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Network Science analytics

Clean	energy	and	grid	analy,cs	Online	social	media	 Internet	

▶ Network as undirected graph G = (V, E): encode pairwise relationships

▶ Desiderata: Process, analyze and learn from network data [Kolaczyk’09]

⇒ Study graph signals, data associated with N nodes in V

▶ Ex: Opinion profile, buffer congestion levels, neural activity, epidemic
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Graph signal processing fundamentals

▶ Graph signals mappings x : V → R, represented as vectors x ∈ RN

⇒ As.: Signal properties related to topology of G

▶ To process graph signals ⇒ Graph-shift operator S ∈ RN×N

⇒ Local Sij = 0 for i ̸= j and (i , j) /∈ E ⇒ Ex: A or L = D− A

⇒ Spectrum of symmetric S = VΛV⊤

▶ Graph Fourier Transform (GFT) for signals: x̃ = V⊤x

▶ Graph filters H : RN → RN are maps between graph signals

⇒ Polynomial in S with coefficients h ∈ RL ⇒ H :=
∑L−1

l=0 hlS
l

⇒ Orthogonal frequency operator: H = Vdiag(h̃)V⊤

⇒ Freq. response (GFT for filters): h̃ = Ψh and [Ψ]k,l = λk
l−1
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Diffusion processes as graph filter outputs

▶ Q: Upon observing a graph signal y, how was this signal generated?

▶ Postulate y is the response of linear diffusion to a sparse input x

y = α0

∞∏
l=1

(I− αlS)x =
∞∑
l=0

βlS
lx

⇒ Common generative model, e.g., heat diffusion, consensus

▶ Cayley-Hamilton asserts we can write diffusion as (L ≤ N)

y =

( L−1∑
l=0

hlS
l

)
x := Hx

▶ Model: Observed network process as output of a graph filter

⇒ View few elements in supp(x) =: {i : xi ̸= 0} as sources
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Motivation and source localization problem

▶ Ex: Global opinion/belief profile formed by spreading a rumor

⇒ What was the rumor? Who started it?

ObservedUnobserved

Graph Filter

<latexit sha1_base64="iRhR0fsNxwm+3Z3xojH3cx5UdCM=">AAACBXicbVA5SwNBGJ31jPHaaKcWi0GwCrsW0TJgYxnBHJCEMDv5NhkyezDzrbgs29hY+T9sBBWxtba184fYOzkKTXww8Hjvu+a5keAKbfvLWFhcWl5Zza3l1zc2t7bNwk5dhbFkUGOhCGXTpQoED6CGHAU0IwnUdwU03OH5yG9cg1Q8DK4wiaDj037APc4oaqlrHrQRbnA8J3VFDFna9ikOXC9NsqxrFu2SPYY1T5wpKVYK9+b33sdTtWt+tnshi30IkAmqVMuxI+ykVCJnArJ8O1YQUTakfWhpGlAfVCcdb8+sI630LC+U+gVojdXfHSn1lUp8V1eOTlSz3kj8z2vF6J11Uh5EMULAJou8WFgYWqNIrB6XwFAkmlAmub7VYgMqKUMdXF6H4Mx+eZ7UT0pOueRc6jTKZIIc2SeH5Jg45JRUyAWpkhph5JY8kGfyYtwZj8ar8TYpXTCmPbvkD4z3HyhJnUY=</latexit>y
<latexit sha1_base64="tB/ttS+cvbrgo8tPyr2Ej+iq+4A=">AAACBHicbVC7SgNBFJ31GeMraplmMQixCbsW0c6AjWUE84BsCLOTu8mQ2QczdyVh2cLG1s+wsVDETiz8BDs/xN7Jo9DEAwOHc+5rjhsJrtCyvoyl5ZXVtfXMRnZza3tnN7e3X1dhLBnUWChC2XSpAsEDqCFHAc1IAvVdAQ13cDH2GzcgFQ+DaxxF0PZpL+AeZxS11MnlHYQhTuYkErpp4vgU+66XDNO0kytYJWsCc5HYM1I4fyt+f9w7x9VO7tPphiz2IUAmqFIt24qwnVCJnAlIs06sIKJsQHvQ0jSgPqh2Mlmemkda6ZpeKPUL0JyovzsS6is18l1dOT5RzXtj8T+vFaN31k54EMUIAZsu8mJhYmiOEzG7XAJDMdKEMsn1rSbrU0kZ6tyyOgR7/suLpH5Ssssl+8oqVMpkigzJk0NSJDY5JRVySaqkRhi5JQ/kiTwbd8aj8WK8TkuXjFnPAfkD4/0H9i2dRg==</latexit>x

▶ Problem: Blind identification of graph filters with multiple sparse inputs

⇒ Suppose we observe P output signals Y = [y1, ..., yP ] ∈ RN×P

▶ Q: Given S, can we find sparse X and the filter coeffs. h from Y = HX?

⇒ Extends classical blind deconvolution to graphs

⇒ Localization of sources that diffuse on the network

Learning to Identify Sources of Network Diffusion EUSIPCO 2022 7



Motivation and source localization problem

▶ Ex: Global opinion/belief profile formed by spreading a rumor

⇒ What was the rumor? Who started it?

ObservedUnobserved

Graph Filter

<latexit sha1_base64="iRhR0fsNxwm+3Z3xojH3cx5UdCM=">AAACBXicbVA5SwNBGJ31jPHaaKcWi0GwCrsW0TJgYxnBHJCEMDv5NhkyezDzrbgs29hY+T9sBBWxtba184fYOzkKTXww8Hjvu+a5keAKbfvLWFhcWl5Zza3l1zc2t7bNwk5dhbFkUGOhCGXTpQoED6CGHAU0IwnUdwU03OH5yG9cg1Q8DK4wiaDj037APc4oaqlrHrQRbnA8J3VFDFna9ikOXC9NsqxrFu2SPYY1T5wpKVYK9+b33sdTtWt+tnshi30IkAmqVMuxI+ykVCJnArJ8O1YQUTakfWhpGlAfVCcdb8+sI630LC+U+gVojdXfHSn1lUp8V1eOTlSz3kj8z2vF6J11Uh5EMULAJou8WFgYWqNIrB6XwFAkmlAmub7VYgMqKUMdXF6H4Mx+eZ7UT0pOueRc6jTKZIIc2SeH5Jg45JRUyAWpkhph5JY8kGfyYtwZj8ar8TYpXTCmPbvkD4z3HyhJnUY=</latexit>y
<latexit sha1_base64="tB/ttS+cvbrgo8tPyr2Ej+iq+4A=">AAACBHicbVC7SgNBFJ31GeMraplmMQixCbsW0c6AjWUE84BsCLOTu8mQ2QczdyVh2cLG1s+wsVDETiz8BDs/xN7Jo9DEAwOHc+5rjhsJrtCyvoyl5ZXVtfXMRnZza3tnN7e3X1dhLBnUWChC2XSpAsEDqCFHAc1IAvVdAQ13cDH2GzcgFQ+DaxxF0PZpL+AeZxS11MnlHYQhTuYkErpp4vgU+66XDNO0kytYJWsCc5HYM1I4fyt+f9w7x9VO7tPphiz2IUAmqFIt24qwnVCJnAlIs06sIKJsQHvQ0jSgPqh2Mlmemkda6ZpeKPUL0JyovzsS6is18l1dOT5RzXtj8T+vFaN31k54EMUIAZsu8mJhYmiOEzG7XAJDMdKEMsn1rSbrU0kZ6tyyOgR7/suLpH5Ssssl+8oqVMpkigzJk0NSJDY5JRVySaqkRhi5JQ/kiTwbd8aj8WK8TkuXjFnPAfkD4/0H9i2dRg==</latexit>x

▶ Problem: Blind identification of graph filters with multiple sparse inputs

⇒ Suppose we observe P output signals Y = [y1, ..., yP ] ∈ RN×P

▶ Q: Given S, can we find sparse X and the filter coeffs. h from Y = HX?

⇒ Extends classical blind deconvolution to graphs

⇒ Localization of sources that diffuse on the network

Learning to Identify Sources of Network Diffusion EUSIPCO 2022 8



Blind graph filter identification

▶ Leverage frequency response of graph filters

Y = HX ⇒ Y = Vdiag(Ψh)V⊤X

⇒ Y is a bilinear function of the unknowns h and X

▶ Ill-posed problem ⇒ L+ NP unknowns and NP observations

⇒ As.: X has S-sparse columns i.e., ∥X∥0 := |supp(X)| ≤ PS

▶ Blind graph filter identification ⇒ Non-convex feasibility problem

find {h,X}, s. to Y = Vdiag
(
Ψh

)
V⊤X, ∥X∥0 ≤ PS

⇒ Identifiability for Bernoulli-Gaussian model on X [Li et al’17]

S. Segarra, G. Mateos, A. G. Marques and A. Ribeiro, “Blind identification of graph filters,” IEEE TSP,

2017
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Supervised learning setting

▶ Given independent training samples T := {Xi ,Yi}|T |
i=1

⇒ Drawn from joint distribution of filters and sparse sources

ObservedUnobserved

Graph Filter

Observed
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▶ Goal: learn the parametric mapping X̂ = Φ(Y;Θ) by minimizing a loss

L(Θ) :=
1

|T |
∑
i∈T

ℓ(Xi ,Φ(Yi ;Θ))
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Work in context

▶ Source localization on graphs
▶ Maximum-likelihood estimator optimal for trees [Pinto et al’12]
▶ Scalable under restrictive dependency assumptions [Feizi el al’16]
▶ Non-convex estimators of sparse sources [Pena et al’16], [Hu et al’16]

▶ Blind identification of graph filters [Segarra et al’17]
▶ Matrix lifting can hinder applicability to large graphs

▶ Blind identification of invertible graph filters [Ye et al’18]
▶ Convex formulation amenable to e.g., ADMM solvers

▶ Multi-signal case with arbitrary supports

▶ Our contribution: data-driven deep learning solution rooted in GSP

⇒ Unroll and truncate the model-based ADMM iterations

⇒ Trainable parametric architecture is interpretable

⇒ Parameter efficient and offers controllable complexity
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Model-based source localization on graphs

▶ Inverse filter G = H−1 is also a graph filter on G [Sandryhaila-Moura’13]

⇒ Requires h̃i =
∑L−1

l=0 hlλ
l
i ̸= 0, for all i = 1, ...,N

⇒ Inverse-filter coefficients g ∈ RN , frequency response g̃ = Ψg

▶ Recast as linear inverse problem [Wang-Chi’16], [Ye et al’18]

min
{g̃,X}

∥X∥0, s. to X = Vdiag(g̃)V⊤Y, X ̸= 0

▶ Still NP hard.

Relax! and minimize convex ∥X∥1

ˆ̃g = argmin
g̃

∥(Y⊤V ⊙ V)g̃∥1, s. to 1⊤g̃ = c

⇒ Constraint fixes the scale and avoids all-zero solution

⇒ ℓ1-synthesis problem, can be solved via ADMM
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⇒ ℓ1-synthesis problem, can be solved via ADMM
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ADMM algorithm

▶ Let Z = Y⊤V ⊙ V and x = vec(X), rewrite problem as

min
{g̃,x}

∥x∥1, s. to 1⊤g̃ = c, Zg̃ − x = 0

▶ ADMM solver (Γ := ρλZ
⊤Z+ ρµ1N1

⊤
N , dual variables {λ, µ})

g̃[k + 1] = Γ−1
[
Z⊤(ρλx[k]− λ[k]) + (ρµc − µ[k])1N

]
,

x[k + 1] = S
ρ−1
λ

(Zg̃[k + 1] + λ[k]/ρλ),

λ[k + 1] = λ[k] + ρλ(Zg̃[k + 1]− x[k + 1]),

µ[k + 1] = µ[k] + ρµ(1
⊤
N g̃[k + 1]− c)

▶ Limitations
▶ Step-sizes ρλ, ρµ need to be tuned
▶ Hundreds or thousands of iterations until convergence
▶ Matrix inversion may hinder scalability to large graphs

▶ Idea: unroll the iterations and learn the parameters from dataset T
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Algorithm unrolling

▶ Map ADMM updates as sub-layers within a layer of the deep net

⇒ Stack K of the resulting layers to form Φ(Y;Θ)

⇒ End-to-end learning of Θ using mini-batch SGD

Filter sub-layer Gk

g̃[k + 1] = (Γ(k))−1[Z⊤(x[k]− ρ
(k)
1 λ[k]) + (ρ

(k)
2 c − ρ

(k)
1 µ[k])1N ]

Γ(k) = Z⊤Z+ ρ
(k)
2 1N1

⊤
N

⇒ Learn {ρ(k)1 , ρ
(k)
2 }Kk=1, where ρ

(k)
1 , ρ

(k)
2 ≥ 0, for k = 1, . . . ,K

▶ Design considerations
▶ Additional parameters to broaden the model’s expressive power
▶ Forgo the parameter sharing constraint imposed by the unrolling

▶ Source location predictions: Φ(Ytest, Θ̂) = unvec[(Y⊤
testV ⊙ V)g̃[K ]]
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Algorithm unrolling

▶ Map ADMM updates as sub-layers within a layer of the deep net

⇒ Stack K of the resulting layers to form Φ(Y;Θ)

⇒ End-to-end learning of Θ using mini-batch SGD

Sources sub-layer Xk

x[k + 1] = Sτ (k)(α
(k)
1 Zg̃[k + 1] + α

(k)
2 λ[k])

⇒ Learn {α(k)
1 , α

(k)
2 , τ (k)}, where τ (k) ≥ 0, for k = 1, . . . ,K

▶ Design considerations
▶ Additional parameters to broaden the model’s expressive power
▶ Forgo the parameter sharing constraint imposed by the unrolling

▶ Source location predictions: Φ(Ytest, Θ̂) = unvec[(Y⊤
testV ⊙ V)g̃[K ]]
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Algorithm unrolling

▶ Map ADMM updates as sub-layers within a layer of the deep net

⇒ Stack K of the resulting layers to form Φ(Y;Θ)

⇒ End-to-end learning of Θ using mini-batch SGD

Multiplier sub-layer Mk

λ[k + 1] = β
(k)
1 λ[k] + β

(k)
2 Zg̃[k + 1] + β

(k)
3 x[k + 1]

µ[k + 1] = γ
(k)
1 µ[k] + γ

(k)
2 1⊤

N g̃[k + 1] + γ
(k)
3 c

⇒ Learn {β(k)
i }3i=1,{γ

(k)
i }3i=1, for k = 1, . . . ,K

▶ Design considerations
▶ Additional parameters to broaden the model’s expressive power
▶ Forgo the parameter sharing constraint imposed by the unrolling

▶ Source location predictions: Φ(Ytest, Θ̂) = unvec[(Y⊤
testV ⊙ V)g̃[K ]]
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Source Localization on Graphs Network (SLoG-Net)

<latexit sha1_base64="NAGSLTURyeTFsXdfvCV8KyO8TYE="></latexit>

ZT (x[k] � ⇢
(k)
1 �[k]) + (⇢

(k)
2 c � ⇢

(k)
1 µ[k]1N )

<latexit sha1_base64="h6sYqU861v3veLhybnVcIT4/3fM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUZdFF7qsYB/QxDKZTNqhM5kwMxFLyK+4caGIW3/EnX/jtM1CWw9cOJxzL/feEySMKu0431ZpZXVtfaO8Wdna3tnds/erHSVSiUkbCyZkL0CKMBqTtqaakV4iCeIBI91gfD31u49EKiriez1JiM/RMKYRxUgbaWBXvUCwMPNuEOcof8hO3Xxg15y6MwNcJm5BaqBAa2B/eaHAKSexxgwp1XedRPsZkppiRvKKlyqSIDxGQ9I3NEacKD+b3Z7DY6OEMBLSVKzhTP09kSGu1IQHppMjPVKL3lT8z+unOrr0MxonqSYxni+KUga1gNMgYEglwZpNDEFYUnMrxCMkEdYmrooJwV18eZl0zurueb1x16g1r4o4yuAQHIET4IIL0AS3oAXaAIMn8AxewZuVWy/Wu/Uxby1ZxcwB+APr8wfUHpRQ</latexit>

��1Filter sub-layer<latexit sha1_base64="e6UiThSN76vzQUEceXJG1teR99w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7AekoWw2m3bpZjfsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPx7czvPjJtuJIPMElZkJCh5DGnBKzk90Mlovxp6o+DQbXm1t058CrxClJDBVqD6lc/UjRLmAQqiDG+56YQ5EQDp4JNK/3MsJTQMRky31JJEmaCfH7yFJ9ZJcKx0rYk4Ln6eyIniTGTJLSdCYGRWfZm4n+en0F8HeRcphkwSReL4kxgUHj2P464ZhTExBJCNbe3YjoimlCwKVVsCN7yy6ukc1H3LuuN+0ateVPEUUYn6BSdIw9doSa6Qy3URhQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AGl7pGB</latexit>

x[k]
<latexit sha1_base64="mi4QT7wc0nZoaZh0RdJN0O/dslE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqMuiG5cV7APSUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO2yy09cDA4Zx7uHdOkHKmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBuMb2Z+94FKxRJxrycp9WM8FCxiBGsjDexqP0h4mPe5iYR46o39gV1z6s4caJW4BalBgdbA/uqHCcliKjThWCnPdVLt51hqRjidVvqZoikmYzyknqECx1T5+fz0KTo1SoiiRJonNJqrvxM5jpWaxIGZjLEeqWVvJv7neZmOrvyciTTTVJDFoijjSCdo1gMKmaRE84khmEhmbkVkhCUm2rRVMSW4y19eJZ3zuntRb9w1as3roo4yHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHYrRkFZkj+APr8weMyZQz</latexit>

�[k]
<latexit sha1_base64="y6/goNNQWpeYps7dWvFd9NLNM7k=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabTbt0dxN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044upv5nTFVmiXy0UxSGgg8kCxmBBsrBX6Y8Cj3RTbtjYJ+tebW3TnQKvEKUoMCzX71y48SkgkqDeFY657npibIsTKMcDqt+JmmKSYjPKA9SyUWVAf5/OgpOrNKhOJE2ZIGzdXfEzkWWk9EaDsFNkO97M3E/7xeZuKbIGcyzQyVZLEozjgyCZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFBJ7gGV7hzRk7L86787FoLTnFzDH8gfP5AyVDkls=</latexit>

µ[k]

<latexit sha1_base64="wuBZhYuVm1EoXlyP38z56Hsy3Sc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+wXUo2m21Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY38z8zhNVmklxbyYJ9WM8FCxiBBsrdfuB5GH2MB2UK27VnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfu8UnVklRJFUtoRBc/X3RIZjrSdxYDtjbEZ62ZuJ/3m91ERXfsZEkhoqyGJRlHJkJJo9j0KmKDF8YgkmitlbERlhhYmxEZVsCN7yy6ukfVH16tXaXa3SuM7jKMIJnMI5eHAJDbiFJrSAAIdneIU359F5cd6dj0VrwclnjuEPnM8fROqQIg==</latexit>

Z

<latexit sha1_base64="PrF3BungITjMsGKUIjQEdX7QHSc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJFHVZdOOygn1AEspkMmmHTmbCzEQoIeCvuHGhiFu/w51/47TNQlsPXDiccy/33hOmjCrtON9WZWV1bX2julnb2t7Z3bP3D7pKZBKTDhZMyH6IFGGUk46mmpF+KglKQkZ64fh26vceiVRU8Ac9SUmQoCGnMcVIG2lgH/mhYFHua8oikg+Lwhufu8HArjsNZwa4TNyS1EGJ9sD+8iOBs4RwjRlSynOdVAc5kppiRoqanymSIjxGQ+IZylFCVJDPzi/gqVEiGAtpims4U39P5ChRapKEpjNBeqQWvan4n+dlOr4OcsrTTBOO54vijEEt4DQLGFFJsGYTQxCW1NwK8QhJhLVJrGZCcBdfXibdi4Z72WjeN+utmzKOKjgGJ+AMuOAKtMAdaIMOwCAHz+AVvFlP1ov1bn3MWytWOXMI/sD6/AFoiJXH</latexit>

g̃[k + 1]

<latexit sha1_base64="4mT2qlajR/FmdzlwVVN3VqESH4k=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFF7qsYB/QDiWTZtrQTDImmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzO/PaFKMykezTSmfoSHgoWMYGMlvxdhMyKYp3ez/rhfrrhVdw60SrycVCBHo1/+6g0kSSIqDOFY667nxsZPsTKMcDor9RJNY0zGeEi7lgocUe2n89AzdGaVAQqlsk8YNFd/b6Q40noaBXYyC6mXvUz8z+smJrz2UybixFBBFofChCMjUdYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiWti6p3Wa091Cr1m7yOIpzAKZyDB1dQh3toQBMIPMEzvMKbM3FenHfnYzFacPKdY/gD5/MHAduSRA==</latexit>Gk

<latexit sha1_base64="M1bbt/3rxD22FESEueRGw13IVa4="></latexit>

↵
(k)
1 Zg̃[k + 1] + ↵

(k)
2 �[k]

<latexit sha1_base64="x9Bxn/hQHd5HRCPbqwobQ0RDz3I=">AAACCHicbVDLSsNAFJ34rPUVdenCYBHaTUmkqMuiG5cV7QOaGCbTSTt08mDmRighSzf+ihsXirj1E9z5N07aLLT1wIXDOfdy7z1ezJkE0/zWlpZXVtfWSxvlza3tnV19b78jo0QQ2iYRj0TPw5JyFtI2MOC0FwuKA4/Trje+yv3uAxWSReEdTGLqBHgYMp8RDEpy9SM7wDAimKe3mZvagJP7tDquZVnVJoMIaq5eMevmFMYisQpSQQVarv5lDyKSBDQEwrGUfcuMwUmxAEY4zcp2ImmMyRgPaV/REAdUOun0kcw4UcrA8COhKgRjqv6eSHEg5STwVGd+tpz3cvE/r5+Af+GkLIwToCGZLfITbkBk5KkYAyYoAT5RBBPB1K0GGWGBCajsyioEa/7lRdI5rVtn9cZNo9K8LOIooUN0jKrIQueoia5RC7URQY/oGb2iN+1Je9HetY9Z65JWzBygP9A+fwDHwpnR</latexit>S⌧ (k)(·)

Source sub-layer<latexit sha1_base64="PrF3BungITjMsGKUIjQEdX7QHSc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJFHVZdOOygn1AEspkMmmHTmbCzEQoIeCvuHGhiFu/w51/47TNQlsPXDiccy/33hOmjCrtON9WZWV1bX2julnb2t7Z3bP3D7pKZBKTDhZMyH6IFGGUk46mmpF+KglKQkZ64fh26vceiVRU8Ac9SUmQoCGnMcVIG2lgH/mhYFHua8oikg+Lwhufu8HArjsNZwa4TNyS1EGJ9sD+8iOBs4RwjRlSynOdVAc5kppiRoqanymSIjxGQ+IZylFCVJDPzi/gqVEiGAtpims4U39P5ChRapKEpjNBeqQWvan4n+dlOr4OcsrTTBOO54vijEEt4DQLGFFJsGYTQxCW1NwK8QhJhLVJrGZCcBdfXibdi4Z72WjeN+utmzKOKjgGJ+AMuOAKtMAdaIMOwCAHz+AVvFlP1ov1bn3MWytWOXMI/sD6/AFoiJXH</latexit>

g̃[k + 1]
<latexit sha1_base64="mi4QT7wc0nZoaZh0RdJN0O/dslE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqMuiG5cV7APSUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO2yy09cDA4Zx7uHdOkHKmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBuMb2Z+94FKxRJxrycp9WM8FCxiBGsjDexqP0h4mPe5iYR46o39gV1z6s4caJW4BalBgdbA/uqHCcliKjThWCnPdVLt51hqRjidVvqZoikmYzyknqECx1T5+fz0KTo1SoiiRJonNJqrvxM5jpWaxIGZjLEeqWVvJv7neZmOrvyciTTTVJDFoijjSCdo1gMKmaRE84khmEhmbkVkhCUm2rRVMSW4y19eJZ3zuntRb9w1as3roo4yHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHYrRkFZkj+APr8weMyZQz</latexit>

�[k]

<latexit sha1_base64="pQwRBrxOClZ5OU2/8oRwMQ8cnWE=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSIIQtmVoh6LXjxWsB/QLiWbzbah2WRNssWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcKZNq777aysrq1vbBa2its7u3v7pYPDppapIrRBJJeqHWBNORO0YZjhtJ0oiuOA01YwvJ36rRFVmknxYMYJ9WPcFyxiBBsr+d1A8jB7mnSG557fK5XdijsDWiZeTsqQo94rfXVDSdKYCkM41rrjuYnxM6wMI5xOit1U0wSTIe7TjqUCx1T72ezoCTq1SogiqWwJg2bq74kMx1qP48B2xtgM9KI3Ff/zOqmJrv2MiSQ1VJD5oijlyEg0TQCFTFFi+NgSTBSztyIywAoTY3Mq2hC8xZeXSfOi4l1WqvfVcu0mj6MAx3ACZ+DBFdTgDurQAAKP8Ayv8OaMnBfn3fmYt644+cwR/IHz+QOETJHx</latexit>

x[k + 1]

<latexit sha1_base64="wuBZhYuVm1EoXlyP38z56Hsy3Sc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+wXUo2m21Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY38z8zhNVmklxbyYJ9WM8FCxiBBsrdfuB5GH2MB2UK27VnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfu8UnVklRJFUtoRBc/X3RIZjrSdxYDtjbEZ62ZuJ/3m91ERXfsZEkhoqyGJRlHJkJJo9j0KmKDF8YgkmitlbERlhhYmxEZVsCN7yy6ukfVH16tXaXa3SuM7jKMIJnMI5eHAJDbiFJrSAAIdneIU359F5cd6dj0VrwclnjuEPnM8fROqQIg==</latexit>

Z

<latexit sha1_base64="RZujbCKxewc2dYSJp+qsTNg4R/o=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APaoWTStA3NZMbkTqEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEEth0HW/ncLa+sbmVnG7tLO7t39QPjxqmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGd5nfmnBtRKQecRpzP6RDJQaCUbSS3w0pjhiVaXvWG/fKFbfqzkFWiZeTCuSo98pf3X7EkpArZJIa0/HcGP2UahRM8lmpmxgeUzamQ96xVNGQGz+dh56RM6v0ySDS9ikkc/X3RkpDY6ZhYCezkGbZy8T/vE6Cgxs/FSpOkCu2ODRIJMGIZA2QvtCcoZxaQpkWNithI6opQ9tTyZbgLX95lTQvqt5V9fLhslK7zesowgmcwjl4cA01uIc6NIDBEzzDK7w5E+fFeXc+FqMFJ985hj9wPn8AG9KSVQ==</latexit>Xk

<latexit sha1_base64="xtSD0pSEJvttMHbVWnRvSSowcoU="></latexit>

�
(k)
1 �[k] + �

(k)
2 Zg̃[k + 1] + �

(k)
3 x[k + 1]

<latexit sha1_base64="sqoAQQ8ZBPoCmlTerSL8Zsnxta4="></latexit>

�
(k)
1 µ[k] + �2(k)1T

N g̃[k + 1] + �
(k)
3 c

<latexit sha1_base64="PrF3BungITjMsGKUIjQEdX7QHSc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJFHVZdOOygn1AEspkMmmHTmbCzEQoIeCvuHGhiFu/w51/47TNQlsPXDiccy/33hOmjCrtON9WZWV1bX2julnb2t7Z3bP3D7pKZBKTDhZMyH6IFGGUk46mmpF+KglKQkZ64fh26vceiVRU8Ac9SUmQoCGnMcVIG2lgH/mhYFHua8oikg+Lwhufu8HArjsNZwa4TNyS1EGJ9sD+8iOBs4RwjRlSynOdVAc5kppiRoqanymSIjxGQ+IZylFCVJDPzi/gqVEiGAtpims4U39P5ChRapKEpjNBeqQWvan4n+dlOr4OcsrTTBOO54vijEEt4DQLGFFJsGYTQxCW1NwK8QhJhLVJrGZCcBdfXibdi4Z72WjeN+utmzKOKjgGJ+AMuOAKtMAdaIMOwCAHz+AVvFlP1ov1bn3MWytWOXMI/sD6/AFoiJXH</latexit>

g̃[k + 1]

<latexit sha1_base64="y6/goNNQWpeYps7dWvFd9NLNM7k=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabTbt0dxN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044upv5nTFVmiXy0UxSGgg8kCxmBBsrBX6Y8Cj3RTbtjYJ+tebW3TnQKvEKUoMCzX71y48SkgkqDeFY657npibIsTKMcDqt+JmmKSYjPKA9SyUWVAf5/OgpOrNKhOJE2ZIGzdXfEzkWWk9EaDsFNkO97M3E/7xeZuKbIGcyzQyVZLEozjgyCZolgCKmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFBJ7gGV7hzRk7L86787FoLTnFzDH8gfP5AyVDkls=</latexit>

µ[k]

<latexit sha1_base64="mi4QT7wc0nZoaZh0RdJN0O/dslE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqMuiG5cV7APSUCaTSTt0MgkzE6XEfoobF4q49Uvc+TdO2yy09cDA4Zx7uHdOkHKmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJJJQtsk4YnsBVhRzgRta6Y57aWS4jjgtBuMb2Z+94FKxRJxrycp9WM8FCxiBGsjDexqP0h4mPe5iYR46o39gV1z6s4caJW4BalBgdbA/uqHCcliKjThWCnPdVLt51hqRjidVvqZoikmYzyknqECx1T5+fz0KTo1SoiiRJonNJqrvxM5jpWaxIGZjLEeqWVvJv7neZmOrvyciTTTVJDFoijjSCdo1gMKmaRE84khmEhmbkVkhCUm2rRVMSW4y19eJZ3zuntRb9w1as3roo4yHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHYrRkFZkj+APr8weMyZQz</latexit>

�[k] Multiplier sub-layer

<latexit sha1_base64="wuBZhYuVm1EoXlyP38z56Hsy3Sc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXisYD+wXUo2m21Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY38z8zhNVmklxbyYJ9WM8FCxiBBsrdfuB5GH2MB2UK27VnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfu8UnVklRJFUtoRBc/X3RIZjrSdxYDtjbEZ62ZuJ/3m91ERXfsZEkhoqyGJRlHJkJJo9j0KmKDF8YgkmitlbERlhhYmxEZVsCN7yy6ukfVH16tXaXa3SuM7jKMIJnMI5eHAJDbiFJrSAAIdneIU359F5cd6dj0VrwclnjuEPnM8fROqQIg==</latexit>
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i , �

(k)
i }3
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Algorithm 1 ADMM for Source Localization on Graphs

Require : ⇢�, ⇢µ, c
Initialize : {x[0],�[0], µ[0]} at random
for k = 0, 1, 2, ... do

g̃[k + 1] ��1
⇥
Z>(⇢�x[k]� �[k]) + (⇢µc� µ[k])1N

⇤

x[k + 1] S⇢�1
�

(Zg̃[k + 1] + �[k]/⇢�)

�[k + 1] �[k] + ⇢�(Zg̃[k + 1]� x[k + 1])
µ[k + 1] µ[k] + ⇢µ(1>

N g̃[k + 1]� c)
end for
return {g̃[k + 1],x[k + 1]}

1

k-th layer of the SLoG-Net architecture
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Simulation setup

▶ Consider undirected random graphs with S = D− 1
2AD− 1

2

⇒ Erdős-Rényi with N = 20 and edge prob. p = 0.3

▶ Sources Xtrain ∈ RN×|T | from a Bernoulli-Gaussian model

⇒ |T | = 64000 with Bernoulli parameter θ = 0.2

▶ Filter htrain = (e1 + αb)/∥e1 + αb∥1 as in [Wang-Chi’16]

⇒ e1 = [1, 0, . . . , 0]⊤ ∈ RL and b ∼ N (0, I)

⇒ Recovery performance increases while α ≥ 0 decreases

▶ Figure of merit: Relative recovery error of X and g̃

⇒ RMSEX = ∥X̂− Xtest∥F/∥Xtest∥F , RMSEg̃ = ∥ˆ̃g − g̃test∥2/∥g̃test∥2
▶ Figure of merit: Source localization accuracy

⇒ ACC = |Î ∩ Itest|/|Itest|
⇒ Support estimate Î = suppκ(X̂): if |X̂ip| ≥ κ, then (i , p) ∈ Î
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Model training

▶ Each epoch: randomly split Xtrain into Q = 1600 mini-batches {Xq}Qq=1

▶ Then sample Q graph filter coefficients {hq}Qq=1, L = 3, α = 1

⇒ Generate the observations Yq = Vdiag(ΨLhq)V
⊤Xq

▶ Loss function accounting for sign ambiguity

L(Θ) =
Q∑

q=1

min

(
∥Φ(Yq ;Θ)− Xq∥F

∥Xq∥F
,
∥Φ(Yq ;Θ) + Xq∥F

∥Xq∥F

)
▶ Parameter initialization

▶ {ρ(k)1 , ρ
(k)
2 , τ (k)}Kk=1 are i.i.d. uniformly distributed in [0, 1]

▶ All other parameters are drawn from a standard Gaussian
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Recovery performance

▶ Visualization of recovery performance for SLoG-Net with K = 5 layers
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▶ Recovery errors are RMSEX = 0.090 and RMSEg̃ = 0.086
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Comparison with ADMM

▶ Comparisons with ADMM (N = 20,Ptest = 100, over 50 trials)
▶ Top: RMSEX for ADMM and SLoG-Net

⇒ The shaded region indicates the standard deviation

▶ Bottom: ACC of support recovery, κ = 0.1

⇒ Support estimate Î := suppκ(Φ(Ytest; Θ̂)),
⇒ Ground truth, Itest := suppκ(Xtest).

▶ Mean elapsed time: 0.005s for SLoG-Net, 0.067s for ADMM
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Concluding summary

▶ Learning to identify sources of network diffusion

⇒ Data-driven trainable neural network architecture

⇒ Key: leverage inductive biases of the GSP model-based solution

▶ Unrolling the ADMM iterations

⇒ The SLoG-Net architecture is interpretable

⇒ Parameter and time efficient compared with iterative ADMM

▶ Ongoing work

⇒ Recovery of noise-corrupted signals

⇒ Effective recovery of more general graph filters

⇒ Evaluate performance on real data sets
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