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ABSTRACT

Learning the structure of directed acyclic graphs (DAGs) from obser-
vational data is a central problem in causal discovery, statistical sig-
nal processing, and machine learning. Under a linear Gaussian struc-
tural equation model (SEM) with equal noise variances, the problem
is identifiable and we show that the ensemble precision matrix of
the observations exhibits a distinctive structure that facilitates DAG
recovery. Exploiting this property, we propose BUILD (Bottom-Up
Inference of Linear DAGs), a deterministic stepwise algorithm that
identifies leaf nodes and their parents, then prunes the leaves by re-
moving incident edges to proceed to the next step, exactly recon-
structing the DAG from the true precision matrix. In practice, preci-
sion matrices must be estimated from finite data, and ill-conditioning
may lead to error accumulation across BUILD steps. As a mitigation
strategy, we periodically re-estimate the precision matrix (with less
variables as leaves are pruned), trading off runtime for enhanced ro-
bustness. Reproducible results on challenging synthetic benchmarks
demonstrate that BUILD compares favorably to state-of-the-art DAG
learning algorithms, while offering an explicit handle on complexity.

Index Terms— DAG structure learning; graphical model; pre-
cision matrix; topology inference; causal discovery

1. INTRODUCTION

Recovering the structure of directed acyclic graphs (DAGs) from
observational data is a fundamental problem in signal processing,
statistics, and machine learning, with applications in causal discov-
ery and graphical modeling [1, 2, 3]. A common modeling frame-
work is the linear structural equation model (SEM), where each ob-
served variable depends linearly on its parents in the latent DAG
together with exogenous noise [4, 2]. This paper addresses the struc-
ture identification problem in the specific setting of linear Gaussian
SEMs with known, equal error variances. In this setting, the DAG is
known to be identifiable from observational data alone [5], motivat-
ing the development of several computational methods [6, 7, 8, 9].
Related work. The problem of learning DAGs has a long history;
see e.g., [5, Ch. 7.2] for a thorough treatment. Early approaches re-
lied on purely discrete or combinatorial search methods in the space
of DAGs. Noteworthy representatives include the Greedy Equiva-
lence Search (GES) [10, 11] and constraint-based methods such as
the PC algorithm [12, 13], though these approaches scale poorly
due to the super-exponential growth (on the number of nodes) of
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the search space [14, 15]. A recent line of work develops continu-
ous relaxations of score-based methods, where acyclicity is enforced
through smooth functions amenable to gradient-based optimization.
NOTEARS pioneered the trace-exponential acyclicity characteriza-
tion [16], with later refinements via polynomial and log-determinant
functions whose zeroth level set is the space of DAGs [17, 18, 19, ?].
Subsequent contributions, including GOLEM [20], DAGMA, and
CoLiDE [21], advanced this direction by optimizing least-squares or
likelihood-based objectives augmented by acyclicity penalties, with
CoLiDE further incorporating noise variance estimation for adaptiv-
ity. These methods scale well to large number of variables, but can
face optimization challenges as they attemp to solve non-convex,
equality-constrained problems [18]. When edge weights are non-
negative, then convex formulations are possible [22]. Here instead,
we deal with general (non-sign constrained) weights and sidestep
optimization issues altogether. Order-based methods recover DAGs
by first learning a node ordering and then estimating edges. Recent
state-of-the-art representatives include [23, 24], but these algorithms
only estimate the DAG structure (neglecting edge weights, unlike
ours), albeit with strong theoretical support recovery guarantees.

More germane to our approach in this paper, another way to
tackle DAG learning is to restrict the search space to a superstruc-
ture, namely an undirected skeleton encompassing a restricted class
of possible DAGs. For Gaussian data, the precision (i.e., inverse
covariance) matrix of the observations encodes conditional indepen-
dencies and has well-documented links to the so-termed moralized
graph associated to the DAG [2, 5, 25]; see also [26] for an influential
work exploring general non-Gaussian settings. This creates a strong
incentive to leverage high-quality precision matrix estimators, such
as graphical Lasso [27], as a precursor to DAG structure inference.
This is the path we follow here, but cautiously, since we show that
for linear SEMs the resulting precision matrix can be severely ill-
conditioned. Interestingly, GreedyPrune avoids restrictive condition
number assumptions and provides fixed polynomial-time guarantees
for recovering the precision matrix in certain classes of Gaussian
graphical models [28]. Motivated by these insights on the role of
precision matrices to unveil latent DAG structure, we next present
our own approach that builds directly on this valuable connection.

Contributions. We propose BUILD (Bottom-Up Inference of Lin-
ear DAGs), a deterministic algorithm that iteratively identifies leaf
nodes and their parents, then prunes the leaves by removing incident
edges to proceed to the next step, exactly reconstructing the DAG
from the ensemble precision matrix of a linear Gaussian SEM model
with equal noise variances. The algorithm is motivated by the favor-
able structure we reveal in the population-level precision matrix (see
Lemma 1 and Corollary 1). In practice, we only have data to work
with and hence an imperfect precision matrix estimate. A key feature
of BUILD is an error mitigation strategy that balances accuracy and
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runtime by periodically re-estimating the precision matrix, as leaves
are pruned and the problem dimensionality decreases. Through ex-
tensive synthetic experiments, BUILD demonstrates strong perfor-
mance across multiple evaluation metrics, achieving accurate edge
detection and weight estimation while maintaining competitive run-
time. Moreover, its performance scales favorably as the number of
nodes increases. To ensure transparency and reproducibility, we pub-
licly share the implementation of BUILD alongside the paper.

2. PRELIMINARIES AND PROBLEM STATEMENT

We introduce the required background on DAGs and linear SEMs
needed to formally state the DAG topology inference problem.
Directed acyclic graphs. Let D = (V, E) denote a DAG, where
V = {1, . . . , N} is the set nodes and E ⊆ V × V is the set of
directed edges. The convention we adopt is that (i, j) ∈ E means
that there is an arc j → i. Because D contains no directed cycles or
self loops, V admits a (generally non-unique) topological ordering
whereby (i, j) ∈ E implies that node j precedes node i. Thus, every
DAG defines a unique partial order over the set V , where j < i
if node j is a predecessor of i, meaning there exists a directed path
from j to i. The weighted adjacency matrix A ∈ RN×N encodes the
connectivity structure of D, with Aij ̸= 0 if and only if (i, j) ∈ E .
When V is ordered topologically, A is strictly lower triangular.
Linear structural equation models. Let us assumeD captures con-
ditional independencies among the variables in the random vector
x = [x1, . . . , xN ]⊤ ∈ RN . If the joint distribution P(x) satisfies a
Markov property over D, it implies that each random variable xi is
solely dependent on its parents PAi = {j ∈ V : Aij ̸= 0} [2]. This
work focuses on linear SEMs to generate such a probability distri-
bution, where the relationship between each random variable and its
parents is expressed as xi =

∑
j∈PAi

Aijxj + zi, ∀i ∈ V , where
z = [z1, . . . , zN ]⊤ is a zero-mean Gaussian vector of mutually in-
dependent, exogenous noises with known variance σ2. For a dataset
X ∈ RN×M consisting of M i.i.d. samples drawn from P(x), the
linear SEM can be expressed in matrix form as X = AX+ Z.
Problem statement. Given the data matrix X generated by a linear
SEM, the goal is to recover the underlying DAG D by estimating
its adjacency matrix A. Under the assumption of Gaussian z with
equal variances, then D is identifiable from the joint distribution of
x alone (i.e., from observational data); see e.g., [2, Prop. 7.5].

3. BUILD: BOTTOM-UP INFERENCE OF LINEAR DAGS

Here, we present the proposed DAG inference algorithm. For a
linear Gaussian SEM with known equal noise variances, we first de-
scribe how the adjacency matrix A of D can be reconstructed from
the precision matrix Θ of x. We follow a bottom-up approach that
sequentially identifies and prunes leaf nodes and incident edges from
their parents. We then touch upon important implementation details,
namely ill-conditioned precision matrix estimation and mitigation of
finite-sample induced errors in the DAG reconstruction process.
DAG recovery from the ensemble precision matrix. Recall the
linear SEM x = Ax + z, where z ∼ N (0, σ2IN ). The signal co-
variance matrix is given by Σ := E

[
xx⊤] = σ2(IN −A)−1(IN −

A⊤)−1 and, hence, the precision matrix Θ = Σ−1 has the form

Θ = σ−2(IN −A⊤)(IN −A
)

= σ−2
(
IN −A−A⊤ +A⊤A

)
. (1)

The following simple result characterizes the entries of the precision
matrix Θ, and will be central to our algorithmic approach.

Lemma 1 (Precision matrix entries). Let A = [a1, . . . ,aN ] ∈
RN×N be the adjacency matrix of D and write supp(aj) ≡ CHj :=
{i ∈ V : Aij ̸= 0}, the children of j ∈ V . The (scaled by σ2)
entries of the (symmetric) precision matrix Θ in (1) are given by

σ2Θij =

{
1 +

∑
k∈CHi

A2
ki, i = j

−Aij +
∑

k∈CHi∩CHj
AkiAkj , i > j

. (2)

Proof. Follows immediately by noticing diag(A) = 0N because a
DAG has no self loops, and from [A⊤A]ij = a⊤

i aj .

The support of Θ corresponds to the so-termed moralized graph
of D [26], an undirected graph obtained by connecting all nodes
within each parent set PAi and also dropping the directionality of
all edges in E . Now, if node i is a leaf of D then CHi = ∅ and
ai = 0N . This observation along with Lemma 1 suggests leaf nodes
can be unequivocally identified from the diagonal entries of Θ.

Corollary 1. A node i ∈ V is a leaf of D if and only if Θii = σ−2.
All other non-leaf nodes have Θjj > σ−2 and the gap or resolution
limit is lower bounded by ∆ = σ−2 mini,j∈V A2

ij .

Moreover, it follows from (2) that we can also identify the par-
ents PAi of leaf i and the edge weights Aij ̸= 0 (recall σ2 is known).
This is because CHi = ∅, hence the off-diagonal entries in the i-th
row (and column) of Θ are scaled (by −σ−2) copies of the i-th row
of A, whose support is precisely PAi. All in all, if we are given Θ
and identify i ∈ V as a leaf (cf. Corolloray 1), then we can recover
the i-th row of the adjacency matrix as

Aij =

{
−σ2Θij , j < i

0, j ≥ i
. (3)

Of course, we also know the i-th column of A is ai = 0N . This ob-
servation forms the key insight behind the proposed DAG recovery
method, at least in the idealized setting where the ensemble preci-
sion matrix Θ is available. The idea is to iteratively identify leaf
nodes using Corollary 1, recover their parents from Θ using (3), and
then remove the contribution of each leaf (the node itself and its inci-
dent edges) using (2). The resulting matrix describes the conditional
dependence relations of the reduced DAG. Repeating this stepwise
bottom-up process enables full recovery of the underlying DAG.

The two last steps of the aforementioned process can be related
to eliminating a leaf node from the data and recomputing the preci-
sion matrix over the leftover nodes. To clarify this relation, let us
split the precision (and covariance) matrix in 4 blocks (for visual
convenience we permute rows and columns so that leaf i is depicted
first) and, a block matrix inversion identity yields

Θ =


[Θ]ii [Θ]i,R

[Θ]R,i [Θ]R,R

 , (4)

ΘRR = [Θ]R,R − [Θ]−1
ii [Θ]R,i [Θ]i,R, (5)

where R = V \ {i} is the set of remaining nodes, [Θ]ii = Θii =
σ−2 is the scalar diagonal entry corresponding to the selected leaf i,
[Θ]i,R ∈ R1×|R| is the row vector with entries −σ−2Aij , j ∈ R,
and [Θ]RR ∈ R|R|×|R| is the precision submatrix over the leftover
nodes (prior to pruning). After removing i, the precision matrix for
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Algorithm 1 BUILD: Bottom-Up Inference of Linear DAGs

Input: Θ̂, X, σ2, threshold ε, refresh rate ρ ∈ [0, 1]

Output: Â ∈ RN×N

1: A← 0N×N , τ ← 0, Θ← Θ̂, Q ← ∅ ▷ pruned leaves inQ
2: T ← {⌊tρN⌋ : t = 1, 2, . . . , N − 1} ▷ refresh checkpoints
3: while |Q| < N do
4: R← {1, . . . , N} \ Q ▷ remaining nodes
5: if τ ∈ T then ▷ time to re-estimate ΘRR
6: Θ̂RR ← GREEDYPRUNE(XR)

7: [Θ]R,R ← Θ̂RR
8: end if
9: i← argminu/∈Q{Θuu ≥ ε} break if none ▷ find leaf

10: Q ← Q∪ {i}, τ ← τ + 1
11: a← −σ2Θi,:; set ai ← 0; ∀j ̸= i, set aj ← 0 if |aj | < ε
12: Ai,: ← a ▷ connectivity of i to its parents [cf. (3)]
13: for each j with |aj | ≥ ε do
14: Θj,: ← Θj,: − σ−2aja ▷ effect of i onR [cf. (5)]
15: end for
16: Θi,: ← 0, Θ:,i ← 0 ▷ prune leaf node i
17: end while
18: return Â = A

the next step is ΘRR = [Θ]R,R − [Θ]−1
ii [Θ]R,i [Θ]i,R. If i is

indeed a leaf node, the elimination of the i-th row and column and
the update of the remaining entries via (5) is similar to the process
described in the previous paragraph.

Building on this core idea, we now introduce our proposed ap-
proach, BUILD (Bottom-Up Inference of Linear DAGs), which op-
erates in two phases. Given data X ∈ RN×M , in the first phase
we estimate the precision matrix borrowing existing methods from
the literature. In the second phase (our main contribution), we apply
Algorithm 1 to recover the underlying DAG structure from Θ̂.

Implementation details. With access to the ensemble precision ma-
trix Θ, BUILD deterministically recovers the adjacency matrix A
in O(N2) time. In practice, however, the population-level preci-
sion matrix is unknown and it must be inferred from observational
data X. This can be particularly challenging for high-dimensional
linear SEMs with equal noise variance σ2, as the covariance ma-
trix Σ = σ2(IN − A)−1(IN − A⊤)−1 (and hence Θ) will be
badly conditioned. Indeed, the Neumann expansion (IN −A)−1 =∑N−1

k=0 Ak reveals that variances at downstream nodes in D accu-
mulate noise contributions from all their ancestors. This noise ac-
cumulation effect leads to large disparities in the marginal variances
of x1, . . . , xN , and thus in the eigenvalues of Σ. The result is an
ill-conditioned precision matrix, a phenomenon particularly severe
in DAGs with long dependency chains, high branching, or heteroge-
neous edge weights. For instance, in a chain 1 → 2 → · · · → N
with edge weights Ai,i+1 = k > 1, the condition number of Θ
grows as k2N . We employ GreedyPrune [28] to estimate the preci-
sion matrix in the initial phase, which we found to perform best in
ill-conditioned settings where e.g., graphical Lasso fails miserably.

We now provide a more detailed algorithmic description of
BUILD. We examine how the finite sample-induced errors in Θ̂
affect the estimation of A, and describe our mitigation strategies.
At each iteration, we restrict attention to the active set of variables
R. We designate as a leaf the node i ∈ R whose diagonal entry
in the precision matrix attains the smallest value above a fixed tol-
erance ϵ, thereby avoiding spurious numerical artifacts leading to
leaf misidentification. We then recover its parent relationships from

Table 1: Comparison of continuous optimization methods with vari-
ants of BUILD under different refreshing rates. Metrics reported as
mean ± std over 20 trials. Best entries are highlighted in bold.

Baseline SHD ↓ FDR ↓ TPR ↑ Time (s) ↓
BUILD-0.005 17.40± 3.64 0.004± 0.003 0.983± 0.004 1203.20± 31.65
BUILD-0.01 45.20± 10.89 0.035± 0.012 0.981± 0.004 620.77± 15.81
BUILD-0.02 81.65± 28.53 0.072± 0.029 0.977± 0.004 323.72± 7.91
BUILD-0.04 122.90± 34.02 0.112± 0.030 0.971± 0.007 168.17± 3.80
CoLiDE 114.40± 43.11 0.031± 0.026 0.888± 0.031 109.01± 22.80
DAGMA 135.95± 36.19 0.035± 0.021 0.864± 0.027 93.92± 19.43

the corresponding row of the precision matrix (Θi,: using Matlab
notation), discarding entries with negligible magnitude to suppress
the effect of estimation noise. The precision matrix is then updated
by removing the contribution of this node (leaf pruning via block
matrix inversion described earlier), and the process continues on the
reduced system, which has the same structure as before. Repeating
this procedure until no nodes remain yields Â.

As mentioned earlier, inaccurately estimated edges may fail to
completely remove the influence of discovered leaf nodes, leaving
residual effects in the updated precision matrix. For large DAGs,
these residuals propagate further, compounding over iterations and
leading to a snowball effect that may result in catastrophic edge de-
tection errors. To mitigate this phenomenon, we introduce a refresh-
ing scheme in which the precision matrix is re-estimated at fixed
intervals. This allows BUILD to operate on an updated precision
matrix (with fewer variables as leafs are pruned, thus easier to esti-
mate), resetting past accumulated errors. Algorithm 1 considers only
the active nodesR that have not yet been processed, extracts the cor-
responding rows and columns of the sample covariance matrix, and
re-estimates the precision matrix using GreedyPrune as if operating
on a newly pruned graph. We find that this scheme markedly miti-
gates the effects of error accumulation. In the experiments, we test
several variants of BUILD with different refresh rates to provide
further insight into the performance versus complexity tradeoffs.
Closing remarks. The main bottleneck of our approach is its sen-
sitivity to errors in Θ̂. The quality of Θ̂ directly affects BUILD’s
ability to recover A. With more data, the first phase yields a more
reliable precision matrix, and downstream DAG estimation improves
accordingly. Also, re-estimation of Θ̂ offers added robustness at the
price of increased runtime. We examine these tensions empirically
in the numerical tests that follow.

4. NUMERICAL TESTS

We evaluate the performance of BUILD1 by benchmarking it against
recent state-of-the-art DAG structure learning algorithms, includ-
ing CoLiDE [21], DAGMA [19], Gao et al. [23], and Daskalakis
et al. [24]. Unless otherwise stated, the synthetic data are generated
according to a linear SEM with homoscedastic Gaussian noise with
σ2 = 1. For the experiments, we consider Erdős–Rényi DAGs with
N = 200 nodes and expected degree d = 4. The sample size is
M = 1,000 observations. Edge weights Aij are drawn uniformly
from the range (−2,−0.5) ∪ (0.5, 2). This is a standard and chal-
lenging setting in the DAG estimation literature [21, 19]. The task
is to recover the ground-truth DAG, and performance is evaluated in
terms of structural Hamming distance (SHD), true and false positive
rates (TPR and FDR), and runtime. Comparative results are reported
in Table 1. Mean ± standard deviation over 20 trials is reported.

1Code at https://github.com/hamedajorlou/BUILD
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Fig. 1: Performance of BUILD compared with state-of-the-art baselines. Results are averaged over 10 trials, with shaded regions indicating
the 10th and 90th percentiles. (a) NMSE of edge estimation as a function of sample size. (b) SHD as a function of sample size. (c) Comparison
with order-based methods: SHD (left) and runtime in log scale (right) versus the number of nodes.

Discussion and findings. The variants of BUILD reported in Table 1
correspond to different precision matrix refresh rates. For instance,
BUILD-0.1 means Θ is re-estimated whenever 10% of the nodes
have been pruned during the bottom-up DAG construction process.

In principle, BUILD can exactly recover the true underlying
DAG if provided with the ensemble precision matrix. However, in
practice the precision matrix is only available through empirical esti-
mation, which inevitably introduces errors. As BUILD proceeds by
sequentially removing the influence of leaf nodes, these estimation
errors propagate and accumulate, ultimately leading to spurious edge
detections. The key insight is that BUILD’s accuracy is highly sen-
sitive to precision matrix estimation error. Refreshing the precision
matrix mitigates this issue by discarding the accumulated error and
recalibrating the algorithm with a better estimate, thereby improving
edge recovery. This effect is most evident in the FDR reported in Ta-
ble 1. As the refresh rate increases, the FDR consistently decreases.
Naturally, each refresh incurs additional computational cost, creating
a trade-off between accuracy and runtime. As an extreme case for a
DAG with N = 200 nodes, we run BUILD-0.005, which refreshes
the precision matrix after processing each node. While admittedly
computationally expensive, this variant achieves substantially higher
accuracy than competing continuous optimization methods, high-
lighting the merits of error correction through re-estimation of Θ̂.

Edge weight estimation. To assess edge-weight estimation perfor-
mance not captured by the metrics in Table 1, we compute the Nor-
malized MSE (NMSE) between the estimated adjacency matrix Â

and the ground truth A⋆, defined as NMSE = ∥Â−A⋆∥2F /∥A⋆∥2F ,
across different sample sizes; see Fig. 1(a). In BUILD-0.02, the pre-
cision matrix is refreshed every 2% of the nodes processed, which
for N = 200 nodes amounts to every 4 nodes. As M increases, the
precision matrix estimation error decreases, leading to more accurate
edge recovery in the second phase of the algorithm. This improved
accuracy allows BUILD-0.02 to outperform the other two baselines,
at comparable complexity (see Table 1).

Structure recovery. In many applications, the primary objective is
to recover the correct support of A. With this in mind, in Fig. 1(b),
we report the SHD of the estimated DAGs as a function of the num-
ber of samples M . As the sample size grows, the error in precision
matrix estimation decreases, which leads to more reliable support
recovery. In this setting, BUILD-0.02 achieves the lowest SHD and
outperforms the other models once 800 samples are available.

Comparison with order-based methods. The previous experi-

ments compared BUILD against continuous optimization methods.
We now turn our attention to a different line of order-based ap-
proaches with promising performance, namely Gao et al. [23] and
Daskalakis et al. [24]. Unlike optimization-based methods, these
algorithms focus on support recovery rather than estimating edge
weights, which is an inherent limitation. For this reason, we present
their results separately in Fig. 1(c), where the left panel shows SHD
and the right panel reports runtime (in log-scale). Dashed lines
correspond to the runtime of each baseline. We observe that Gao
et al. [23] achieves consistently low error as the number of nodes
grows, but its runtime grows rapidly, making it impractical for larger
networks. By contrast, Daskalakis et al. [24] is more efficient but
suffers from high error in this edge weight regime, even though
it nearly recovers the ground truth when weights are restricted to
(−1,−0.5) ∪ (0.5, 1). In terms of SHD, BUILD-0.1 matches the
accuracy of Gao et al. [23] while remaining scalable, and it is con-
sistently faster than both baselines. This makes BUILD a viable
choice for large-scale DAG learning, where the alternatives either
become computationally prohibitive or incur significant error.

5. CONCLUSIONS, LIMITATIONS, AND FUTURE WORK

We introduced BUILD, a deterministic algorithm for DAG structure
identification using the observations’ precision matrix. BUILD iter-
atively identifies and prunes leave nodes, reconstructing the DAG in
a bottom-up fashion. To keep finite sample-induced error propaga-
tion in check, optional re-estimation of the precision matrix is con-
sidered. On synthetic linear Gaussian SEM data, BUILD achieved
lower SHD and higher TPR than representative baselines while re-
maining computationally competitive. A limitation of the algorithm
is its sensitivity to the accuracy of the estimated precision matrix, es-
pecially given that the problems tend to be badly conditioned. More-
over, refreshing the weights discards many previously computed en-
tries of the precision matrix that are already contaminated by er-
ror, which introduces inefficiency. These limitations point toward
natural directions for future research, including concomitant estima-
tion of the noise variance and DAG structure, formalizing sample-
complexity guarantees while neglecting the refresh mechanism for
analytical tractability, designing adaptive refresh schedules to bal-
ance accuracy and efficiency, and extending the approach to non-
Gaussian and nonlinear SEMs. Exploring structure estimation in the
presence of interventional data is also of interest.
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