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Passenger footfall at different bus stations Evolving epidemic network

Temperature over different cities Hourly energy output of windmills



Going beyond point predictions
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Prediction set examples on Imagenet [1]
Prediction intervals for regression

Distribution-free wrapper around pre-trained neural net with finite-sample coverage guarantee:

𝑷(𝒚 ∈ 𝑪 𝒙 ≥ 𝟏 − 𝜶)

[1] Angelopoulos, A. N. & Bates, S. (2023). Conformal prediction: A gentle introduction. Foundations and Trends in Machine Learning, 16(4), 494–591.

Minimal assumption of exchangeability between calibration and test data required



Conformal Prediction
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Non-conformity scores 
𝑠 𝑥𝑖 = | 𝑦 − 𝑓 𝑥𝑖  |



State of the Art
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• CP over static graphs : DAPS [2], CF-GNN [3]

[2] H. Zargarbashi, S., Antonelli, S. & Bojchevski, A.. (2023). Conformal Prediction Sets for Graph Neural Networks. Proceedings of the 40th International Conference on Machine 

Learning.

[3] Huang, K., Jin, Y., Candes, E., & Leskovec, J. (2023). Uncertainty quantification over graph with conformalized graph neural networks. Advances in Neural Information 

Processing Systems, 36, 26699-26721.

[4] Xu, C., Jiang, H., & Xie, Y. (2024). Conformal prediction for multi-dimensional time series by ellipsoidal sets. arXiv preprint arXiv:2403.03850.

• Multidimensional time series: Multidim SPCI [4]

 

Coordinate wise set Ellipsoidal set [4]



Problem Statement
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Graph G is static and at each time step 𝑡,
graph data : 𝐺𝑡 = 𝑥𝑡, 𝐺  with signal 𝑥𝑡 ∈ 𝑅𝑁×𝐾 and target 𝑦𝑡 ∈ 𝑅𝑁.

AIM : Estimate a meaningful (in terms of efficiency) prediction set 𝐶𝑡(𝐺𝑡) such that

𝑷 𝒚𝒕 ∈ 𝑪 𝑮𝒕 ≥ 𝟏 − 𝜶, ∀ t 

PROPSED SOLUTION:
• Taking motivation from DAPS, refine the scores by using a graph filter.
• Utilize the refined scores to obtain a scalar non-conformity score and build ellipsoidal sets as proposed by [4] 



Graph aware non-conformity scores
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Residuals are smooth over the graph!



Graph aware non-conformity scores
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𝒆𝒕 𝒚𝑡 = 𝑯𝜺𝑡 = 1 − 𝜏 𝑰 + 𝜏 𝑫−1𝑨 𝜺𝑡

hyper-parameter

𝜺𝒕 = 𝒚𝑡 − 𝑓 𝑮𝑡

𝜀𝑡,1

𝜀𝑡,𝑛

.

.

.



Graph aware non-conformity scores
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𝒆𝒕 𝒚𝑡 = 𝑯𝜺𝑡 = 1 − 𝜏 𝑰 + 𝜏 𝑫−1𝑨 𝜺𝑡

𝜀𝑡,1

𝜀𝑡,𝑛

.

.

.

𝑠𝑡 𝒚𝑡

e𝑡,1

e𝑡,𝑛

.

.

.
𝑠𝑡 𝒚𝒕 = 𝒆𝒕 − ത𝒆 𝑻𝚺𝑮

−𝟏 𝒆𝒕 − ത𝒆

Σ𝐺 = 𝐸 𝑒𝑡 − ҧ𝑒 𝑒𝑡 − ҧ𝑒 𝑇

Squared Mahalanobis distance as [4]



Ellipsoidal Prediction Sets
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𝐶𝑡 𝑮𝑡 = {𝒚𝑡|𝑠𝑡 𝑦𝑡 ≤ 𝑄𝑡 1 − 𝛼 }

= 𝑓 𝑮𝑡 + 𝐵 𝑄𝑡 1 − 𝛼 , ത𝒆, 𝚺𝑮

[4] Xu, C., Jiang, H., & Xie, Y. (2024). Conformal prediction for multi-dimensional time series by ellipsoidal sets. arXiv preprint arXiv:2403.03850.

𝐵 𝑟, 𝑐, Σ = 𝑥: 𝑥 − 𝑐 𝑇Σ−1 𝑥 − 𝑐 ≤ 𝑟



Ellipsoidal Prediction Sets
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𝐶𝑡 𝑮𝑡 = {𝒚𝑡|𝑠𝑡 𝑦𝑡 ≤ 𝑄𝑡 1 − 𝛼 }

= 𝑓 𝑮𝑡 + 𝐵 𝑄𝑡 1 − 𝛼 , ത𝒆, 𝚺𝑮

[4] Xu, C., Jiang, H., & Xie, Y. (2024). Conformal prediction for multi-dimensional time series by ellipsoidal sets. arXiv preprint arXiv:2403.03850.

𝐵 𝑟, 𝑐, Σ = 𝑥: 𝑥 − 𝑐 𝑇Σ−1 𝑥 − 𝑐 ≤ 𝑟

estimated using
Quantile regression 

𝑠t-w+3

𝑠t-1 𝑄𝑡 1 − 𝛼
𝑠t-w+1

𝑠t+1

𝑄𝑡+2 1 − 𝛼

.

.



Pipeline
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Theoretical Results

13

Proof Sketch: 𝑙𝑜𝑔
𝑉𝑜𝑙 𝐵𝐺

𝑉𝑜𝑙 𝐵′ = 𝑙𝑜𝑔 𝑑𝑒𝑡 𝑯 + 𝑁/2 𝑙𝑜𝑔
𝑄𝑡 1−𝛼

𝑄𝑡
′ 1−𝛼

 

  log det(H)  = log det ((1 - τ)I + 𝜏𝐷−1𝐴)

     = σ𝑖=1
𝑁 log(1 - τ(1 -𝜆𝑖))

     ≤ −𝜏 σ𝑖=1
𝑁 1 − 𝜆𝑖

                  log det(H) ≤  -τη or det(H) ≤  𝒆−𝜼𝝉

If 
𝑄𝑡 1−𝛼

𝑄𝑡
′ 1−𝛼

≈ 1, then 𝑉𝑜𝑙 𝐵𝐺 ≤ 𝑒−𝜂𝜏𝑉𝑜𝑙 𝐵’ , for some η >  0, where τ is the graph filter coefficient

Ellipsoidal Volume Shrinkage



Theoretical Results
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[4] Xu, C., Jiang, H., & Xie, Y. (2024). Conformal prediction for multi-dimensional time series by ellipsoidal sets. arXiv preprint arXiv:2403.03850.

as established in Corollary 4.14 of [4] 

Assume that the true covariance matrix σ𝐺, is known and positive definite with minimum eigenvalue 
at least λ >  0, the filtered residuals are i.i.d over time and CDF of the true non-conformity score is 
Lipschitz, then we have

𝑃 𝑦𝑡+1 ∈ 𝐶𝑇+1 𝛼 𝐺𝑇+1 − 1 − 𝛼 ≤ 12
𝑙𝑜𝑔 16𝑇

𝑇
+ 𝐿

𝛿 𝑇

𝜆
+ 𝛿 𝑇

where, T is the training data size,𝛿 𝑇  is bound on residual error, and L depends on Lipschitz constant.

Coverage Guarantee



Experimental Results
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Experimental Results
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Results over one-step prediction and multi-step prediction (r being the number of steps)



Experimental Results
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Results over different window lengths to predict the quantiles



Conclusions
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➢ Applied conformal prediction to graph time series

➢ Refined nonconformity scores using graph topology

➢ Derived theoretical guarantees on volume reduction

➢ Achieved smaller prediction sets while maintaining coverage

➢ Future work: recursive threshold updates, dynamic graphs, heterophilic settings



Thank you!

We thank SPS for the travel grant!
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