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Classical random graph models

▶ Simplest model is the Erdös-Renyi (ER) random graph model GNv ,p

⇒ Undirected graph Nv vertices, edges present w.p. p, independently

▶ Stochastic block models (SBMs) explicitly parameterize the notion of communities C1, . . . , CQ

⇒ Nodes assigned to Cq w.p. αq, connection rates πqr of vertices between/within groups
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<latexit sha1_base64="Fhb/61+LDATX6XdJXhuvKk22xJE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLuDuZTYbMzC4zs0IIKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQKbqzvf3lr6xubW9uFneLu3v7BYenouGmSTFPWoIlIdDtCwwRXrGG5FaydaoYyEqwVjW5nfuuRacMT9WDHKQslDhSPOUXrpHYXRTrEXrVXKvsVfw6ySoKclCFHvVf67vYTmkmmLBVoTCfwUxtOUFtOBZsWu5lhKdIRDljHUYWSmXAy/3dKzp3SJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWdKUEyxWskma1ElxV/PvLcs3P6ynAKZzBBQRwDTW4gzo0gIKAZ3iBV+/Je/PevY/F6pqX35zAH3ifPxKUllU=</latexit>↵2

▶ Mixtures of Erdős-Rényi models can be surprisingly flexible
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Classical random graph models

▶ Simplest model is the Erdös-Renyi (ER) random graph model GNv ,p

⇒ Undirected graph Nv vertices, edges present w.p. p, independently

▶ Stochastic block models (SBMs) explicitly parameterize the notion of communities C1, . . . , CQ

⇒ Nodes assigned to Cq w.p. αq, connection rates πqr of vertices between/within groups

<latexit sha1_base64="hoONO8GB/r2YEyE8NwwRjJOLk7w=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoPgKewGRY8BLx4TMA9IljA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHjSxoKGo6qaaChLBtXHdL6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKHiELcONwG6ikMpAYCeY3M39ziMqzePowUwT9CUdRTzkjBorNZNBueJW3QXIOvFyUoEcjUH5uz+MWSoxMkxQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyMqUfvZ4tEZubDKkISxshMZslB/X2RUaj2Vgd2U1Iz1qjcX//UCuZJswls/41GSGozYMjhMBTExmbdAhlwhM2JqCWWK298JG1NFmbFdlWwp3moF66Rdq3rXVbd5VanX8nqKcAbncAke3EAd7qEBLWCA8Awv8Oo8OW/Ou/OxXC04+c0p/IHz+QMOUpOO</latexit>p

<latexit sha1_base64="ABmarJ5jxLRcKpeiR6k49NVyLUs=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrtB0UYI2FgmaB6QLGF2MpsMmZldZmaFsOYTbLW3E1t/xtYvcTbZQhMPXDiccy/ncoKYM21c98sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQ28zuPVGkWyQczjakv8EiykBFsrHTfvPEG5YpbdedAq8TLSQVyNAbl7/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nb86Q2dWGaIwUnakQXP190WKhdZTEdhNgc1YL3uZ+K8XiKVkE177KZNxYqgki+Aw4chEKOsBDZmixPCpJZgoZn9HZIwVJsa2VbKleMsVrJJ2repdVt3mRaVey+spwgmcwjl4cAV1uIMGtIDACJ7hBV6dJ+fNeXc+FqsFJ785hj9wPn8A1ceT8Q==</latexit>

Q = 1
<latexit sha1_base64="m9pRDC1qXWeyfbku8VESh6VAO7M=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrsxoo0QsLFM0DwgWcLsZDYZMjO7zMwKYc0n2GpvJ7b+jK1f4iTZQhMPXDiccy/ncoKYM21c98vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25rcfqdIskg9mElNf4KFkISPYWOm+cXPRL5bcsjsHWiVeRkqQod4vfvcGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzVKTqzygCFkbIjDZqrvy9SLLSeiMBuCmxGetmbif96gVhKNuG1nzIZJ4ZKsggOE45MhGY9oAFTlBg+sQQTxezviIywwsTYtgq2FG+5glXSqpS9y7LbqJZqlayePJzAKZyDB1dQgzuoQxMIDOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH2O+T8w==</latexit>

Q = 3
<latexit sha1_base64="oGBUCdbwGa1lmmuqjPyG4ZsFtXw=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrtB0UYI2FgmaB6QLGF2MpsMmZldZmaFsOYTbLW3E1t/xtYvcTbZQhMPXDiccy/ncoKYM21c98sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQ28zuPVGkWyQczjakv8EiykBFsrHTfvKkNyhW36s6BVomXkwrkaAzK3/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+On91hs6sMkRhpOxIg+bq74sUC62nIrCbApuxXvYy8V8vEEvJJrz2UybjxFBJFsFhwpGJUNYDGjJFieFTSzBRzP6OyBgrTIxtq2RL8ZYrWCXtWtW7rLrNi0q9ltdThBM4hXPw4ArqcAcNaAGBETzDC7w6T86b8+58LFYLTn5zDH/gfP4A11uT8g==</latexit>

Q = 2

<latexit sha1_base64="bK4+nhn7oU3YYyhVo5EZyU+FSEc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAs4e5kNhkyM7vMzAohpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEquLG+/+UV1tY3NreK26Wd3b39g/LhUdMkmaasQROR6HaEhgmuWMNyK1g71QxlJFgrGt3O/NYj04Yn6sGOUxZKHCgec4rWSe0uinSIvaBXrvhVfw6ySoKcVCBHvVf+7vYTmkmmLBVoTCfwUxtOUFtOBZuWuplhKdIRDljHUYWSmXAy/3dKzpzSJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWcqUEyxWskuZFNbiq+veXlZqf11OEEziFcwjgGmpwB3VoAAUBz/ACr96T9+a9ex+L1YKX3xzDH3ifPxEAllQ=</latexit>↵1

<latexit sha1_base64="Fhb/61+LDATX6XdJXhuvKk22xJE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLuDuZTYbMzC4zs0IIKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQKbqzvf3lr6xubW9uFneLu3v7BYenouGmSTFPWoIlIdDtCwwRXrGG5FaydaoYyEqwVjW5nfuuRacMT9WDHKQslDhSPOUXrpHYXRTrEXrVXKvsVfw6ySoKclCFHvVf67vYTmkmmLBVoTCfwUxtOUFtOBZsWu5lhKdIRDljHUYWSmXAy/3dKzp3SJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWdKUEyxWskma1ElxV/PvLcs3P6ynAKZzBBQRwDTW4gzo0gIKAZ3iBV+/Je/PevY/F6pqX35zAH3ifPxKUllU=</latexit>↵2<latexit sha1_base64="+Ww6UsYPhrUkq4ddMMTj3ZNW3CE=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhLuT2WTIzOwyMyuEkMJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USp4Mb6/pdXWFldW98obpa2tnd298r7B02TZJqyBk1EolsRGia4Yg3LrWCtVDOUkWAP0fBm6j88Mm14ou7tKGWhxL7iMadondTqoEgH2D3vlit+1Z+BLJMgJxXIUe+Wvzu9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYcz/6dkBOn9EicaDfKkpn6+2KM0piRjNymRDswi95U/NeL5EKyja/DMVdpZpmi8+A4E8QmZFoG6XHNqBUjR5Bq7n4ndIAaqXWVlVwpwWIFy6R5Vg0uq/7dRaXm5/UU4QiO4RQCuIIa3EIdGkBBwDO8wKv35L15797HfLXg5TeH8Afe5w8UKJZW</latexit>↵3

<latexit sha1_base64="bK4+nhn7oU3YYyhVo5EZyU+FSEc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAs4e5kNhkyM7vMzAohpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEquLG+/+UV1tY3NreK26Wd3b39g/LhUdMkmaasQROR6HaEhgmuWMNyK1g71QxlJFgrGt3O/NYj04Yn6sGOUxZKHCgec4rWSe0uinSIvaBXrvhVfw6ySoKcVCBHvVf+7vYTmkmmLBVoTCfwUxtOUFtOBZuWuplhKdIRDljHUYWSmXAy/3dKzpzSJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWcqUEyxWskuZFNbiq+veXlZqf11OEEziFcwjgGmpwB3VoAAUBz/ACr96T9+a9ex+L1YKX3xzDH3ifPxEAllQ=</latexit>↵1

<latexit sha1_base64="m0/ZeZMGkpSUPdXw82Ok+ddfvkU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAsYXZykwyZmV1mZoWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEiuLG+/+UV1tY3NreK26Wd3b39g/LhUdPEqWbYYLGIdTuiBgVX2LDcCmwnGqmMBLai8e3Mbz2iNjxWD3aSYCjpUPEBZ9Q6qd1NeC8LgmmvXPGr/hxklQQ5qUCOeq/83e3HLJWoLBPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUUlmjCb/zslZ07pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66ykislWK5glTQvqsFV1b+/rNT8vJ4inMApnEMA11CDO6hDAxgIeIYXePWevDfv3ftYrBa8/OYY/sD7/AEKYpZQ</latexit>⇡11 <latexit sha1_base64="m0/ZeZMGkpSUPdXw82Ok+ddfvkU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAsYXZykwyZmV1mZoWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEiuLG+/+UV1tY3NreK26Wd3b39g/LhUdPEqWbYYLGIdTuiBgVX2LDcCmwnGqmMBLai8e3Mbz2iNjxWD3aSYCjpUPEBZ9Q6qd1NeC8LgmmvXPGr/hxklQQ5qUCOeq/83e3HLJWoLBPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUUlmjCb/zslZ07pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66ykislWK5glTQvqsFV1b+/rNT8vJ4inMApnEMA11CDO6hDAxgIeIYXePWevDfv3ftYrBa8/OYY/sD7/AEKYpZQ</latexit>⇡11

<latexit sha1_base64="XTkw8/KFWWrsLmqgGkDbFZ3o55g=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVq9NeqexX/DnIKglyUoYc9V7pu9uPWSpRWSaoMZ3AT2yYUW05EzgtdlODCWVjOsSOo4pKNGE2/3dKzp3SJ4NYu1GWzNXfFxmVxkxk5DYltSOz7M3Ef71ILiXbwU2YcZWkFhVbBA9SQWxMZmWQPtfIrJg4Qpnm7nfCRlRTZl1lRVdKsFzBKmlWK8FVxb+/LNf8vJ4CnMIZXEAA11CDO6hDAxgIeIYXePWevDfv3ftYrK55+c0J/IH3+QMNjZZS</latexit>⇡22

<latexit sha1_base64="XTkw8/KFWWrsLmqgGkDbFZ3o55g=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVq9NeqexX/DnIKglyUoYc9V7pu9uPWSpRWSaoMZ3AT2yYUW05EzgtdlODCWVjOsSOo4pKNGE2/3dKzp3SJ4NYu1GWzNXfFxmVxkxk5DYltSOz7M3Ef71ILiXbwU2YcZWkFhVbBA9SQWxMZmWQPtfIrJg4Qpnm7nfCRlRTZl1lRVdKsFzBKmlWK8FVxb+/LNf8vJ4CnMIZXEAA11CDO6hDAxgIeIYXePWevDfv3ftYrK55+c0J/IH3+QMNjZZS</latexit>⇡22

<latexit sha1_base64="vO+uddMuyvKKQWH3pA4dLHkeetg=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNG0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7ParVpv1zBVTwHWiV+TiqQo9Evf/cGMU0lU5YKYkzXx4kNMqItp4JNS73UsITQMRmyrqOKSGaCbP7vFJ05ZYCiWLtRFs3V3xcZkcZMZOg2JbEjs+zNxH+9UC4l2+gmyLhKUssUXQRHqUA2RrMy0IBrRq2YOEKo5u53REdEE2pdZSVXir9cwSppXVT9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4AELiWVA==</latexit>⇡33

<latexit sha1_base64="Bvi+Irg6dRnHBfOKmcbTf+Jw2VY=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJcF1WmvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL95ZR</latexit>⇡12 <latexit sha1_base64="Bvi+Irg6dRnHBfOKmcbTf+Jw2VY=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJcF1WmvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL95ZR</latexit>⇡12

<latexit sha1_base64="CWf9eEONCNqfsFnrizrdIIvWofM=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVg2mvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL+JZR</latexit>⇡21

<latexit sha1_base64="CWf9eEONCNqfsFnrizrdIIvWofM=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVg2mvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL+JZR</latexit>⇡21

<latexit sha1_base64="sMGgcEHI0jRYnESLIqWzXBr6s70=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhNnJJBkyM7vM3BXCksJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USJFBZ9/8srrKyurW8UN0tb2zu7e+X9g6aNU8N4g8UyNq2IWi6F5g0UKHkrMZyqSPKHaHQz9R8eubEi1vc4Tnio6ECLvmAUndTqJKKbBeeTbrniV/0ZyDIJclKBHPVu+bvTi1mquEYmqbXtwE8wzKhBwSSflDqp5QllIzrgbUc1VdyG2ezfCTlxSo/0Y+NGI5mpvy8yqqwdq8htKopDu+hNxX+9SC0kY/86zIROUuSazYP7qSQYk2kZpCcMZyjHjlBmhPudsCE1lKGrrORKCRYrWCbNs2pwWfXvLio1P6+nCEdwDKcQwBXU4Bbq0AAGEp7hBV69J+/Ne/c+5qsFL785hD/wPn8ADYyWUg==</latexit>⇡13

<latexit sha1_base64="LkRJNIihGaXeG8KJLP3Xk7p0HWs=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhNnJJBkyM7vM3BXCksJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USJFBZ9/8srrKyurW8UN0tb2zu7e+X9g6aNU8N4g8UyNq2IWi6F5g0UKHkrMZyqSPKHaHQz9R8eubEi1vc4Tnio6ECLvmAUndTqJKKbnQeTbrniV/0ZyDIJclKBHPVu+bvTi1mquEYmqbXtwE8wzKhBwSSflDqp5QllIzrgbUc1VdyG2ezfCTlxSo/0Y+NGI5mpvy8yqqwdq8htKopDu+hNxX+9SC0kY/86zIROUuSazYP7qSQYk2kZpCcMZyjHjlBmhPudsCE1lKGrrORKCRYrWCbNs2pwWfXvLio1P6+nCEdwDKcQwBXU4Bbq0AAGEp7hBV69J+/Ne/c+5qsFL785hD/wPn8ADY6WUg==</latexit>⇡31
<latexit sha1_base64="EtBCYl4WyKk5kq0dog4HpasLANc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNR0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7PLmrTfrmCq3gOtEr8nFQgR6Nf/u4NYppKpiwVxJiujxMbZERbTgWblnqpYQmhYzJkXUcVkcwE2fzfKTpzygBFsXajLJqrvy8yIo2ZyNBtSmJHZtmbif96oVxKttFNkHGVpJYpugiOUoFsjGZloAHXjFoxcYRQzd3viI6IJtS6ykquFH+5glXSqlX9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4ADyOWUw==</latexit>⇡32

<latexit sha1_base64="bw0fmPSR4Dg+MHFyBs2T9FHztB8=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNR0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7PahfTfrmCq3gOtEr8nFQgR6Nf/u4NYppKpiwVxJiujxMbZERbTgWblnqpYQmhYzJkXUcVkcwE2fzfKTpzygBFsXajLJqrvy8yIo2ZyNBtSmJHZtmbif96oVxKttFNkHGVpJYpugiOUoFsjGZloAHXjFoxcYRQzd3viI6IJtS6ykquFH+5glXSqlX9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4ADyKWUw==</latexit>⇡23
<latexit sha1_base64="Fhb/61+LDATX6XdJXhuvKk22xJE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLuDuZTYbMzC4zs0IIKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQKbqzvf3lr6xubW9uFneLu3v7BYenouGmSTFPWoIlIdDtCwwRXrGG5FaydaoYyEqwVjW5nfuuRacMT9WDHKQslDhSPOUXrpHYXRTrEXrVXKvsVfw6ySoKclCFHvVf67vYTmkmmLBVoTCfwUxtOUFtOBZsWu5lhKdIRDljHUYWSmXAy/3dKzp3SJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWdKUEyxWskma1ElxV/PvLcs3P6ynAKZzBBQRwDTW4gzo0gIKAZ3iBV+/Je/PevY/F6pqX35zAH3ifPxKUllU=</latexit>↵2

▶ Mixtures of Erdős-Rényi models can be surprisingly flexible
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Classical random graph models

▶ Simplest model is the Erdös-Renyi (ER) random graph model GNv ,p

⇒ Undirected graph Nv vertices, edges present w.p. p, independently

▶ Stochastic block models (SBMs) explicitly parameterize the notion of communities C1, . . . , CQ

⇒ Nodes assigned to Cq w.p. αq, connection rates πqr of vertices between/within groups

<latexit sha1_base64="hoONO8GB/r2YEyE8NwwRjJOLk7w=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoPgKewGRY8BLx4TMA9IljA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHjSxoKGo6qaaChLBtXHdL6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKHiELcONwG6ikMpAYCeY3M39ziMqzePowUwT9CUdRTzkjBorNZNBueJW3QXIOvFyUoEcjUH5uz+MWSoxMkxQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyMqUfvZ4tEZubDKkISxshMZslB/X2RUaj2Vgd2U1Iz1qjcX//UCuZJswls/41GSGozYMjhMBTExmbdAhlwhM2JqCWWK298JG1NFmbFdlWwp3moF66Rdq3rXVbd5VanX8nqKcAbncAke3EAd7qEBLWCA8Awv8Oo8OW/Ou/OxXC04+c0p/IHz+QMOUpOO</latexit>p

<latexit sha1_base64="ABmarJ5jxLRcKpeiR6k49NVyLUs=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrtB0UYI2FgmaB6QLGF2MpsMmZldZmaFsOYTbLW3E1t/xtYvcTbZQhMPXDiccy/ncoKYM21c98sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQ28zuPVGkWyQczjakv8EiykBFsrHTfvPEG5YpbdedAq8TLSQVyNAbl7/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nb86Q2dWGaIwUnakQXP190WKhdZTEdhNgc1YL3uZ+K8XiKVkE177KZNxYqgki+Aw4chEKOsBDZmixPCpJZgoZn9HZIwVJsa2VbKleMsVrJJ2repdVt3mRaVey+spwgmcwjl4cAV1uIMGtIDACJ7hBV6dJ+fNeXc+FqsFJ785hj9wPn8A1ceT8Q==</latexit>

Q = 1
<latexit sha1_base64="m9pRDC1qXWeyfbku8VESh6VAO7M=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrsxoo0QsLFM0DwgWcLsZDYZMjO7zMwKYc0n2GpvJ7b+jK1f4iTZQhMPXDiccy/ncoKYM21c98vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25rcfqdIskg9mElNf4KFkISPYWOm+cXPRL5bcsjsHWiVeRkqQod4vfvcGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzVKTqzygCFkbIjDZqrvy9SLLSeiMBuCmxGetmbif96gVhKNuG1nzIZJ4ZKsggOE45MhGY9oAFTlBg+sQQTxezviIywwsTYtgq2FG+5glXSqpS9y7LbqJZqlayePJzAKZyDB1dQgzuoQxMIDOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH2O+T8w==</latexit>

Q = 3
<latexit sha1_base64="oGBUCdbwGa1lmmuqjPyG4ZsFtXw=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrtB0UYI2FgmaB6QLGF2MpsMmZldZmaFsOYTbLW3E1t/xtYvcTbZQhMPXDiccy/ncoKYM21c98sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQ28zuPVGkWyQczjakv8EiykBFsrHTfvKkNyhW36s6BVomXkwrkaAzK3/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+On91hs6sMkRhpOxIg+bq74sUC62nIrCbApuxXvYy8V8vEEvJJrz2UybjxFBJFsFhwpGJUNYDGjJFieFTSzBRzP6OyBgrTIxtq2RL8ZYrWCXtWtW7rLrNi0q9ltdThBM4hXPw4ArqcAcNaAGBETzDC7w6T86b8+58LFYLTn5zDH/gfP4A11uT8g==</latexit>

Q = 2

<latexit sha1_base64="bK4+nhn7oU3YYyhVo5EZyU+FSEc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAs4e5kNhkyM7vMzAohpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEquLG+/+UV1tY3NreK26Wd3b39g/LhUdMkmaasQROR6HaEhgmuWMNyK1g71QxlJFgrGt3O/NYj04Yn6sGOUxZKHCgec4rWSe0uinSIvaBXrvhVfw6ySoKcVCBHvVf+7vYTmkmmLBVoTCfwUxtOUFtOBZuWuplhKdIRDljHUYWSmXAy/3dKzpzSJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWcqUEyxWskuZFNbiq+veXlZqf11OEEziFcwjgGmpwB3VoAAUBz/ACr96T9+a9ex+L1YKX3xzDH3ifPxEAllQ=</latexit>↵1

<latexit sha1_base64="Fhb/61+LDATX6XdJXhuvKk22xJE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLuDuZTYbMzC4zs0IIKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQKbqzvf3lr6xubW9uFneLu3v7BYenouGmSTFPWoIlIdDtCwwRXrGG5FaydaoYyEqwVjW5nfuuRacMT9WDHKQslDhSPOUXrpHYXRTrEXrVXKvsVfw6ySoKclCFHvVf67vYTmkmmLBVoTCfwUxtOUFtOBZsWu5lhKdIRDljHUYWSmXAy/3dKzp3SJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWdKUEyxWskma1ElxV/PvLcs3P6ynAKZzBBQRwDTW4gzo0gIKAZ3iBV+/Je/PevY/F6pqX35zAH3ifPxKUllU=</latexit>↵2<latexit sha1_base64="+Ww6UsYPhrUkq4ddMMTj3ZNW3CE=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhLuT2WTIzOwyMyuEkMJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USp4Mb6/pdXWFldW98obpa2tnd298r7B02TZJqyBk1EolsRGia4Yg3LrWCtVDOUkWAP0fBm6j88Mm14ou7tKGWhxL7iMadondTqoEgH2D3vlit+1Z+BLJMgJxXIUe+Wvzu9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYcz/6dkBOn9EicaDfKkpn6+2KM0piRjNymRDswi95U/NeL5EKyja/DMVdpZpmi8+A4E8QmZFoG6XHNqBUjR5Bq7n4ndIAaqXWVlVwpwWIFy6R5Vg0uq/7dRaXm5/UU4QiO4RQCuIIa3EIdGkBBwDO8wKv35L15797HfLXg5TeH8Afe5w8UKJZW</latexit>↵3

<latexit sha1_base64="bK4+nhn7oU3YYyhVo5EZyU+FSEc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAs4e5kNhkyM7vMzAohpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEquLG+/+UV1tY3NreK26Wd3b39g/LhUdMkmaasQROR6HaEhgmuWMNyK1g71QxlJFgrGt3O/NYj04Yn6sGOUxZKHCgec4rWSe0uinSIvaBXrvhVfw6ySoKcVCBHvVf+7vYTmkmmLBVoTCfwUxtOUFtOBZuWuplhKdIRDljHUYWSmXAy/3dKzpzSJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWcqUEyxWskuZFNbiq+veXlZqf11OEEziFcwjgGmpwB3VoAAUBz/ACr96T9+a9ex+L1YKX3xzDH3ifPxEAllQ=</latexit>↵1

<latexit sha1_base64="m0/ZeZMGkpSUPdXw82Ok+ddfvkU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAsYXZykwyZmV1mZoWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEiuLG+/+UV1tY3NreK26Wd3b39g/LhUdPEqWbYYLGIdTuiBgVX2LDcCmwnGqmMBLai8e3Mbz2iNjxWD3aSYCjpUPEBZ9Q6qd1NeC8LgmmvXPGr/hxklQQ5qUCOeq/83e3HLJWoLBPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUUlmjCb/zslZ07pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66ykislWK5glTQvqsFV1b+/rNT8vJ4inMApnEMA11CDO6hDAxgIeIYXePWevDfv3ftYrBa8/OYY/sD7/AEKYpZQ</latexit>⇡11 <latexit sha1_base64="m0/ZeZMGkpSUPdXw82Ok+ddfvkU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAsYXZykwyZmV1mZoWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEiuLG+/+UV1tY3NreK26Wd3b39g/LhUdPEqWbYYLGIdTuiBgVX2LDcCmwnGqmMBLai8e3Mbz2iNjxWD3aSYCjpUPEBZ9Q6qd1NeC8LgmmvXPGr/hxklQQ5qUCOeq/83e3HLJWoLBPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUUlmjCb/zslZ07pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66ykislWK5glTQvqsFV1b+/rNT8vJ4inMApnEMA11CDO6hDAxgIeIYXePWevDfv3ftYrBa8/OYY/sD7/AEKYpZQ</latexit>⇡11

<latexit sha1_base64="XTkw8/KFWWrsLmqgGkDbFZ3o55g=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVq9NeqexX/DnIKglyUoYc9V7pu9uPWSpRWSaoMZ3AT2yYUW05EzgtdlODCWVjOsSOo4pKNGE2/3dKzp3SJ4NYu1GWzNXfFxmVxkxk5DYltSOz7M3Ef71ILiXbwU2YcZWkFhVbBA9SQWxMZmWQPtfIrJg4Qpnm7nfCRlRTZl1lRVdKsFzBKmlWK8FVxb+/LNf8vJ4CnMIZXEAA11CDO6hDAxgIeIYXePWevDfv3ftYrK55+c0J/IH3+QMNjZZS</latexit>⇡22

<latexit sha1_base64="XTkw8/KFWWrsLmqgGkDbFZ3o55g=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVq9NeqexX/DnIKglyUoYc9V7pu9uPWSpRWSaoMZ3AT2yYUW05EzgtdlODCWVjOsSOo4pKNGE2/3dKzp3SJ4NYu1GWzNXfFxmVxkxk5DYltSOz7M3Ef71ILiXbwU2YcZWkFhVbBA9SQWxMZmWQPtfIrJg4Qpnm7nfCRlRTZl1lRVdKsFzBKmlWK8FVxb+/LNf8vJ4CnMIZXEAA11CDO6hDAxgIeIYXePWevDfv3ftYrK55+c0J/IH3+QMNjZZS</latexit>⇡22

<latexit sha1_base64="vO+uddMuyvKKQWH3pA4dLHkeetg=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNG0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7ParVpv1zBVTwHWiV+TiqQo9Evf/cGMU0lU5YKYkzXx4kNMqItp4JNS73UsITQMRmyrqOKSGaCbP7vFJ05ZYCiWLtRFs3V3xcZkcZMZOg2JbEjs+zNxH+9UC4l2+gmyLhKUssUXQRHqUA2RrMy0IBrRq2YOEKo5u53REdEE2pdZSVXir9cwSppXVT9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4AELiWVA==</latexit>⇡33

<latexit sha1_base64="Bvi+Irg6dRnHBfOKmcbTf+Jw2VY=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJcF1WmvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL95ZR</latexit>⇡12 <latexit sha1_base64="Bvi+Irg6dRnHBfOKmcbTf+Jw2VY=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJcF1WmvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL95ZR</latexit>⇡12

<latexit sha1_base64="CWf9eEONCNqfsFnrizrdIIvWofM=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVg2mvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL+JZR</latexit>⇡21

<latexit sha1_base64="CWf9eEONCNqfsFnrizrdIIvWofM=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVg2mvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL+JZR</latexit>⇡21

<latexit sha1_base64="sMGgcEHI0jRYnESLIqWzXBr6s70=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhNnJJBkyM7vM3BXCksJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USJFBZ9/8srrKyurW8UN0tb2zu7e+X9g6aNU8N4g8UyNq2IWi6F5g0UKHkrMZyqSPKHaHQz9R8eubEi1vc4Tnio6ECLvmAUndTqJKKbBeeTbrniV/0ZyDIJclKBHPVu+bvTi1mquEYmqbXtwE8wzKhBwSSflDqp5QllIzrgbUc1VdyG2ezfCTlxSo/0Y+NGI5mpvy8yqqwdq8htKopDu+hNxX+9SC0kY/86zIROUuSazYP7qSQYk2kZpCcMZyjHjlBmhPudsCE1lKGrrORKCRYrWCbNs2pwWfXvLio1P6+nCEdwDKcQwBXU4Bbq0AAGEp7hBV69J+/Ne/c+5qsFL785hD/wPn8ADYyWUg==</latexit>⇡13
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▶ Mixtures of Erdős-Rényi models can be surprisingly flexible
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Random dot product graphs

▶ Consider a latent space Xd ⊂ Rd such that for all

x, y ∈ Xd ⇒ x⊤y ∈ [0, 1]

⇒ Inner-product distribution F : Xd 7→ [0, 1]

▶ Random dot product graphs (RDPGs) are defined as follows:

x1, . . . , xNv

i.i.d.∼ F ,

Aij

∣∣ xi , xj ∼ Bernoulli(x⊤i xj)

for 1 ≤ i , j ≤ Nv , where Aij = Aji and Aii ≡ 0

▶ A particularly tractable latent position random graph model

⇒ Vertex positions X = [x1, . . . , xNv ]
⊤ ∈ RNv×d

S. J. Young and E. R. Scheinerman, “Random dot product graph models for social networks,” WAW, 2007
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Connections to other models

▶ RDPGs ecompass the previous classic models for network graphs

Ex: Recover Erdös-Renyi GNv ,p graphs with d = 1 and Xd = {√p}

Ex: Recover SBM random graphs by constructing F with pmf

P (X = xq) = αq, q = 1, . . . ,Q

after selecting d and x1, . . . , xQ such that πqr = x⊤q xr

▶ Approximation results for SBMs justify the expressiveness of RDPGs
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Estimation of latent positions

▶ Q: Given G from an RDPG, find the ‘best’ X = [x1, . . . , xNv ]
⊤?

▶ MLE is well motivated but it is intractable for large Nv

X̂ML = argmax
X

∏
i<j

(x⊤i xj)
Aij (1− x⊤i xj)

1−Aij

▶ Instead, let Pij = P ((i , j) ∈ E) and define P = [Pij ] ∈ [0, 1]Nv×Nv

⇒ The RDPG model specifies that P = XX⊤

⇒ Key: Observed A is a noisy realization of P (E [A] = P)

▶ Suggests a LS regression approach to find X s.t. XX⊤ ≈ A

X̂LS = argmin
X

∥XX⊤ − A∥2F

A. Athreya et al, “Statistical inference on random dot product graphs: A survey,” JMLR, 2018
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Adjacency spectral embedding

▶ Since A is real and symmetric, can decompose it as A = UΛU⊤

▶ U = [u1, . . . , uNv ] is the orthogonal matrix of eigenvectors
▶ Λ = diag(λ1, . . . , λNv ), with eigvenvalues λ1 ≥ . . . ≥ λNv

▶ Define Λ̂ = diag(λ+
1 , . . . , λ

+
d ) and Û = [u1, . . . , ud ] (λ

+ := max(0, λ))

▶ Best rank-d , positive semi-definite (PSD) approximation of A is ÛΛ̂Û⊤

⇒ Ajacency spectral embedding (ASE) is X̂LS = ÛΛ̂
1/2

since

A ≈ ÛΛ̂Û⊤ = ÛΛ̂
1/2

Λ̂
1/2

Û⊤ = X̂LS X̂
⊤
LS

▶ Q: Is the solution unique? Nope, inner-products are rotation invariant

P = XW(XW)⊤ = XX⊤, WW⊤ = Id

⇒ RDPG embedding problem is identifiable modulo rotations
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Embedding an SBM graph

▶ Ex: SBM with Nv = 1500, Q = 3 and mixing parameters

α =

 1/3
1/3
1/3

 , Π =

 0.5 0.1 0.05
0.1 0.3 0.05
0.05 0.05 0.9



▶ Sample adjacency A (left), X̂LS X̂
⊤
LS (center), rows of X̂LS (right)

▶ Use embeddings to bring to bear geometric methods of analysis
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Interpretability of the embeddings

▶ Ex: Zachary’s karate club graph with Nv = 34, Ne = 78 (left)
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▶ Node embeddings (rows of X̂LS) for d = 2 (right)
▶ Club’s administrator (i = 0) and instructor (j = 33) are orthogonal

▶ Interpretability of embeddings a valuable asset for RDPGs

⇒ Vector magnitudes indicate how well connected nodes are

⇒ Vector angles indicate positions in latent space
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Limitations and open questions

▶ Graspologic: SoA package for RDPG estimation in Python (eigendecompostion in SciPy)

Q: Scalability for large graphs? Streaming settings for dynamic graphs?

▶ ASE does not account for the all-zero diagonal of A. Truly we want to solve

X̂ ∈ argmin
X∈RN×d

∥M ◦ (A− XX⊤)∥2F

⇒ M := 11⊤ − I is a mask matrix, with zero-diagonal and ones everywhere else

▶ Iterative approach in [Scheinerman-Tucker’10] is complex and may not converge

Q: First-order non-convex optimization methods? Missing data in A?

▶ Goal: an RDPG inference approach that offers a better representation at a lower computational
cost, in more general settings
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Gradient descent

▶ Let f : RNv×d 7→ R be the objective function f (X) = ∥M ◦ (A− XX⊤)∥2F
⇒ Non-convex w.r.t. X, convex w.r.t. P = XX⊤

▶ Gradient descent (GD) method (a.k.a. factorized GD or Procrustes flow)

Xt+1 = Xt − α∇f (Xt), t = 0, 1, 2, . . .

⇒ Step size α > 0 and ∇f (X) = 4
[
M ◦ (XX⊤ − A)

]
X, for symmetric A and M

▶ Convergence: if X0 is close to the solution, the iteration converges with linear rate to X̂

Proposition. There exist δ > 0 and 0 < κ < 1 such that, if ∥X0 − X̂∥F ≤ δ, then

d(Xt , X̂) ≤ κtd(X0, X̂), for all t > 0,

where d(X, X̂) := min
W∈Od×d

∥XW − X̂∥2F accounts for the rotational ambiguity.

Y. Chi et al, “Nonconvex optimization meets low-rank matrix factorization: An overview,” TSP, 2019
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Numerical tests

▶ Scalability to large graphs

Run-time comparison for SBMs
with up to Nv = 25000 nodes
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Numerical tests

▶ Scalability to large graphs

Even better with coordinate de-
scent approaches
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Numerical tests

▶ Scalability to large graphs

▶ Better quality representations

Since we discard residuals for the
diagonal entries of A
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Numerical tests

▶ Scalability to large graphs

▶ Better quality representations

▶ Can handle missing data

Bipartite graph: parties and laws

▶ Parties submit their laws

▶ Some bipartisan laws

▶ Some senators have 30%
chance of being absent
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Numerical tests

▶ Scalability to large graphs

▶ Better quality representations

▶ Can handle missing data

▶ Tracking via warm restarts

▶ Nv = 6 Wi-Fi APs in a rural
Uruguayan school

▶ Hourly measurements over
4 weeks (655 graphs)

▶ AP 4 was moved at t ≈ 310
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Numerical tests

▶ Scalability to large graphs

▶ Better quality representations

▶ Can handle missing data

▶ Tracking via warm restarts

▶ Two SBMs with Q = 4
communities, Π changes

▶ Communities 1 and 2 merge
in the second model

▶ Community 4 maintains
probabilities w/other groups

Gallagher et al, “Spectral embedding for dynamic
networks with stability guarantees,” NeurIPS, 2021
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Concluding remarks

▶ ASE to estimate latent nodal positions in RDPGs ⇒ Non-convex matrix factorization problem

▶ Convergent, first-order gradient descent algorithm for refined formulation

⇒ Scalable and fast computation of nodal representations

⇒ Can handle missing data

⇒ Able to track representation for dynamic graphs

▶ Try it @ https://github.com/git-artes/cpd_rdpg

▶ Future work

⇒ Embedding dynamic network with varying number of nodes (Asilomar’22)

⇒ Statistical properties such as consistency, asymptotic normality, stability (Nv → ∞)
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