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ABSTRACT

The ability to recover a low-rank matrix from a subset of its
entries is the leitmotif of recent advances for localization of
wireless sensors, unveiling traffic anomalies in backbone net-
works, and preference modeling for recommender systems.
This paper develops a distributed algorithm for low-rank ma-
trix completion over networks. While nuclear-norm mini-
mization has well-documented merits when centralized pro-
cessing is viable, the singular-value sum is non-separable and
this challenges its minimization in a distributed fashion. To
overcome this limitation, an alternative characterization of the
nuclear norm is adopted which leads to a separable, yet non-
convex cost that is minimized via the alternating-direction
method of multipliers. The novel distributed iterations entail
reduced-complexity per node tasks, and affordable message
passing between single-hop neighbors. Interestingly, upon
convergence the distributed (non-convex) estimator provably
attains the global optimum of its centralized counterpart, re-
gardless of initialization. Simulations corroborate the conver-
gence of the novel distributed matrix completion algorithm,
and its centralized performance guarantees.

1. INTRODUCTION

Let X := [z;,] € REXT be a low rank matrix (rank(X) <
min(L,T)), and consider theset 2 C {1,...,L}x{1,...,T}
of index pairs (I,¢) that define a sampling of the entries of
X. In the low-rank matrix completion problem, given a few
(possibly) noise corrupted measurements y;; = j; + Uiz,
(1,t) € £, the goal is to estimate the low-rank matrix X. This
task entails denoising the observed entries, and accurately im-
puting the missing ones. Introducing the sampling operator
Pa(X) which sets the entries of X not in €2 to zero and leaves
the rest unchanged, the data model can be compactly written
in matrix form as

Pa(Y) =Pa(X + V). (1)

A natural estimator exploiting the low-rank property of
X minimizes a tradeoff between the least-squares error in fit-
ting the data P (Y) to the model (1), and the rank of X; see
e.g., [2]. Unfortunately, rank minimization is generally an
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NP-hard problem, and the nuclear norm surrogate defined as
X[l := " ok(X) is typically utilized in rank-minimization
problems (0 (X) denotes the kth singular value of X), since
it is the closest convex approximant to rank(X) [6]. Accord-
ingly, one can aim at solving [2]

1
(P1)  min §||7’Q(Y—X)||%’+/\*||X||*

where A\, > 0 is a rank-controlling parameter. Formulation
(P1) is appealing since it is a convex optimization problem,
and has been shown to attain good performance in theory and
practice. In particular, in the noise-free case and under cer-
tain technical conditions on the low-rank matrix X, (P1) re-
covers the missing values exactly from a small subset of the
entries Pq(X), see e.g., [3]. Stable recovery results in the
presence of noise are also available [2]. Several customized it-
erative algorithms have been proposed to solve (P1), and have
been shown effective in tackling low- to medium-size matrix
completion problems; see e.g., [3], [6]. However, most al-
gorithms require computation of singular values per iteration
and become prohibitively expensive when dealing with high-
dimensional data.

Typically, the samples Pq (YY) are assumed to be centrally
available, so that they can be jointly processed to complete X
by e.g., implementing the estimator in (P1). Collecting all
this information can be challenging though in various appli-
cations of interest; or, it may be even impossible in e.g., wire-
less sensor networks (WSNs) operating under stringent power
budget constraints. In other cases such as the Internet or col-
laborative marketing studies, agents providing private data
for the purpose of e.g., fitting a low-rank preference model,
may not be willing to share their training data but only the
learning results. Performing the optimization in a centralized
fashion raises robustness concerns as well, since the central
processor represents an isolated point of failure. These rea-
sons motivate well the fully distributed algorithm for nuclear
norm minimization developed in this paper. Each networked
agent carries out simple computational tasks locally, relying
only on its local measurements of X and messages exchanged
with its directly connected neighbors. In a similar vein, paral-
lel stochastic gradient algorithms were recently developed for
large-scale matrix completion [7], but they are not applicable
to networks of arbitrary topology.
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2. PRELIMINARIES AND PROBLEM STATEMENT

Consider N networked agents capable of performing local
computations, as well as exchanging messages among directly
connected neighbors. An agent should be understood as an
abstract entity, e.g., a sensor node in a WSN, or a router mea-
suring and monitoring Internet traffic. The network is natu-
rally modeled as an undirected graph G(N, £), where the ver-
tex set N := {1,..., N} corresponds to the network agents,
and the edges (links) in £ represent pairs of agents that can
communicate. Agent n € N communicates with its single-
hop neighboring peers in 7,,, and the size of the neighborhood
will be henceforth denoted by |7,,|. The graph G is assumed
connected, i.e., there exists a (possibly multihop) path that
joins any pair of agents in the network.

With reference to the matrix completion problem stated in
Section 1, for the setting envisioned here each agent n € N
has available a few incomplete and noise-corrupted rows of
X. Specifically, the local data available to agent n is matrix
Pa, (Y,), where Y,, € RE-XT SN [ — [ and Y :=
(Y4, ..., Y] = X 4 V. The index pairs in (2,, are those in
Q) for which the row index matches the rows of Y observed by
agent n. In the sequel, ||X||r and ||X]|| denote, respectively,
the Frobenius and spectral norms of X. Agents collaborate to
form the wanted estimator (P1) in a distributed fashion, which
can be equivalently rewritten as

N
_ 1 A
g 3 [51Pa. (Yo - X[+ 11

n=1

The objective of this paper is to develop a distributed nu-
clear norm minimization algorithm for matrix completion, via
in-network processing of the locally available data. The de-
scribed setup suggests three characteristics that the algorithm
should exhibit: (i) agent n € A should obtain an estimate of
X, which coincides with the corresponding solution of the
centralized estimator (P1) that uses the whole data P (Y);
(ii) processing per agent should be as simple as possible; and
(iii) inter-agent communications should be affordable and con-
fined to the single-hop neighborhoods.

Remark 1 (The local sampling operators) . Operator Pq,,
is a linear orthogonal projector, since it projects its matrix ar-
gument onto the subspace V,, := {Z € RL"*T : supp(Z) €
Q,,} of matrices with support contained in 2,,. Recall the ma-
trix vectorization operator vec(Z) which stacks the columns
of Z on top of each other to return a supervector, and its in-
verse unvec(z). Linearity of Pg,, implies that vec(Pq,, (Z)) =
Ag, vec(Z), where Aq, € RLnT is a symmetric projection
matrix that will prove handy later on. To characterize Aq_,
introduce an L,, X T masking matrix €2,, whose (I, ¢)th en-
try equals one when (I,t) € Q,, and zero otherwise. Since
Pa,(Z) = Q, © Z (© denotes Hadamard product), from
standard properties of the vec(-) operator it follows that A, =
diag(vec(£2y,)).

3. DISTRIBUTED MATRIX COMPLETION

To facilitate reducing the computational complexity and mem-
ory storage requirements of the distributed algorithm sought,
it is henceforth assumed that an upper bound rank(X) <pis
known a priori, where X is the estimated low-rank matrix ob-
tained via (P1). As argued next, the smaller the value of p, the
more efficient the algorithm becomes. Because rank(X) <p,
(P1)’s search space is effectively reduced and one can fac-
torize the decision variable as X = LQ’, where L and Q
are L x p and T' X p matrices, respectively. Adopting this
reparametrization of X in (P1) and making explicit the dis-
tributed nature of the data (cf. Section 2), one obtains the

following equivalent optimization problem
S| A
. |12 * /
g S [5IPe, 00~ L@l + Q)

which is non-convex due to the bilinear term LQ’, and where
L := [L},...,L%])". Note that the number of variables is
reduced from LT in (P1), to p(L + T) in (P2). The savings
can be significant when p is in the order of a few dozens and
both L and T are large.

Problem (P2) is still not amenable for distributed imple-
mentation due to: (i) the non-separable nuclear norm present
in the cost function; and (ii) the global variable QQ coupling
the per-agent summands. Dealing with these issues is the sub-
ject of the next two sub-sections.

3.1. A separable nuclear norm regularization

To address (i), consider the following separable characteriza-
tion of the nuclear norm (see e.g., [6] and [7])

. 1
HXH* = {%1’1(51} 5 (HL”% + ||QH%) , s.to X = LQ’.
(2

For an arbitrary matrix X with singular value decomposition
(SVD) X =UxX XV’X, the minimum in (2) is attained for
L = Ux2Y? and Q = VxX{? The optimization (2)
is over all possible bilinear factorizations of X, so that the
number of columns of L and Q is also a variable. Building on
(2), the following reformulation of (P2) provides an important
first step towards obtaining a distributed estimator for matrix
completion:

N
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As asserted in the following lemma, adopting the separable
Frobenius-norm regularization in (P3) comes with no loss of
optimality, provided the upper bound p is chosen large enough.



Lemma 1: Let X denote the minimizer of (P1). If rank(X) <
p, then (P3) is equivalent to (P1).
Proof: Clearly, rank(X) < p implies that (P2) is equivalent
to (P1). From (2) one can also infer that for every feasible
solution {L, Q}, the objective of (P3) is greater than or equal
to that of (P2). The gap between the globally minimum ob-
jectives of (P2) and (P3) vanishes when L := UX'/2 and
Q:= V31/2 where X = USV'. Therefore, the minimum
objectives of (Pl) and (P3) are identical. |
Lemma 1 asserts that by finding the global minimum of
(P3), which could have considerably less variables than (P1),
one can recover the optimal solution of (P1). However, since
(P3) is nonconvex, it may have stationary points which need
not be globally optimum. Interestingly, the next proposition
shows that under relatively mild assumptions on rank(X) ev-
ery stationary point of (P3) is globally optimum for (P1). For
a proof (omitted here due to space limitations), see [4].

Proposition 1: Let {L, Q} be a stationary point of (P3). If
|Pa(Y — LQ))|| < A, then X := LQ' is the globally opti-
mal solution of (P1).

Notice that the condition [|Po (Y —LQ’)|| < A, captures tac-
itly the role of p, the number of columns of L and Q in the
postulated model. In particular, for sufficiently small p the
residual ||Po (Y —LQ’)|| becomes large and subsequently the
condition is violated (unless A is large enough, in which case
a sufficiently low-rank solution of (P1) is expected). In addi-
tion, note that the noise variance certainly affects the value of
[Po(Y — LQ')||, and thus satisfaction of the said condition.

3.2. Local variables and consensus constraints

To decompose the cost in (P3), in which summands are cou-
pled through the global variables Q (cf. (ii) at the beginning
of Section 3), introduce auxiliary variables {Q,, }_; repre-
senting local estimates of Q per agent n. Use these estimates
to form the separable constrained minimization problem

e Z [nm CL.Q)%
2 (VLo +11Qu3)
2N nilF ni| g
s.t0 Q,=Q,, METn, nEN.

Notice that (P3) and (P4) are equivalent optimization prob-
lems provided the network graph G(A/, L) is strongly con-
nected. The equivalence should be understood in the sense
that Q1 = Q2 = ... = Qn = Q, where {Qn}neN and
Q are the optimal solutions of (P4) and (P3), respectively.
Of course, the corresponding estimates for L will coincide
as well. Even though consensus is a fortiori imposed within
neighborhoods, it extends to the whole (connected) network
and local estimates agree on the global solution of (P3). To
arrive at the desired distributed algorithm, it is convenient to

reparametrize the consensus constraints in (P4) as

Qu =, Q= F7, and B =7, me Jo neN

3)

where {F F7}, s, are auxiliary optimization variables
that will be eventually eliminated.

3.3. The alternating-direction method of multipliers

To tackle (P4), associate Lagrange multipliers M and M
with the first pair of consensus constraints in (3). Introduce
the quadratically augmented Lagrangian function

N
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n=1
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where ¢ > 0 is a positive scalar, and the primal variables
are split into groups V; := {Q,})_, and V, := {L,,F™

F’”}mey ™. For notational brevity, collect all Lagrange mul-
tipliers in M = {M7", M},
constraints in (3), namely Cy := {Fm
N}, have not been dualized.

To minimize (P4) in a distributed fashion, the alternating-
direction method of multipliers (AD-MoM) will be adopted
here. The AD-MoM is an iterative augmented Lagrangian
method especially well suited for parallel processing [1], which
has been proven successful to tackle the optimization tasks
stemming from general distributed estimators of deterministic
and (non-)stationary random signals; see e.g., [5]. The pro-
posed solver entails an iterative procedure comprising three
steps per iteration k = 1,2,... [n € N, m € J,, in (5)-(6)]

Note that the remaining
Fy,meJ,, ne

[S1] Update dual variables:

[S2] Update first group of primal variables:

Vilk+1] = arg n\l}in LoV, Vaolk], M[E]). (D)

[S3] Update second group of primal variables:

Valk+1] = arg v?éicrilv Le Wik +1], Ve, M[E]). (8)



Algorithm 1 : Distributed matrix completion at agent n € A

Input Y,,, Aq,,, A\, c, p.
Initialize S[0] = O7x,, and L, [1], Q. [1] at random.
fork =1,2,...do
Receive {Qm [k]} from neighbors m € J,.
[S1] Update local dual variables:
Sn[k] =Snlk =1+ p 3 cr, (Qn[k] — QmK]).
[S2] Update first group of local primal variables:

E.[k+ 1] = {(Ir ® L, [K)Aq, (I & Lu[k]) + (/N + 26 Tu )L} "
Qulk+ 1] = unvee (En [k + 1] {(Ir @ L [K]) Ao, vee(Yn) = vee(O[K]) + evee(S,,c 5, (QuIK] + Quulk) } ).

[S3] Update second group of local primal variables:

Dok + 1] = {(Qu[k + 1] © 11, ) Ao, (Qulk + 1@ Tp,) + ALor, } .
L, [k + 1] = unvec (Dy[k + 1] (Qn[k + 1] ® 11, )Aq, vec(Yr)).

Broadcast Q. [k + 1] to neighbors m € 7.
end for
Return Q,,, L,

This three-step process amounts to a block-coordinate descent
method with dual variable updates. At each step while mini-
mizing the augmented Lagrangian, the variables not being up-
dated are treated as fixed, and are substituted with their most
up to date values. In [S1], p > 0 is the step size of the sub-
gradient ascent iterations (5) and (6). While it is common in
AD-MoM implementations to select i = ¢, a distinction be-
tween the step size and the penalty parameter is made explicit
here in the interest of generality.

Reformulating the estimator (P1) to its equivalent form
(P4) renders the augmented Lagrangian in (4) highly decom-
posable. The separability comes in two flavors, both with re-
spect to the variable groups V; and Va, as well as across the
network agents n € A/. This leads to highly parallelized, sim-
plified recursions corresponding to the aforementioned three
steps. Specifically, it is shown in [4] that if the multipliers
are initialized to zero, [S1]-[S3] yields the distributed matrix
completion algorithm tabulated as Algorithm 1 (® denotes
Kronecker product). In particular, note how [S2] and [S3]
boil down to local updates of Q,,[k| and L, [k], respectively.

Remark 2 (Simplification of redundant variables) . Care-
ful inspection of Algorithm 1 reveals that the redundant aux-
iliary variables {F7", F7, M} <" have been eliminated.
Each agent, say the nth, does not need to separately keep
track of all its non-redundant multipliers {M™},,c 7., but
only update their respective (scaled) sums S, [k] := 2>

Remark 3 (Computational and communication cost) . The
main computational burden of Algorithm 1 per agent stems
from repeated inversions of p x p and pL,, X pL,, matrices to
obtain E,,[k+1] and D,, [k+1], respectively. Notice however,
that E,, [k + 1] € RPT*,T has block-diagonal structure with
blocks of size p x p. Inversion of p X p matrices is afford-
able in practice since p is typically small for most applications
of interest (cf. the low-rank assumption). In addition, L, is

the number of row vectors acquired per agent which can be
controlled by the designer to accommodate a prescribed max-
imum computational complexity specification. On a per iter-
ation basis, network agents communicate their updated local
estimates {Q,,[k]} only with their neighbors, in order to carry
out the updates of primal and dual variables during the next
iteration. Regarding communication cost, Q,[k] isa T X p
matrix and its transmission does not incur significant over-
head for small values of p. Observe that the dual variables
need not be exchanged, and the communication cost does not
depend on the size of the network V.

When employed to solve non-convex problems such as
(P4), AD-MoM offers no convergence guarantees. However,
there is ample experimental evidence in the literature which
supports convergence of AD-MoM, especially when the non-
convex problem at hand exhibits “favorable” structure. For
instance, (P4) is bi-convex and gives rise to the strictly con-
vex optimization subproblems (7)-(8), which admit unique
closed-form solutions per iteration (cf. [S2]-[S3] in Algo-
rithm 1). This observation and the linearity of the constraints
suggest good convergence properties for Algorithm 1 — ex-
tensive numerical tests including those presented in Section 4
demonstrate that this is indeed the case. While a formal con-
vergence proof is subject of ongoing investigation, the follow-
ing proposition proved in [4] asserts that upon convergence,
Algorithm 1 attains consensus and global optimality.
Proposition 2: Assume that the iterates {Qp[k], L, [k]} nen
generated by Algorithm 1 converge to {Q,, L, }nen. If X is
the optimal solution of (P1), then Q1 = Qa2 = ... = Qu.
Also, if | Po(Y — LQ,)|| < A, then X = LQ, n € N.

4. NUMERICAL TESTS

The convergence and effectiveness of the proposed in-network
matrix completion algorithm is corroborated here with the aid
of computer simulations. The network topology is generated



as a realization of the random geometric graph model, that is,
agents are randomly placed on the area of interest and two
agents communicate with each other if their Euclidean dis-
tance is less than a prescribed communication range d.. The
entries of the noise matrix V are independent and identically
distributed (i.i.d.), zero-mean, Gaussian with variance ¢2; i.e.,
vt ~ N(0,0?). Low-rank matrices with rank r are gener-
ated from the bilinear factorization model X, = WZ’, where
W and Z are respectively L x r and T x r matrices with i.i.d.
entries drawn from a Gaussian distribution N (0,100/v/LT).
The sampling set €2 is picked uniformly at random, where
each entry of the matrix €2 is a Bernoulli random variable tak-
ing the value one with probability 1—p. Data is thus generated
as Po(Y) = Pa(Xo+ V) = 26 (X + V). The following
parameters are used throughout the tests: N = 20, L = 106,
T = 106, d. = 0.35, r = 3, p = 3. The rank-controlling
parameter )\, is selected based on the heuristic rules proposed
in e.g., [2]. Different values of p (fraction of missing entries)
and o2 (noise strength) are examined.

For ;1 = 0.1 and ¢ = 0.1, Algorithm 1 is run in the afore-
mentioned setting until convergence is attained. These values
for the step size and penalty parameter were experimentally
chosen to obtain the fastest convergence rate. The time evo-
lution of consensus among agents is depicted in Fig. 1, for
five representative agents in the network. The metric of in-
terest here is the relative error ||Q,[k] — Q[k]| /| QK] F
per agent n, which compares the_correspondinj%local estimate
with the network-wide average Q[k] := & >_,_; Qu[k]. Itis
observed that the agents finally reach agreement on the global
matrix Q, which need not be equal to the factor Z generating
the data due to rotational ambiguity.

Next, it is corroborated that the proposed distributed ma-
trix completion algorithm attains the centralized performance.
To this end, the centralized singular value thresholding algo-
rithm is used to solve (P1) [3], after collecting all the per-
agent data in a central processing unit. For both the dis-
tributed and centralized schemes, Fig. 2 depicts the evolution
of the relative error || X [k] —Xol| /|| Xo|| . It is apparent that
the distributed estimator approaches the performance of the
centralized one, thus corroborating convergence and global
optimality as per Proposition 2. Notice that in this example
the sufficient condition || Pq (Y —X[oc])|| < . for global op-
timality is not satisfied, which means that the claim in Propo-
sition 1 may even hold under less restrictive conditions. In-
terestingly, for small noise levels where the estimation error
approaches zero, the distributed estimator recovers almost ex-
actly the true low rank matrix.
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