coefficients of s and s’ in the exact common
denominator D(s), b, and b, are guaranteed to be positive. This behavior occurs
because a passive RLC tree is guaranteed to be stable [129]-[132] and stability
requires that all of the coefficients of s in the denominator are positive. Therefore, a
second order approximation is always stable. For a third order approximation, the

Routh-Hurwitz criterion for stability [135] requires that b,b, > b,. The coefficients b,,

b,, and b, are given by

<.
b =-y—, (12.38)
1=l pi
n n l
b, = , (12.39)
§k=/+l PP
n n n l
b, =— (12.40)

*
i=l j=istk=j+t Pi P j P



293

respectively, where p, p., ..., p, are the poles of the exact common denominator and
have negative real parts due to the stability of a passive RLC circuit. Thus, the

quantity b b, - b, is given by

=—;lek§l P.P,P; +;;§u§1 Pip; pk i=l j=1 kg;l P:D;P; (1241)

Note that the quantity b b, - b, is positive since p,, p,, ..., p, have negative real parts.
Thus, a third order approximation is also guaranteed to be stable. The same procedure
can be repeated for a fourth order system. It can be shown that stability is also
guaranteed for a fourth order system. These low order approximations are useful for
RC trees since the signals within an RC tree can typically be approximated with a few
dominant poles due to the monotone nature of the response. Approximations of order
five or higher are not guaranteed to be stable. However, since the DTT method is
numerically stable for any order of approximation and since the computational
complexity increases slowly with the approximation order, high order approximations
can always be determined using the DTT method to correctly detect all of the poles in

the frequency range of interest.

12.3 Experimental Results

The DTT method is applied in this section to calculate the transient response
of several RC and RLC trees. The resulting transient responses are compared to
SPICE simulations to evaluate the accuracy of the DTT method. The DTT method is
applied first to evaluate the transient response of the RC circuit shown in Figure 12.9.
The circuit is composed of a distributed RC transmission line driven by a lumped

resistance R, (which represents the output impedance of the driving gate) and a load



294

capacitance C, (which represents the input capacitance of the driven gate). The line
has a total resistance of R. and a total capacitance of C. The transient response based
on the DTT method with approximation orders of two, three, and four are compared
to SPICE in Figure 12.10. Note that a second order approximation has a negligible
error in the transient response as compared to SPICE and that the third and fourth

order approximations are practically exact.

R RC transmission

r l 5

* —AAN\— wwlrffR_c’) +
1%

4 C=e/— V.

Figure 12.9. An RC transmission line with a source resistance and a load capacitance.
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Figure 12.10. Transient response evaluated using the DTT method as compared to
SPICE simulations for the circuit shown in Figure 12.9 using different approximation
orders. SPICE simulations are represented by a solid line and the DTT simulations are

represented by a dashed line. The circuit shown in Figure 12.9 is simulated with R, =

50Q,C,=1pF,R, =25, and C, = 0.05 pF.

The second circuit simulated using the DTT method is the RC tree shown in
Figure 12.11. The transient response at several nodes of the tree are calculated based
on the DTT method and compared to SPICE in Figure 12.12. A fourth order DTT
approximation is used to calculate the transient responses shown in Figure 12.12.
Note that a fourth order approximation is accurate as compared to SPICE simulations.
In general, a fourth order approximation is sufficiently accurate for most RC trees.

The guaranteed stability of a fourth order approximation is therefore a valuable
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feature for RC circuits. Note that despite the fact that an RC circuit cannot produce
complex poles [129]-[132], a reduced order approximation based on the DTT method
can result in complex poles for an RC circuit. However, the resulting complex poles

for RC circuits always produce accurate stable monotone responses.

s *T

0.1 0.05 |
Tt

= = 2 11

Figure 12.11. A general RC tree. The resistance values shown are in ohms, and
capacitance values are in pF.
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Figure 12.12. Transient response evaluated using the DTT method as compared to

SPICE simulations at different nodes of the RC tree depicted in Figure 12.11. SPICE

simulations are represented by a solid line and the DTT simulations are represented

by a dashed line. A fourth order approximation is used.
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The circuit shown in Figure 12.13 represents an RLC transmission line with a
lumped source resistance and a load capacitance and is simulated using the DTT
method. The transient response is calculated based on the DTT method with
approximation orders of 4, 15, 25, and 35 and is compared to SPICE in Figure 12.14.
Note that an approximation order between 25 and 35 is required for an underdamped
response with second order oscillations to achieve a SPICE-like accuracy. Such high
order approximations cannot be achieved by AWE [77]-[79] due to its numerical
instability with high approximation orders. Other methods capable of calculating such
high order approximations [97]-[136] have a much higher computational complexity
as compared to the DTT method. The computational efficiency of the DTT method
and its numerical accuracy for very high orders of approximation makes it suitable for
accurately simulating RLC trees. Several simulations of the circuit shown in Figure
12.13 are shown in Figure 12.15 with different line parameters and source and load

impedances. The DTT method accurately characterizes the waveform details as

compared to SPICE.

Figure 12.13. An RLC transmission line with a source resistance and a load

capacitance.
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Figure 12.14. Transient response evaluated using the DTT method as compared to
SPICE simulations for the circuit shown in Figure 12.13 using different orders of
approximation. SPICE simulations are represented by a solid line and the DTT
simulations are represented by a dashed line. The circuit shown in Figure 12.13 is

simulated withR,=40Q,L =7nH, C,=1 pF,R =10, and C, =0.1 pF.



303

4 T T T |
V. (D) I
(volts) a "\,_. DTT
3 .,/ R SPICE ~
N o
’ \._////
1 -
o ] 1 1 ]
0 200 300 600 800 1000
Time (ps)
(a)
5 T 1 T T
V.0
(volts) L P DTT _
el SPICE
i ( v ,—‘\\ h
v S
‘\u/{'
1= -
o ; 1 1 I i
0 200 400 600 800 1000
Time (ps)
(b)

Figure 12.15. Transient response evaluated using the DTT method as compared to
SPICE simulations for the circuit shown in Figure 12.13 using different line
parameters. SPICE simulations are represented by a solid line and the DTT

simulations are represented by a dashed line. (a) R,=30Q.L =7nH,C =1 pF,R =
20 Q, C, = 0.5 pF, and approximation order = 20. (b) R =20 Q. L =8 nH, C =1 pF,

R,=10Q, C, =0.4 pF, and approximation order = 25.
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The transient response at several nodes of the RLC tree characterized in Table
1 are evaluated based on the DTT method and compared to SPICE in Figure 12.16. A
40" order approximation is used and is highly accurate as compared to SPICE. A 45"
order approximation is used to evaluate the transient response of a large copper
interconnect tree based on a 0.25 um CMOS IBM technology. The tree has 673
capacitors and 673 inductors. The transient responses based on the DTT method and
SPICE are compared in Figure 12.17. Note that the DTT method is capable of
accurately characterizing the transient response of large industrial RLC trees with

complicated non-monotone underdamped responses.



305

Table 12.1. A general RLC tree. The tree has several RLC sections, each section of

which comprises a row of the table and has an ID number. The ID numbers of the left

and right RLC sections driven by an RLC section are given in the fifth and sixth

columns. A zero in these columns implies that the left or right sections do not exist.

RLC section R (Q2) L (nH) C (pF) Left section | Right section
number number number
1 2 0.07 0.2 2 0
2 4 0.06 0.1 4 3
3 7 0.04 0.3 6 7
4 5 0.05 0.1 5 0
5 6 0.03 0.05 12 11
6 6 0.06 0.03 10 9
7 3 0.06 0.06 8 0
8 8 0.04 0.1 15 16
9 12 0.05 0.01 0 0
10 9 0.04 0.02 14 0
11 2 0.05 0.03 13 0
12 7 0.03 0.08 0 0
13 11 0.07 0.02 20 0
14 10 0.03 0.01 19 0
15 7 0.04 0.03 17 18
16 10 0.02 0.01 0 0
17 12 0.02 0.01 0 0
18 3 0.04 0.1 24 0
19 15 0.04 0.02 22 23
20 5 0.06 0.07 21 0
21 5 0.06 0.07 0 0
22 5 0.05 0.05 0 0
23 8 0.04 0.03 27 26
24 8 0.05 0.02 25 0
25 8 0.06 0.02 30 0
26 2 0.04 0.02 0 0
27 7 0.03 0.04 28 29
28 16 0.02 0.06 0 0
29 5 0.05 0.06 0 0
30 8 0.04 0.02 0 0
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Figure 12.16. Transient response evaluated using the DTT method as compared to
SPICE simulations at different nodes of the RLC tree characterized in Table 12.1.
SPICE simulations are represented by a solid line and the DTT simulations are

represented by a dashed line. A 40" approximation order is used.



308

3 T T T T
V,.()
(volts) W
b DTT
r SPICE 7
irr -
0 1 1 1 1
0 10 20 30 40 50
Time (ps)

Figure 12.17. Transient response evaluated using the DTT method as compared to
SPICE simulations at a particular leaf node of a large copper interconnect RLC tree
based on an IBM 0.25 um CMOS technology. SPICE simulations are represented by
a solid line and the DTT simulations are represented by a dashed line. A 45®

approximation order is used.

12.4 Conclusions

The DTT method has been introduced to evaluate the transient responses
within RLC trees with arbitrary accuracy for any input signal. The DTT method is
numerically accurate for any order of approximation, which permits approximations
to be determined with a large number of poles appropriate for approximating RLC

trees with underdamped responses. The DTT method is computationally efficient
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with a complexity linearly proportional to the number of branches in the tree. A
common set of poles is determined that characterizes the responses at all of the nodes
of an RLC tree, which further enhances the computational efficiency of the proposed
method. The stability is guaranteed by the DTT method for low order approximations

with less than five poles, which is useful for efficiently analyzing RC circuits.
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Chapter 13 On the Extraction of On-Chip
Inductance

The efficient and accurate extraction of inductance is one of the primary
bottlenecks that hinder incorporating on-chip inductance into integrated circuit design
tools. To extract on-chip inductance, the return path of the current flowing in an
interconnect line must be determined. Initial work has assumed the return path of the
current to be within the substrate [45]-[48]. However, further investigation has
provided evidence that the return path of the current is primarily within the power
distribution network and other neighboring interconnect lines [49]-[56]. This
characteristic of the return path severely complicates the process of accurately
extracting the on-chip inductance since the value of the inductance of a wire not only
depends on the wire characteristics but also on the characteristics of the other wires
surrounding the line. This problem is further aggravated by the fact that the current
return path can be distributed among many power and signal wires, some of which
may be hundreds of micrometers away from the wire for which the inductance is
being extracted [45], [49]-[56].

Some research on on-chip inductance extraction has been published which
places an emphasis on accuracy and uses expensive 3-D numerical algorithms [45]-
[53]. Fortunately, as shown in this chapter, on-chip inductance has two useful
properties which enable simple methods to be used to extract the inductance. The first

characteristic is that the sensitivity of a signal waveform to errors in the inductance
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values is low, particularly the propagation delay and the rise time. It is quantitatively
shown in this chapter that the error in the propagation delay and rise time is below
9.4% and 5.9%, respectively, assuming a 30% relative error in the extracted
inductance values. If an RC model is used for the same example, the corresponding
errors are 51% and 71%, respectively. The second characteristic is that the magnitude
of the on-chip inductance is a slow varying function of the width of a wire and the
geometry of the surrounding wires. These two characteristics can be exploited by
using simplified techniques that permit approximate and sufficiently accurate values
of the on-chip inductance to be generated with high computational efficiency. These
two charactenistics are described and analyzed in section 13.1. A summary is

provided in section 13.2.

13.1 Characteristics of On-Chip Inductance which Simplify the
Extraction Process

Two characteristics of on-chip inductance can be exploited to simplify the
extraction process of on-chip inductance. These two characteristics are discussed in

this section.

First characteristic: The sensitivity of a signal waveform to errors in the inductance

values is low, particularly the propagation delay and rise time.

This characteristic occurs since inductance only appears under a square root
function in a waveform or timing expression. The reason for this square root

dependence is completely physical since an LC constant has the dimensions of time
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squared, where L and C are any inductance and capacitance values in the circuit,
respectively. The square root dependence can be compared to the linear dependence
of the delay expressions on the resistance since any RC constant has the dimensions
of time, where R is any resistance of the circuit. For example, according to the
equivalent Elmore delay for RLC trees that was introduced in [113] (see Chapter 7),

the 50% delay of the signal at node i of an RLC tree is

7
Ly =1.047- [ C,L, ¢ +0.695-Y C,R, . (13.1)
k k

where ¢ is the damping factor at node i and is

| Zak,
S N7 (13.2)
k
The square root dependence of the propagation delay on the inductance values in an
RLC tree is evident in (13.1) and (13.2).

To quantify the error in the propagation delay due to errors in the extracted
inductance, consider an extraction tool that generates a value of the extracted
inductance with a maximum error E relative to the actual inductance value.
Alternatively, the extracted inductance based on this extraction tool is in the range
between L (1-E) and L (1+F) where L is the actual inductance value. The worst case
error in the propagation delay occurs when all of the inductance values are
overestimated by the maximum factor of (1+E) [or underestimated by the minimum

factor of (1-E)]. In that case, the propagation delay in (13.1) becomes

s
tya_ g =1.04T-VI+E - |[Y C,L, -e *SV"E +0695-Y C,R, (13.3)
k k
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where L, represent the actual inductance values and (13.1) represents the actual
propagation delay. Errors in the extracted inductance values result in a worst case

relative error of the propagation delay as given by

Cl

cl
1.047-l:e7’E -JI+E -e °'85m]

i "pd:-ffz , 1y (13.4)

_&
1.047 - %85 +1.39-¢,

The worst case error in the propagation delay only depends on the damping factor and
the worst case error in the extracted inductance values. Another interesting metric is
the error in the propagation delay due to neglecting inductance altogether and using

an RC interconnect model. The propagation delay in this case can be calculated by

letting L, — O in (13.1) and is

Lpi_rc =0.695-Y CR, , (13.5)
k

which is simply the Elmore (Wyatt) approximation of the propagation delay [126],
[127]. Thus, the relative error in the propagation delay when inductance is not

extracted and an RC model is used is

Etpd.-_Rc—l ol re| l 10478085 l (13.6)

| S
P | |1047 e°35+l39 ./;l

The relative error in the propagation delay due to using an RC model is only a

function of the damping factor.

The worst case error in the propagation delay due to errors in the extracted
inductance values as given by (13.4) is plotted in Figure 13.1 versus § for several

values of E. Equation (13.6) is also plotted in Figure 13.1. Note in Figure 13.1 that
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including the extracted inductance when evaluating the propagation delay
significantly improves the accuracy as compared to an RC model even with a 30%
error in the extracted inductance. The error in the propagation delay decreases with
increasing ¢ since a higher damping factor means the inductance has less effect and
most of the delay is due to the RC time constants in the circuit, which diminishes the
relevance of the error caused by inexact inductance values. Note also that the
improvement in accuracy by extracting approximate values of inductance as
compared to using an RC model increases as the importance of the inductance
increases (for small {, which is the range of primary interest). Numerical values of
the error in the propagation delay are listed in Table 13.1 with different accuracy
levels of the extracted inductance values and with no inductance extracted. At { = 0.4
and with a relative error in the inductance values of 30%, the relative error in the

propagation delay improves by a factor of five as compared to using an RC model.



1

Relative error in the
propagation delay

315

Error when using \

rough extracted FE =30%
inductance values

Error when neglecting

inductance and using
an RC model as given
by (13.6)

Figure 13.1. The relative error in (13.4) and (13.6) is plotted versus . Several values

of E in (13.4) are used as labeled in the figure.

Table 13.1 Relative error of the propagation delay when inductance is extracted and
when an RC model is used. The relative errors for the extracted inductance values are
10%, 20%, and 30%.

Relative error of the propagation delay
¢, Extraction error Extraction error Extraction error RC model
E =10% E =20% E =30% (no inductance)
0.0 4.9% 9.5% 14% 100%
0.2 4.5% 8.8% 13% 75%
04 3.9% 7.6% 11% 54%
0.6 3.2% 6.3% 9.3% 39%
0.8 2.6% 5.1% 7.5% 27%
1.0 2% 4% 6% 19%
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As an example, consider the RLC tree shown in Figure 13.2. AS/X [128]
simulations are performed for the RLC tree shown in Figure 13.2 with the inductance
values shown in the figure, with no inductance (an RC model), and with all of the
inductance values increased by 10%, 20%, and 30%. These simulations are depicted
in Figure 13.3. Note in the simulations that using an approximate inductance
estimation greatly improves the accuracy of the waveform as compared to using an
RC model. The 50% delay and the 10% to 90% rise time are depicted in Table 13.2
for the circuit simulations shown in Figure 13.3. With a 30% error in the inductance
values, the propagation delay differs by 9.4% from the actual value as compared to
51% if an RC model is used. The improvement in the rise time is even greater. The
rise time differs from the actual value by 5.9% with a 30% error in the inductance
values as compared to a 71% error when an RC model is used. Note that these are
worst case errors since the circuits are simulated after overestimating all of the
inductance values in the circuit by 30%. Practically, some of the inductance values
are overestimated while others are underestimated. The error in the different
directions partially cancels, thereby reducing the error in the total delay. The
maximum error in the waveform shape occurs around the overshoots (see Figure
13.3). However, estimating the overshoot requires less accuracy since the overshoot is
usually evaluated to decide if the overshoot is within an acceptable limit. This high
tolerance of the delay expressions to errors in the extracted inductance encourages the
use of simplified techniques with higher computational efficiency to extract the on-

chip inductance.
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Vo, )

3.5¢
3.00
2.50
200
150
1.00
0.50

c.co

0.50

0.00

318

|

10% error in extracted inductance

. ! Time (ns)

c.5¢

1.00 15¢

(a)

s

20% error in extracted inductance

T !
“\ No inductance (RC)

I !

0s¢

1.00 15¢

(b)

30% error in extracted inductance values

1

1 1

0.50

1.00 150

(©)

Figure 13.3. AS/X [128] simulations of the RLC tree shown in Figure 13.2 at output
node O, with the actual inductance values, with no inductance (an RC model), and
with all of the inductance values increased by a) 10%, b) 20%, and c) 30%.
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Table 13.2 The 50% delay and the 10%-10-90% rise time from AS/X [128]
simulations for the RLC tree shown in Figure 13.2 with the actual inductance values,
with all of the inductance values increased by 10%, 20%, and 30%, and with no

inductance (an RC model).

Relative error RC (no Relative Actual Relative Rough
in inductance inductance) error inductance error inductance
values «> values €«> values
t,(ps) 116 51% 233 3.4% 241
10% —
t.(ps) 260 71% 152 2.0% 155
t,(ps) 116 51% 233 6.9% 249
20% =
= t. (ps) 260 71% 152 3.9% 158
t,,(ps) 116 51% 233 9.4% 255
30%
t. (ps) 260 71% 152 5.9% 161

Second characteristic: The value of the on-chip inductance is a slow varying

function of the width of the wire and the geometry of the surrounding wires.

Most of the analytical formulae approximating the on-chip inductance has a
logarithmic dependence on the width of the interconnect [48]-[52], [55]. which is a
slow varying function. Also numerical three-dimensional extraction methods based
on solving Maxwell’s differential equations and experimental measurements have
demonstrated this slow varying dependence of the on-chip inductance on the wire
width and the surrounding wires geometries [49]-[53]. On-chip inductance values for
a high performance VLSI circuit are typically between 4 nH/cm and 6 nH/cm for the
range of wire widths used in [49]-[53].

This characteristic together with the low sensitivity of the delay expressions to

errors in the extracted inductance values permit extraction techniques as simple as
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using a constant inductance value per unit length of interconnect of 5 nH/cm. Using
this constant average value technique results in a maximum overestimation of 25%
and a maximum underestimation of 16.6% for the inductance values. According to
this sensitivity analysis, these errors in the inductance values result in errors of less
than 9% in the propagation delay and below 5% in the rise time for typical damping
factors commonly seen in VLSI circuits (i.e., { > 0.4) [49]-[53]. As an example, all of
the inductance values in the tree shown in Figure 13.2 are recalculated assuming a
value of 5 nH/cm. AS/X [128] simulations are performed for the resulting tree and for
the tree with actual inductance values. These simulations are shown in Figure 13.4.
The actual values of the propagation delay and rise time are 233 ps and 152 ps,
respectively. The estimated propagation delay improves from 116 ps when using an
RC model to 215 ps when using a constant inductance value of 5 nH/cm, which is
equivalent to an improvement in the relative error from 51% to 7.7%. The estimated
rise time improves from 260 ps to 146 ps, which is equivalent to an improvement in
the relative error from 71% to 3.9%. There is an insignificant overhead in including
inductance using this method. However, a significant amount of information
characterizing the signal waveform shape which is lost when using an RC model can
be retrieved by using this simple technique. If a more accurate inductance estimation
is required, other methods can be used such as simple curve fitting or look-up table
methods to quickly estimate the inductance based on the wire width and certain
characteristics of the power distribution network such as the metal pitch. Other
techniques can be considered which utilize simple analytical formulae to provide an
approximate estimate of the inductance based on the wire width and certain

characteristics of the power distribution network [55].
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Figure 13.4. AS/X [128] simulations of the RLC tree shown in Figure 13.2 at output
node O, with the actual inductance values, with no inductance (an RC model), and
with all of the inductance values recalculated based on a value of 5 nH/cm inductance

per unit length.

13.2 Summary

Two characteristics of on-chip inductances have been discussed in this chapter
that can be exploited to significantly simplify the extraction of on-chip inductance.
The first characteristic is that the sensitivity of a signal waveform to errors in the
inductance values is low, particularly the propagation delay and the rise time. It is
quantitatively shown in this chapter that the error in the propagation delay and rise
time is below 9.4% and 5.9%, respectively, assuming a 30% relative error in the

extracted inductance values. If an RC model is used for the same example, the
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corresponding errors are 51% and 71%, respectively. The second characteristic is that
the value of the on-chip inductance is a slow varying function of the width of the wire
and the geometry of the surrounding wires. These two characteristics can be exploited
by using simplified techniques to generate approximate inductance values with high
computational efficiency. A trivial method such as using a constant value of average
inductance per unit length has also been shown to significantly improve the accuracy
of the propagation delay and the rise time as compared to simply using an RC model.
Thus, it is recommended to tradeoff accuracy for computational efficiency when

extracting on-chip inductance.
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Chapter 14 Conclusions

Over the last two decades, the relative importance of interconnect to
integrated circuits has increased dramatically with the interconnect contributing a
significant portion of the overall delay. With this increasing importance of the
interconnect, more accurate interconnect models are required to design correctly
functioning high speed integrated circuits. To date, the VLSI industry has
predominantly modeled the interconnect as one of three models: a short-circuit for
short, low resistance, low capacitance wires with high output impedance drivers, a
lumped capacitance for those wires with low total resistance relative to the driver
output resistance but non-negligible capacitance, and an RC distributed impedance for
longer, highly resistive wires.

It has been shown in this dissertation that inductance already has tangible
effects in current high speed integrated circuits. For example, neglecting inductance
and using an RC interconnect model in an IBM 0.25 uym CMOS production
technology can cause large errors (over 35%) in the propagation delay for on-chip
interconnect. Using an RC model always underestimates the propagation delay,
consuming safety margins and decreasing the reliability of these integrated circuits
which are designed based on an RC interconnect model. It has also been shown that
including inductance in the repeater insertion design process as compared to using an
RC model improves the overall repeater solution in terms of area, power, and delay.

The average savings in area, power, and delay for the set of trees described in Chapter
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9 are 40.8%, 15.6%, and 6.7%, respectively, when inserting repeaters based on an
RLC delay model as compared to an RC delay model (based on a 0.25 um CMOS
technology with copper interconnect). The average savings in area, power, and delay
increases to 62.2%, 57.2%, and 9.4%, respectively, when using repeaters from a
CMOS technology that is five times faster with the same set of interconnect trees.

The increasing importance of inductance can dramatically change the
methodologies used today to analyze and design high speed integrated circuits. It is
shown in this dissertation that the traditional quadratic dependence of the propagation
delay on the length of the interconnect for RC lines tends to a linear dependence as
inductance effects increase. This behavior has profound effects on the repeater
insertion process since repeaters are inserted within on-chip interconnect to reduce
this square dependence of the propagation delay on the interconnect length.
Computationally efficient delay models are required to estimate the delay and
waveform characteristics within RLC lines, which can be used within optimization
tools and related design methodologies. Also, accurate simulators capable of
capturing the details of complicated non-monotone responses present in RLC
interconnect are required to simulate the critical paths of an integrated circuit. Note
that these complicated non-monotone responses do not exist with other interconnect
models such as lumped capacitors or RC impedances. Moreover, different transistor
and interconnect sizing techniques are required when inductance effects become
significant. For example, buffers driving a highly inductive interconnect need to be
sized correctly to match the characteristic impedances of the interconnect.

Inductance is shown to have useful effects on the performance of high speed

integrated circuits. Specifically, inductance improves the signal slew rate,
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dramatically reduces the short-circuit power consumption, reduces the area of the

active repeaters inserted to optimize the performance of these long inductive

interconnect lines. For example, the power consumption of a specific industrial clock

distribution network (see Chapter 11) decreases from 3670 pJ/cycle to 1582 pl/cycle

and the slew rate decreases from 1.2 ns to 200 ps on the internal nodes of the clock

distribution network when wider, more inductive wires are used. These beneficial

effects encourage design strategies that can exploit on-chip inductance.

Several tools have been presented in this dissertation that can be used for the

design and analysis of integrated circuits which consider inductance:

L.

9

A general method to characterize the response of a linear non-monotone
system that is equivalent to the Elmore delay. The generated delay
expressions for an RLC tree have the same accuracy characteristics as the
Elmore (Wyatt) approximation for RC trees. Simple analytical expressions
of signals in an RLC tree are provided for the 50% delay, the rise time,
overshoots, and settling time. These expressions consider both monotone
and non-monotone signal responses. The delay expressions are continuous
and hence are useful for optimization and synthesis in VLSI-based design
methodologies. The second order approximation introduced here is always
stable and can be used with arbitrary inputs.

Simple to use figures of merit have been developed that determine the
relative importance of including inductance in the model of on-chip
interconnect for a given integrated circuit (or a portion of an integrated
circuit). These figures of merit are useful since including inductance

requires the extraction of inductance and slows down design and analysis
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tools due to the more complicated interconnect model. Hence inductance
should only be included where intolerable errors are incurred if inductance
is neglected.

An algorithm has been introduced to insert and size repeaters within an
RLC tree to minimize a variety of possible cost functions. The algorithm
has a polynomial complexity proportional to the square of the number of
possible repeater positions and determines a repeater solution that is close
to the global minimum. This algorithm is based on the equivalent Eimore
delay model described in Chapter 7.

The DTT method has been introduced to evaluate the transient responses
within RLC trees with arbitrary accuracy for any input signal. The DTT
method is numerically accurate for any order of approximation, permitting
solutions to be determined with a large number of poles appropriate for
approximating RLC trees with underdamped responses. The DTT method
is computationally efficient with a complexity linearly proportional to the
number of branches in the tree. A common set of poles is determined that
characterizes the responses at all of the nodes of an RLC tree, further
enhancing the computational efficiency of this simulation algorithm. The
stability is guaranteed by the DTT method for low order approximations
with less than five poles, which is quite useful when analyzing RC circuits.
Closed form solutions to estimate the power consumption of CMOS gates
driving inductive interconnect. Additional closed form solutions are also
provided for evaluating the transient response of CMOS gates driving

lossy transmission lines.
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Strategies for fast, less accurate extraction methods for on-chip inductance
since the sensitivity of a signal waveform to errors in the inductance
values is low, particularly the propagation delay and the rise time. Hence,
reasonable error in the extracted inductance has only a slight effect on the
delay expressions and waveform shapes. Furthermore, the value of the on-
chip inductance is a slow varying function of the width and geometry of
the surrounding wires. This characteristic limits the overall error in the

extracted inductance.

Certain VLSI trends will further the importance of inductance such as:

1.

[ R8]

Lower resistivity metal alloys for interconnect, copper interconnect being
a primary example.

Lower permitivity dielectrics to insulate the interconnect, thereby reducing
the interconnect capacitance. Reducing the interconnect capacitance
increases the effects of inductance.

Higher operating frequencies with faster signal transition times.

Faster devices with technology scaling and the increasing use of SOI
devices with significantly higher speed and lower line-to-ground
capacitance. Using faster devices increases the error caused by neglecting
inductance in the repeater insertion process.

Tighter timing constraints in VLSI circuits to meet higher frequency

targets which require more accurate delay models.

Therefore, it is imperative that inductance be included in the interconnect impedance

model when analyzing and designing current and next generation high speed circuits.
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Chapter 15 Future work

The significance of inductance in current VLSI technologies has been
investigated in this dissertation. It has been shown that neglecting inductance can
cause significant error in estimating the propagation delay of signals within VLSI
circuits, resulting in inefficient and inaccurate design methodologies. Enhanced
design methodologies have been presented that consider inductance in the repeater
insertion process, for estimating the delays in RLC transmission lines and trees, and
for estimating the power of LC systems. Trends in the integrated circuit industry such
as higher operating frequencies, lower resistivity alloys for interconnect, faster
devices, and the increasing use of wider wires at higher interconnect levels for global
routing increase the importance of the on-chip inductance, requiring inductance to be
included within the interconnect model. A more thorough understanding of the nature
of on-chip inductance effects is therefore necessary. Also, design tools and
methodologies need to be developed to cope with current and future industrial

requirements. Future research in these directions includes:

1. Extending the DTT method to simulate any linear circuit.
The DTT method has been discussed in Chapter 12. This algorithm
simulates the signals within RLC trees with SPICE-like accuracy while
remaining computationally efficient. However, RLC trees represent only a

limited category of an RLC circuit. RLC circuits with multiple inputs,
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inductive and capacitive coupling, and loops (or meshes) are examples of
other circuit structures that exist in an integrated circuit. Also, arbitrary
initial conditions can be useful in simulating certain VLSI structures or
when using piecewise linear transistor models. This possible research task
investigates the extension of the DTT method to efficiently simulate these

circuit structures.

2. Innovative techniques to simulate circuits with both linear and non-linear
elements.
The DTT method is a frequency domain simulation method that depends
upon evaluating the dominant poles and zeros of a transfer function. In
general, frequency domain simulation techniques are not well suited to
simulate circuits with nonlinear elements. Some event driven techniques
exist that divide the characteristics of a nonlinear device into several
piecewise linear regions, linearizing the device several times during a
simulation run. However, the circuit has to be linearized and simulated
several times depending upon the number of nonlinear devices and the
number of piecewise linear regions. The number of times the circuit is
linearized and simulated can be large for circuits with many nonlinear
elements. This behavior significantly deteriorates the efficiency of
frequency domain simulation techniques as compared to time marching
techniques. This possible research task investigates innovative ways to

efficiently simulate circuits with nonlinear elements in the frequency

domain.
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3. Investigating the dynamic and short-circuit power dissipated by CMOS gates
driving RLC loads.

The dynamic and short-circuit power of a CMOS gate driving a lossless LC

transmission line as a limiting case of an RLC line has been investigated in

Chapter 10. The goal of this research task is to develop simple analytical

formulae for the dynamic and short-circuit power of a CMOS gate driving a

lossy RLC transmission line, which would prove useful in evaluating power

dissipation in high speed circuits.

4. Investigating the nature of inductive noise in VLSI circuits
Inductive noise is significantly different from capacitive coupling noise
since the inductive coupling physically reaches much further than capacitive
coupling. Typically. an interconnect line capacitively couples to the adjacent
lines in the same layer and neighboring layers. However, the same line can
inductively couple to other lines within a distance of hundreds of
micrometers. This feature of inductive coupling makes the nature of
inductive noise significantly more complicated than capacitive noise.
Furthermore, the frequency behavior of an inductive impedance is
completely different from the frequency behavior of a capacitive impedance.
This possible research task will focus on characterizing the inductive noise
in high speed integrated circuits as well as provide a more thorough

understanding of the nature of inductive noise.
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5. Noise resistant circuit design techiniques and circuit families.
The type of logic family in an integrated circuit can have a profound effect
on the magnitude of the inductive noise exhibited by the circuit. For
example, some dynamic logic families precharge all of the gates
simultaneously at the beginning of a precharge cycle and discharge some
nodes at the beginning of an evaluation cycle. Such logic families result in
currents flowing in the same direction in all of the gates at specific times.
These unidirectional currents accumulate, resulting in large current changes
in the power and ground lines, thereby increasing the Ldi/dt noise. Also,
such high currents in one direction can create large inductive coupling in
other lines, hence increasing inductive noise in these signal lines. This
research task will focus on characterizing the effect of different logic

families on noise as well as developing new low-noise circuit families.

6. Tools for efficiently evaluating noise in integrated circuits.
Evaluating noise in integrated circuits is of crucial importance to guarantee
that the noise is within acceptable bounds, thereby insuring the reliable
operation of a circuit. Noise evaluation involves many factors. Noise is a
probabilistic phenomenon that depends upon the direction of the signal
transients. With inductive noise, the large number of lines that can couple
into a victim line requires a statistical study of the behavior of the integrated
circuits. After determining the directions of the wires switching for worst
case and average noise, simulation methods are needed to evaluate the noise

on a victim line. Elmore type techniques for fast, reasonably accurate noise
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estimations can be a possible solution to the problem. Other more accurate
simulation methods can possibly be investigated for simulating circuits with

inductive and capacitive coupling.

7. Investigating the effects of process parameter variations and sensitivity analysis of
VLSI circuits to inductance.
The manufacturing process of integrated circuits cannot precisely realize the
circuit parameters characterizing a technology. There are always errors
between the nominal design parameters (such as line widths and lengths,
channel widths and lengths, and threshold voltages) and the actual
manufactured parameters. Designs that exhibit lower sensitivity to process
parameter variations are more reliable and produce higher yield. The goal of
this research task is to provide methods for evaluating the sensitivity of
integrated circuits to process parameter variations as well as to develop
design methodologies for VLSI circuits that are less sensitive to process

parameter variations.

8. Investigating repeater insertion considering inductive noise
Traditionally, the three design parameters to be optimized in a VLSI design
methodology are area, power, and delay. Currently a fourth design
parameter, noise, is becoming more important. Increasing noise in VLSI
circuits due to the decreasing supply voltage, physically closer circuitry, and

higher operating frequencies necessitates the development of design
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methodologies that are noise conscious. This design for noise (DFN)

prespective is the central goal of this research task.

9. Investigating the effects of on-chip inductance on the power distribution network
in terms of the reliability and performance of CMOS circuits
The power distribution network is composed of wide highly inductive wires
which usually carry high levels of current which switch at very high
frequencies. Such high speed changes in the large currents carried by these
inductive wires causes large L di/dt voltage drops within the power
distribution network. Thus, the power supply voltage supplied to the CMOS
circuitry is not constant and can exhibit large fluctuations when the circuit
switches. Such fluctuations can result in reliability problems, affecting the
performance of high speed VLSI circuits. Therefore, the goal of this research
task is to characterize the changes of voltage within the power distribution
network and to design CMOS circuitry that tolerate these fluctuations in the

supply voltage.

10. Investigating simplified ways to avoid computationally expensive methods to for
extracting on-chip interconnect inductance

Exact inductance extraction is significantly more computationally expensive

than resistance or capacitance extraction due to the non-localized nature of

inductance. The resistance of a line depends primarily on the geometric

characteristics of the line while the line capacitance depends on the

geometries of the line and the adjacent neighboring lines. However, the
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inductance of a line depends strongly on the current return path which can
partially exist in the substrate and partially in the power and ground lines.
The power and ground lines that constitute the current return path for a
specific line can be hundreds of micrometers away. Therefore, inductance
extraction requires two- or preferably three-dimensional information
characterizing a large physical window around the line, making inductance
extraction computationally expensive. This research task focuses on
deriving effective heuristics to roughly determine the inductance of an
interconnect by exploiting the behavior that inductance is a slowly varying

function of the interconnect width (see Chapter 13).
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Appendix A - Industrial Val ues for {and T.»

For a current 0.25 pum CMOS technology, experimentally measured
interconnect parameters (R, L, and C) are provided in [51] for different line widths
and are listed here. These line parameters are used in this dissertation to evaluate {
and T,, for different line geometries as shown in Table A.2. The data listed in Table
A.2 also include the effect of the driver output impedance and the load capacitance on
¢ and T, h represents the size of the driver and the load gates (assumed to be of
equal size) and is with respect to a minimum size buffer. Thus, R, = R/h and C, =
hC, Note that T, is independent of the length of the wire. Note also that the values of
¢ are significantly less than one for common width wires, implying that significant
error in the propagation delay will be incurred. The values indicated for T,
demonstrate that large error can be encountered in the circuit design process if an RC

model rather than an RLC model is used.

Table A.l. Interconnect parameters for different line widths [S1].

Width R (Q/cm) | L (nH/cm) | C (pF/cm)
(um)
0.9 494 4.75 1.73
1.8 248 3.70 1.85
2.4 76 5.30 2.60
7.5 35 3.47 5.16
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Table A.2. {and T, for different line widths and lengths in a current 0.25 um CMOS
technology. R,=2000 Q and C, = 4 fF.

Line width | Buffer ¢
(um) width
h Line length (mm) T,
2 3 6 8 10
40 1327 | 1770 | 2.235 | 2.702 | 3.171
80 1299 | 1790 | 2272 | 2.750 | 3.226
0.9 120 | 1397 | 1930 | 2443 | 2930 | 3.422 | 109
240 | 1.743 | 2426 | 3.015 | 3.562 | 4.087
40 L.10L | 1337 | 1600 | 1.870 | 2.143
80 | 0936 | 1200 | 1473 | 1.749 | 2.026
1.8 120 | 0940 | 1233 | 1519 | 1.803 | 2.085 | 1-366
240 | 1.082 | 1456 | 179 | 2.104 | 2407
40 | 0.752 | 0800 | 0871 | 0949 | 1.029
» 80 | 0498 | 0554 [ 0628 | 0707 | 0788 ]
2. 120 | 0429 | 0491 | 0568 | 0.648 | 0.732 | 2952
240 | 0390 | 0473 | 0560 | 0.647 | 0.733
20 L.118 | LI51 | 1.206 | 1.268 | 1.332
80 | 0647 | 0683 | 0.739 | 0.801 | 0.865
7.5 120 | 0497 0535 | 0592 | 0.654 | 0.719 | 3:525
240 | 0362 | 0410 | 0470 | 0535 | 0.600
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Appendix B - Optimum Rep eater Insertion in
RLC Lines

As shown in section 6.1, the propagation delay of a gate driving a single
section of interconnect with parameters of R, C, and L, has the form given by (6.16).
If repeaters are inserted to divide the line into & sections and each repeater is /i times
greater than a minimum size inverter, the total propagation delay of the system is the
summation of the propagation delays of each of the sections. Since the delay of each
section is equal, the total delay can be expressed as ¢, = k1, where t,_ is the
propagation delay of a single section. Each section has interconnect parameters equal
toR,/k C,/k and L,/ k. Since each repeater is h times larger than a minimum size
buffer, each repeater has an output resistance R, = R,/ h and a load capacitance C, =

C,i. Thus, the total propagation delay of the repeater system is

_ t;:d(gscc’RTsec’CTscc) (B.1)
tpdtoral =k- ’
wnSCC
where R, _and C,__are
R, =kE& (B.2)
* hR
C; =kh_c_°_ (B.3)
scC C’
{..and w,_are
R, Q_er+crm+erCTm+O.5 (B.4)

T N o B
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0 = k ®B.5)

e VLICrV1+CTscc .

The solution for the general case of an RLC interconnect is in the form of

R,
R

4

k= |BC g1 (B.7)
2R,C,

where i’ and &’ are error factors due to the existence of inductance and approach one

0

h= i, (B.6)

H

as the inductance approaches zero. Substituting these values for & and & into (B.2),

(B.3), (B.4), and (B.5), the variables R, _, C

Tsec?

$..and w _are

kl
R.  =—, (B.8)
T sec h[ﬁ
h'k’
Croe = (B.9)
2
= 1 R +Cro + R Cr. +0.5 ’ (B.10)
V2KT, Vi+Cre)
and
= LTI+, B.11)
where T, is given by
T = L /R, (B.12)
L/IR ROCO .
Substituting (B.8)-(B.11) in (B.1), the total propagation delay has the form,
thm!al = VLrCl ) f(h,’k,’ TL/R)' (B‘l3)

Determining the values of &’ and &’ that minimize the total propagation delay requires

the simultaneous solution of the following two differential equations,

FH K Tue) g (B.14)
oh’ ’
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FR K Te) o (B.15)
ok’

Thus, the optimum number of sections k,, and the optimum repeater size I, to

minimize the propagation delay of an RLC interconnect are only functions of T, and

are
R,C, , B.16
hop = R:)CO o h'(T, ) ( )
RC ’ (B.17)
k = 4 ' .k T . .
opt ZROCO ( L/R)

Note that this solution is characteristic of an RLC line and that no approximations

have been made in deriving this result.
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Appendix C - Complexity o f the Equivalent
Elmore Delay

Referring to (7.2), (7.18), and (7.19), the second order approximate transfer

function at node i of an RLC tree is

1
}:CkL,.k}s2 +|:2CkR,k:ls+l
k k

Thus, evaluating this transfer function for all of the nodes of an RLC tree requires the

gi(s)z[ (C.1)

calculation of the following two summations,

Tie = 2 C.R,, (C.2)
k

T =Y, CL, . (C.3)
k

for all of the nodes of the RLC tree. These two summations can be rewritten as

Tpe, = z CnR,, (C.4)
k

TLZCi = zcrk L, (C.5)

k

where the summation index & operates over all of the RLC sections that belong to the
path from the input to node i. R, and L, are the resistance and inductance of section k.
C, is the total load capacitance seen by R, and L,. For example, as shown in Figure
7.3, Tee = R(CAC+...4C)) + R(C+C+C,) + R,C,. This form of expressing the

summations is convenient since it has recursive properties [37], [93].
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The summations in (C.4) and (C.5) of a tree rooted at section w, are calculated
in two steps. The first step is calculating the total load capacitance seen at each

section. Pseudo-code that performs this task is described in Figure C.1.

float Cal_Cap_Loads (section w)

{
if(right(w)=0 and left(w)=0) /* if w is a leaf */
return w.C;

if(right(w)=0)
C,=Cal_Cap_Loads(right(w));
else
C=0; /* No right branch is driven by w */

if(left(w)=0)

C=Cal_Cap_Loads(left(w));
else

C.=0; /* No left branch is driven by w */
w.C=C,+C.;

returmm w.C_;

Figure C.1. Pseudo-code for calculating the total load capacitance at each section

The function is initially called by Cal_Cap_Loads(w,) and recursively calculates the
capacitive load at each section. w.C is the capacitance of the section w. The functions,
left(w) and right(w), return the left and right sections driven by w, respectively. If no
left (right) section is driven by w, left(w)=0 (right(w)=0). If w is a leaf, left(w)=0 and
right(w)=0. The time required to calculate the total capacitive loads is proportional to
the number of RLC sections in the tree, m, and requires no multiplication operations.

Note that a binary branching factor is assumed without loss of generality since any
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general tree can be transformed into a binary tree by inserting wires with zero
impedances [37], [38].

The second step is to calculate and store the summations, (C.4) and (C.5), at
the nodes of the tree. The function performing this task is described in Figure C.2.
The function is initially called by Cal_Summations(w,,0,0). w.R and w.L are the
resistance and inductance of section w, respectively. The computational time required
to calculate the summations is proportional to the number of RLC sections in the tree,
m. The total number of multiplications required to evaluate the second order
approximation at all of the nodes of an RLC tree is 2m. Alternatively, the number of
multiplications is equal to the order of the characteristic equation describing the RLC
tree since the order of an RLC tree with m RLC sections is 2m (each RLC section has

an inductor and a capacitor).

Cal_Summations(section w, float T, v float TLCW)
{

Ti= T tW.R*wW.C ;

T =T ¥W.L*W.C ;

if(right(w)20)
Cal_ Summations (right(w),T... T, .);

if(left(w)=0)
Cal_ Summations (left(w),T,..T,.);

Figure C.2. Pseudo-code for calculating the delays at the sinks of an RLC tree.
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Appendix D - Matching Con ditions of a CMOS
Gate Driving a Lossless Transmission Line

To calculate the transistor widths that matches the output impedances of the
transistors to the characteristic impedance of a lossless transmission line, an
understanding of the nature of the signal propagation across a lossless transmission
line is necessary. When the transistor is first turned on, the transmission line appears
as a resistor with a value equal to the characteristic impedance of the line Z, This
situation is shown in Figure D.1. The initial voltage wave that is launched into the
transmission line (V) can be determined by equating the current from the transistor
with the current through Z,. The gate-to-source voltage of the PMOS transistor is -V,
and the drain-to-source voitage is V. -V,,. Thus, the current sourced by the transistor

is a functionof V,,and V. V__ can be calculated from

mial® in

Vinitial
Ids[VDD’Vinitiallz_mZ'i. ®@.1)
0

where I, [V, V, ../ is the transistor output current and is a functionof Vjand V__ .
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Figure D.1. A PMOS transistor driving a lossless transmission line. This circuit is the
equivalent circuit of a CMOS inverter driving a lossless transmission line for the

period of time 0 < t < 2T,

The signal at the input of the transmission line does not reach the value V,__,
directly since the output capacitor in parallel with Z, requires some time to charge to
V...~ This time is dependent on the intrinsic delay of the technology and is typically
smatler than twice the time of flight of the signals propagating across the transmission
line, thereby permitting the output capacitance to be neglected. The signal propagates
along the transmission line and takes a time T, to reach the load impedance. At the
load, the signal reaches a steady state value of twice V,_ _, due to the reflection at the
load capacitance [36]. This voltage doubling occurs since the capacitor appears as an
open circuit at steady state. Assuming that the incident wave V,_, is a step input, the

voltage across the load capacitor is [36]

(7]

Vc = 2‘/inilial 1-¢ - (D2)

Thus, the time required to reach a steady state value of 2V, depends on the time

constant Z,C,. If this time constant is much less than 2T, the effect of the load
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capacitance is negligible. Typically, this time constant is in the order of a few
picoseconds and is sufficiently small to neglect the effects of the load capacitance
(see Chapter 6).

The condition for matching is launching an initial voltage V= V, /2. This
voltage wave propagates across the line and is totally reflected at the load after a
period of time T,. The reflected wave of magnitude V, /2 propagates from the load
back towards the transistor. As this wave propagates back towards the source, the
signal adds to the initial voltage wave, charging the line to V,,. When this reflected
wave reaches the transistor at time 27, the drain voltage of the PMOS transistor
reaches V, and V,,, reaches zero volts. Thus, the transistor no longer conducts any
current and the system becomes stable. Waveforms describing this condition is

illustrated in Figure D.2 for a CMOS inverter driving a lossless transmission line with

V=3 volts.
5.00 . { NEAR OUTFUT
K Pttt ¥ " < - —
f i vy FAROUTPOY
450 ] i =
s00 |- : —
350 : ; =
300 | : -
250 | R S -
: ' ¥
2.00 — : -
150 : —
.00 ; —
cso i —
0.00 S s
' £l L : time (10 ps)
40.00 45.00 50.00 $5.00

Figure D.2. AS/X simulations of a matched inverter driving an ideal transmission

line.
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To determine the widths of the transistors required to satisfy the matching
condition, (D.1) is solved with V, , =V, /2. Using the alpha power law model to

characterize the MOS transistors in the saturation region, (D.1) evaluates to

W,
Pep L_: (VDD - IVTpl)ap = %OD‘ - (D.3)

The geometric widths of the transistors of a CMOS inverter that satisfy the matched

condition are

Vv
W, o=—22_ (D.4)
P 2z,8 ,
V
W =—>L2_ (D.5)
"2Z,S,
where S, and S, are technology dependent parameters given by
$p =12 Goo -} ®9
P -
Sn = Lcn (Voo = Vra )™ D.7)

The assumption that the transistors operate in the saturation region is correct for deep
submicrometer technologies because of the early saturation phenomenon [108]. The
AS/X simulations in Figure D.2 demonstrate the accuracy of these equations and
exhibit near perfect matching between the MOS transistors and the lossless (or low
loss) transmission lines.

A useful parameter that characterizes the input/output relationship of a CMOS
gate driving a lossless transmission line can be defined base on (D.4) for P-channel
and N-channel transistors, respectively, as

_25,W,Z, D.8)

*
? VDD

A
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_28,W . Z,

n
VDD

A (D.9)

A, characterizes the response to a low-to-high output transition and A, characterizes
the response to a high-to-low output transition. For a symmetric gate, A, = 4, and the
CMOS inverter is simply characterized by one parameter A. It can be seen that A = |
is the matched condition defined by (D.4). If A is greater than one, wider transistors
are used compared to the matched widths and the output response is overdriven,
producing overshoots and undershoots. If A is less than one, smaller transistor widths

are used compared to the matched widths and the output response is underdriven or a

sluggish response occurs. AS/X simulations are shown in Figure D.3 for several
values of A, depicting the underdriven, matched, and overdriven cases. The widths of
the transistors are varied and A is calculated according to (10.17). Note that A

accurately characterizes the output response as described above.
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(a) Underdriven case: Transistor sizes are smaller than needed for matching
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Figure D.3 AS/X simulations of a CMOS inverter driving an ideal transmission line

for several values of 4, depicting the underdriven, matched, and overdriven cases.
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Appendix E - The DTT Algo rithm

A general RLC tree is composed of several connected RLC sections. Each

RLC section has a series resistance, inductance, and capacitance with the capacitance

grounded as shown in Figure 12.2. The objective is to calculate the transfer functions

across all of the capacitors in the RLC tree. A function to calculate the common

denominator of an RLC tree rooted at the RLC section w, is Cal_Denominator which

uses the DTT algorithm as explained in section 12.1. Pseudo-code that performs this

task is described in Figure E. 1.

Cal_Denominator (section* w)

{

if(right(w)=0) /* there is no right section driven by w */
{D=1; M=0;}

else /* there is a right section driven by w */
{ Cal_Denominator(right(w)); D =right(w)->D: M =right(w)->M;}

if(left(w)=0) /* there is no left section driven by w */
{D=1; M=0;}

else /* there is a left section driven by w */
{Cal_Denominator(left(w)); D=left(w)->D; M=left(w)->M;}

w->N =DeD,;
w->M = w->C*w->N + MeD, + M eD,;
w->D = w->N + (W->M)e[(W->R)*s+(w->L)*s°];

Figure E.1. Pseudo-code for calculating the common denominator of an RLC tree
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The function is initially called by Cal_Denominator(wv) and recursively
calculates the common denominator. The structure “section” has the elements R, L,
and C, which represent the resistance, inductance, and capacitance of an RLC section,
respectively. The structure also has the arrays N, M, and D, which represent the
polynomials of the numerator, M in (12.19), and the denominator of the transfer
function across the capacitor of the RLC section, respectively. The operator *‘e”
represents a polynomial multiplication. An efficient limited order polynomial
multiplication function should be used as discussed in subsection 12.1.3. The
functions, left(w) and right(w), return pointers to the left and right sections driven by
w, respectively. If no left (right) section is driven by w, left(w)=0 (right(w)=0). The
function uses (12.14), (12.19), and (12.15). The recursion termination conditions are
described by the DTT method in subsection 12.1.2.

The second step is to correct the numerators of the transfer functions at the
nodes of the RLC tree. The function performing this task is described in Figure E.2.
The function is initially called by Correct_Numerators(w,,1) and recursively corrects
the numerators at all of the nodes of the RLC tree as described in subsection 12.1.2.

Note that the Correct_Numerators function has to be called after the

Cal_Denominator function has been called.



Correct_Numerators(section *w, Poly F)

{
if(right(w)=0) /* w drives a right section */
{F,=F, eD,; Correct_Numerator(right(w), F);}

if(left(w)=0) /* w drives a left section */
{F,= F oD ; Correct_Numerator(left(w), F));}

w->N = w->NeF ;

Figure E.2. Pseudo-code for correcting the numerators of the transfer functions at all
of the nodes of an RLC tree.




363

Appendix F - Comparison between DTT and

AWE

Two methods have been discussed for accurately simulating the transient

response of RLC circuits. The first method is AWE and is presented in section 3.2.

The second method is DTT, which is discussed in Chapter 12. These two methods are

compared in this appendix in terms of accuracy, stability, numerical stability, and

computational speed. The primary similarities and differences between the two

methods are listed in Table F.1.

Table F.1 Comparison between DTT and AWE

Comparison Criteria DTT AWE
1- Accuracy SPICE like accuracy for any Cannot accurately simulate highly
waveform complicated signals due to lack of
sufficient poles
2- Stability Stable for approximations with less Can be unstable for any

than five poles

approximation order

3- Numerical Stability

Numerically stable with any
approximation order

Unstable with high approximation
orders due to ill conditioned matrices

4- Maximum number of poles

Uniimited

Limited to eight or ten poles due 10
numerical errors and lack of extra
information in higher order moments

5- Calculation of residues

Direct substitution

Requires the solution of an ill
conditioned system of linear
equations at each node

6- Common set of poles Yes Poles have to be recalculated at each
node for better accuracy.
Some forced methods exist such as
moment shifting, but accuracy
decreases
7- Complexity with number of Linear Linear
elements in a tree
8- Complexity with approximation Almost linear (q) Cubic (")
order
Faster Slower

9- Speed
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Accuracy

A DTT approximation of order 2q has the same or better accuracy as
compared to a q order AWE approximation. To explain this trait, note that 2g
moments are needed to calculate an AWE approximation of order q. These 2g
moments are matched to the moments of the reduced order system as described in
section 3.2.1. A 2q order DTT approximation as given by (F.1) matches the first 2g
moments of the original system since higher powers of s than 24 in the numerator and
denominator cannot produce powers of s less than or equal to 2g in the series
expansion.

l+as+a,s®+..+as""

l+bs+b,s>+...+b,s =1+(a, —b)s+:--. E.D)
1 2 vee 2

T.,(s)=

By matching the first 29 moments, AWE uses information about the first 2gq
coefficients of s in the numerator and denominator embedded in the moments. Hence,
it is appropriate to compare a g" order AWE to a 2¢” order DTT in terms of accuracy.
It is shown later in this appendix that DTT is significantly faster than AWE despite
using double the approximation order. In addition, DTT has other important
advantages over AWE as discussed later. To compare the accuracy of DTT and
AWE, a figure of merit is introduced that sums the differences between equidistant

samples of the exact signal and the approximate signal (determined by DTT or AWE)

which is given by

o = Y |Sactual, - Sapprox |, (F.2)

where Sactual, represents the i sample of the exact signal, Sapprox, represents the i*

sample of the approximate signal, and the summation index  takes integer values in

the range where the error is being evaluated. This range is selected to span the time
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from the beginning of the transient response to the time when the signal reaches a
steady state. The distance between adjacent samples is unimportant as long as
sufficient precision is achieved and the same distance is used for both DTT and
AWE. The accuracy of DTT and AWE is compared using several examples from
section 12.3 listed in Table F.2. Note that a DTT approximation consistently provides
higher accuracy as compared to an AWE approximation with half the order. This
improved accuracy can be intuitively understood by noting that although both
approximations match the same number of moments, the DTT solution contains more
information about the exact form of the original transfer function since DTT matches
the coefficients of the numerator and the denominator in addition to the moments. For
example, by matching the numerator and the denominator of the original transfer
function in addition to matching the moments, low DTT approximation orders are
guaranteed to be stable. This characteristic is not true with AWE. Also, DTT has
much better numerical stability with high order approximations which accounts for

the significantly higher accuracy with high orders as listed in Table F.2.
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Table F.2 Comparison of the accuracy of DTT and AWE using several examples

from section 12.3. The figure of merit given by (F.2) is used for the comparison with

the upper row of each example representing 0,,, and the lower row representing g,,,,.

G e 2 4 6 8 10 12 14 16
Gorr 4 8 12 16 20 24 28 32
Figure 12.10 | 0.018008 | 0.000215 | 0.000001 | 7.7.10° 2.2.10" 1.5-10" | 1.4-10" | 1.3-10™
0.095736 | 0.000223 | 11.69304 [ 8.147014 | 4.268515 | 1.5098 8.32889 | 4.66800
Figure 12.11 | 0.89499 | 0.098930 | 0.00316 0 - - - -
11.89326 | 0.113261 | 0.00614 | 0.00142 - - - -
Node O,
Fioure 12.14 [.63.30909 | 44.83124 | 26.42833 | 24.56688 | 18.66098 | 15.90539 | 11.58347 | 11.38745
°© 68.40276 | 63.24460 | 28.09890 | 24.75239 | 53.36206 | 80.35241 | 47.13582 | 58.66605
Figure 12.15 |.20.61302 | 10.60683 | 5.621289 | 3.174961 | 3.093296 | 2.096618 | 1.696990 | 1.746895
© (a) 25.58750 | 16.87190 | 12.22447 | 3.202715 | 38.42453 | 63.67413 | 26.99634 | 15.64751
Ficure 12.15 |.30.29888 [ 17.61748 | 8.911335 | 5.385857 | 5.046698 | 3.498040 | 2.791696 | 2.902061
© (b) 4320270 | 29.42135 | 19.46530 | 6.815113 | 25.51021 | 53.90268 | 39.93335 | 29.99762
Stability

In terms of relative pole stability of the two approximation algorithms, as

described in section 12.2, the DTT method is guaranteed to be stable for
approximations with less than five poles. This characteristic is extremely useful with
RC circuits which exhibit monotone responses and can be accurately simulated with
few poles. For example, a second order AWE approximation of the RC circuit shown
in Figure 3.8 is shown in section 3.2.3 to have one unstable pole. This instability
causes significant accuracy loss as illustrated in Figure 3.9. A fourth order DTT
approximation of the signal at output O, shown in Figure 3.8 is compared to a second
order AWE and SPICE simulation in Figure F.1. Note that the guaranteed stability
makes DTT significantly more accurate as compared to AWE for low approximation
orders. According to the information listed in Table F.2, 6, = 0.89499 and o,,, =

11.89326 for a fourth order DTT and a second order AWE, respectively.
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Alternatevily, the added stability of DTT permits DTT to be 13 times more accurate

than AWE.

V (v)

4] 10 20 30 10

Time (ps)

Figure F.1 Comparison between a fourth order DTT approximation, a second order
AWE approximation, and SPICE of the signal at output O, of the RC circuit shown in
Figure 3.8.

Numerical Stability

As discussed in section 3.2.3, AWE suffers from numerical inaccuracies with
high order approximations because 1) the higher order moments do not contain
additional information characterizing the poles and 2) due to the solution of ill-
conditioned systems of linear equations when determining the poles and residues. The

moments of the original system are related to the poles and residues of the system by
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m0=—(£l-+k—2+ +k" ),
P P: P
m =- k—lz kzz +....+ knz ),
P P prx (F.3)
Moy = (o 4 ),
pl pl pn

where n is the order of the original system (see section 3.2.3). Thus, poles with larger
magnitudes are truncated when added to dominant poles with smaller magnitudes in
higher order moments due to the addition of poles raised to large powers. This
behavior, in addition to the need to invert ill-conditioned matrices, renders AWE
incapable of calculating higher order approximations to simulate complicated
waveforms. In comparison, however, the DTT algorithm determines the poles by

solving the polynomial given by

D, (s)=1+b;s+b,s* +..+b,s7, (F.4)

where b, - b, are the first exact g coefficients of the complete denominator given by
D(s)=1+bs+b,s* +..+b s". (F.5)
These coefficients are related to the poles of the system as given by

h=-$L

i=t P

b= 3 !

j=t k=j+1 P; P

i=t j=i+lk=j+1 P; P j P

(F.6)
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Note that lager magnitude poles are multiplied by smaller magnitude poles in ali of
the terms of the coefficients b, and higher. This relation between the denominator
coefficients and the poles permits the poles to be determined with much larger
magnitudes than the poles which AWE is capable of determining through the
moments. Also, the DTT method determines the residues by direct substitution as
described in section 12.1.4 and the denominator is directly determined through
reliable polynomial multiplication operations. Thus, DTT does not require the
solution of any system of linear equations. These characteristics make DTT capable
of calculating much higher approximation orders than AWE. These higher order
approximations are necessary for accurately simulating complicated non-monotone
waveforms. For example, as shown in section 3.2.3 in the simulations illustrated in
Figure 3.12, AWE is incapable of accurately calculating the transient response of the
circuit deposited in Figure 3.11, producing a best case relative error in the rise time of
167%. This same example, re-simulated using DTT as shown in Figure 12.14 in
section 12.3, exhibits high accuracy. Note also in Table F.2 that the accuracy of the
AWE method consistently deteriorates beyond eight poles primarily due to the
numerical issues discussed above. In comparison, the accuracy of the DTT method

monotonically increases with approximation order.

Computational Speed

In terms of computational speed, DTT is significantly faster than AWE. The
increased computational performance of DTT is due to several reasons. The DTT
method determines the common denominator and the numerators of order 2g at
different nodes faster than AWE finds the 2q moments. The reason for the increased

speed of DTT in determining these polynomials is explained in section 12.2. The
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second reason is that DTT determines a common denominator for the entire circuit
while AWE determines a different denominator at each specific node where the
transient response is required. To determine the poles at a node, AWE requires the
solution of a system of g linear equations to find a polynomial of order g followed by
the application of iterative methods to determine the zeros of this polynomial which
represent the poles (see section 3.2.1). The complexity of this process is proportional
to ¢ The third reason is that AWE solves a set of g linear equations to determine the
residues at each node where the transient response is required which also has a
complexity proportional to gq’. As discussed in section 12.1.4, the residues are
determined in DTT by direct substitution into the numerator. Note also that the
residues need only be determined in DTT for the stable accurate poles and that
conjugate poles have conjugate residues, permitting the calculation of only one
residue of each conjugate residue pair. Such selective calculation of the residues is
not possible in the AWE method (see section 3.2.1). Thus, DTT performs
computationally much more efficiently than AWE when a transient response is
required at many nodes.

To quantitatively characterize the computational performance of DTT as
compared to AWE, two circuits are investigated. The first circuit is that of a single
distributed RLC line composed of 40 1 sections. A transient response is required at
only one node which is the output (or termination) of the line. The second circuit is
that of a binary tree with ten levels (i.e., 1024 nodes and 512 outputs). The
comparison is between an AWE system of order ¢ and a DTT system of order 2q4.
This comparison guarantees a DTT approximation with the same or higher accuracy

than AWE. The ratio of the computational time required by AWE to the
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computational time required by DTT to simulate the transmission line circuit is
plotted in Figure F.2 for different approximation orders. The numbers shown on the
x-axis of Figure F.2 is the order of AWE. The order of DTT is twice that of AWE for
each point (not shown in the figure). Note that DTT is significantly faster than AWE,
particularly at higher approximation orders. Since the transient response is only
required at one node, the performance advantage of DTT for the first circuit is
primarily because the DTT method determines the common denominator and the
numerators of order 2¢q at different nodes faster than AWE finds the 2¢ moments.

The ratio of the computational time required by AWE to the computational
time required by DTT to simulate the RLC tree circuit is plotted in Figure F.3 for
different approximation orders. Note that the performance advantage of DTT as
compared to AWE in this second circuit is much greater as compared to the first case.
The higher performance is achieved in the second circuit because a transient response
is required at many nodes (half the total number of nodes), permitting the superior

computational performance of DTT to be dramaticly demonstrated.
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Figure F.2 The ratio of the computational time required by AWE to the computational
time required by DTT to simulate the transient response at the output node of an RLC
distributed line versus the approximation order. The numbers shown on the x-axis is

the order of AWE. The order of DTT is twice the order of AWE at each point.
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Figure F.3 The ratio of the computational time required by AWE to the computational

time required by DTT to simulate the transient response at 512 output nodes of a

binary balanced RLC tree versus the approximation order. The numbers shown on the
x-axis is the order of AWE. The order of DTT is twice the order of AWE at each
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