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ABSTRACT

Completion or imputation of three-way data arrays with missing en-
tries is a basic problem encountered in various areas, including bio-
informatics, image processing, and preference analysis. If available,
prior information about the data at hand should be incorporated to
enhance performance of the imputation method adopted. This is
the motivation behind the proposed low-rank tensor estimator which
leverages the correlation across slices of the data cube in the form
of reproducing kernels. The rank of the tensor estimate is controlled
by a novel regularization on the factors of its PARAFAC decompo-
sition. Such a regularization is inspired by a reformulation of the
nuclear norm for matrices, which allows to bypass the challenge that
rank and singular values of tensors are unrelated quantities. The pro-
posed technique is tested on MRI data of the brain with 30% missing
data, resulting in a recovery error of −17𝑑𝐵.

Index Terms— Tensor, low-rank, missing data, kernel methods.

1. INTRODUCTION

Recovering a low-rank matrix from a subset of its entries is a funda-
mental task that arises with localization of wireless sensors, Internet
traffic as well as gene microarray data analysis, and preference mod-
eling for recommender systems. A natural approach to the low-rank
matrix completion problem is to minimize the rank of the target ma-
trix, subject to a constraint on the error in fitting the observed entries.
Since rank minimization is generally NP-hard, the nuclear norm has
been advocated recently as a convex surrogate to the rank [5]. Be-
yond computational tractability, nuclear-norm minimization enjoys
good performance both in theory as well as in practice [3, 4].

The focus here is on imputation of missing data from tensors
(also known as multi-way arrays), which are high-order generaliza-
tions of matrices frequently encountered in chemometrics, medical
imaging, and networking [7]. Leveraging the low-rank structure for
tensor completion is challenging, since even computing the tensor
rank is an NP-hard problem itself. Defining a nuclear norm surrogate
is not obvious either, since singular values as defined by the Tucker
decomposition are unrelated with the notion of rank. Traditional
approaches to finding low-dimensional representations of tensors in-
clude unfolding the multi-way data and applying matrix factoriza-
tions such as the SVD, or, employing the parallel factor (PARAFAC)
decomposition [12, 7]. In the context of tensor completion, an ap-
proach falling under the first category can be found in [6], while the
PARAFAC decomposition was advocated in [2].

This paper introduces a kernel-based tensor completion method
that is amenable to incorporating a priori known similarities (corre-
lation) across slices. It builds on a novel tensor estimator presented
in Section 3, inspired by the redefinition of the matrix nuclear norm
in terms of its decomposition into low-rank factors.

Work was supported by an AFOSR MURI grant no. FA 9550-10-1-0567.

2. PRELIMINARIES

2.1. Nuclear-norm minimization for matrix completion

Low-rank approximation is a popular method for estimating miss-
ing values of a matrix Z ∈ ℝ

𝑁×𝑀 , which capitalizes on “regu-
larities” across the data [5]. For the imputation to be feasible, a
binding assumption that relates the available entries with the miss-
ing ones is required. An alternative is to postulate that Z has low
rank 𝑅≪ min(𝑁,𝑀). The problem of finding matrix Ẑ with rank
not exceeding 𝑅, which approximates Z in the given entries speci-
fied by a binary matrix W ∈ {0, 1}𝑁×𝑀 , can be formulated as (⊙
denotes Hadamard product, and subscript F the Frobenious norm)

Ẑ = argmin
X

∣∣(Z−X)⊙W∣∣2𝐹 s. to rank(X) ≤ 𝑅 . (1)

The low-rank matrix Z implies that the vector s(Z) of its singu-
lar values is sparse. Hence, the rank constraint is equivalent to
∥s(Z)∥0 ≤ 𝑅, where the ℓ0-(pseudo)norm ∥ ⋅ ∥0 equals the number
of nonzero entries of its vector argument.

Aiming to a convex relaxation of the NP-hard problem (1), one
can leverage recent advances in compressive sampling [4, 5] and
substitute the ℓ0-norm with its ℓ1-norm surrogate, which here equals
the nuclear norm of X defined as ∥X∥∗ := ∥s(X)∥1; that is, the
sum of its singular values. With this relaxation, the Lagrangian coun-
terpart of (1) is

Ẑ = argmin
X

∣∣(Z−X)⊙W∣∣2𝐹 + 𝜇∥X∥∗ (2)

were 𝜇 ≥ 0 is rank-controlling parameter. Several iterative algo-
rithms have been proposed to solve (2), and are effective in tackling
low- to medium-size matrix completion problems; see e.g., [4, 10].
However, most algorithms require computation of singular values
per iteration and become prohibitively expensive when dealing with
high-dimensional data. To solve (2) efficiently, consider the follow-
ing characterization of the nuclear norm [10]

∥X∥∗ = min
{B,C}

1

2
(∥C∥2𝐹 + ∥B∥2𝐹 ) s. to X = CB𝑇 . (3)

For an arbitrary matrix X with singular value decomposition (SVD)
X = UΣV𝑇 , the minimum in (3) is attained for C = UΣ1/2

and B = VΣ1/2. The optimization in (3) is over all possible bilin-
ear factorizations of X, so that the number of columns of B and C
is also a variable. Building on (3), one can arrive at the following
equivalent reformulation of (2) [10]

Ẑ =arg min
{X,B,C}

∥(Z−X)⊙W∥2𝐹 +
𝜇

2
(∥C∥2𝐹 + ∥B∥2𝐹 )

s. to X = CB𝑇 . (4)

The equivalence implies that by finding the global minimum of (4),
which could entail considerably less variables than (2), one can re-
cover the optimal solution of (2). However, since (4) is nonconvex, it
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Fig. 1. Tensor slices along the row, column, and fiber dimensions.

may have stationary points which need not be globally optimum. In-
terestingly, the next proposition asserts that under mild assumptions
every stationary point of (4) is globally optimum for (2) [9].

Proposition 1 Let X̄ = C̄B̄𝑇 be a stationary point of (4) . If ∥Z−
X̄∥2 < 𝜇/2, then Ẑ := X̄ is the globally optimal solution of (2).

The Frobenious-norm regularization for controlling the rank in (4),
will be useful to obtain tensor counterparts in Section 3.

2.2. PARAFAC decomposition

The PARAFAC decomposition of a tensor X ∈ ℝ
𝑀×𝑁×𝑃 is at the

heart of the proposed imputation method, since it offers the means
to define the rank of X [12, 7]. For given 𝑅 ∈ ℕ, consider matrices
A ∈ ℝ

𝑁×𝑅, B ∈ ℝ
𝑀×𝑅, and C ∈ ℝ

𝑃×𝑅, such that

X(𝑚,𝑛, 𝑝) =
𝑅∑

𝑟=1

A(𝑚, 𝑟)B(𝑛, 𝑟)C(𝑝, 𝑟). (5)

The rank of X is defined as the minimum value of 𝑅 for which
this decomposition is possible. For 𝑅∗ := rank(X), the PARAFAC
decomposition is given by the corresponding matrices A ∈ ℝ

𝑁×𝑅∗
,

B ∈ ℝ
𝑀×𝑅∗

, and C ∈ ℝ
𝑃×𝑅∗

so that (5) holds.
To appreciate why the aforementioned rank definition is natural,

rewrite (5) as

X =
𝑅∑

𝑟=1

a𝑟 ∘ b𝑟 ∘ c𝑟 (6)

where a𝑟 , b𝑟 , and c𝑟 represent the 𝑟-th columns of A, B, and C
respectively, and the outer products Pr := a𝑟 ∘b𝑟 ∘c𝑟 ∈ ℝ

𝑀×𝑁×𝑃

have entries Pr(𝑚,𝑛, 𝑝) := A(𝑚, 𝑟)B(𝑛, 𝑟)C(𝑝, 𝑟). The rank of
a tensor is thus the minimum number of outer products (rank one
factors) required to represent the tensor.

Let X𝑝, 𝑝 = 1, . . . , 𝑃 denote the 𝑝-th slice of X along its third
(fiber) dimension, such that X𝑝(𝑚,𝑛) = X(𝑚,𝑛, 𝑝); see Fig. 1.
The following compact form of the PARAFAC decomposition in
terms of matrix factors will be used in the sequel

X𝑝 = ADiag
[
𝒆𝑇
𝑝 C
]
B𝑇 , 𝑝 = 1, . . . , 𝑃 (7)

where the diagonal matrix D = Diag [u] has the vector u
on its diagonal, and 𝒆𝑇

𝑝 is the 𝑝-th row of the 𝑃 × 𝑃 identity
matrix. The PARAFAC decomposition is symmetric [cf. (5)],
and one can alternatively write X𝑚 = BDiag

[
e𝑇
𝑚A

]
C𝑇 , or,

X𝑛 = CDiag
[
e𝑇
𝑛B
]
A𝑇 in terms of slices along the first (row)

and second (column) dimensions.

3. RANK REGULARIZATION FOR TENSORS

Generalizing the nuclear-norm regularization technique (2) from
low-rank matrix to tensor completion is not straightforward, since
singular values of a tensor (given by the Tucker decomposition)
are not related to the rank [7]. The Frobenious-norm regularization
outlined in Section 2.1 offers a viable option for tensor completion
under the PARAFAC model however, by solving

{Ẑ, Â, B̂, Ĉ} := arg min
{X,A,B,C}

∣∣ (Z−X)⊙W∣∣2𝐹 (8)

+
𝜇

2

(∥A∥2𝐹 + ∥B∥2𝐹 + ∥C∥2𝐹
)

s. to X𝑝 = ADiag
[
𝒆𝑇
𝑝 C
]
B𝑇 , 𝑝 = 1, . . . , 𝑃

where the Frobenious norm of a tensor is defined as ∥X∥2𝐹 :=∑𝑀
𝑚

∑𝑁
𝑛

∑𝑃
𝑝 X2(𝑚,𝑛, 𝑝), and the Hadamard product as (X ⊙

W)(𝑚,𝑛, 𝑝) := X(𝑚,𝑛, 𝑝)W(𝑚,𝑛, 𝑝).
Different from the matrix case, it is in principle not clear whether

the proposed regularization in (8) bears any relation with the tensor
rank. Interestingly, analysis and simulations provided next corrob-
orate the capability of (8) to produce a low-rank tensor Ẑ, for suf-
ficiently large 𝜇. The following proposition is in order (proofs are
omitted due to space limitations).

Proposition 2 Let {Ẑ, Â, B̂, Ĉ} be the solution of (8), and let â𝑟 ,
b̂𝑟 , and ĉ𝑟 denote the 𝑟-th column of Â, B̂, and Ĉ, respectively.

a) If 𝜇 ≥ 𝜇0 := ∥W ⊙ Z∥4/3𝐹 , then Ẑ = 0𝑀×𝑁×𝑃 ; and

b) If for any 𝑟 ∈ {1, . . . , 𝑅} either â𝑟 , b̂𝑟 , or ĉ𝑟 is null, then all
three vectors â𝑟 , b̂𝑟 , and ĉ𝑟 are null simultaneously.

Proposition 2 a) asserts that if the penalty parameter is chosen
large enough, the rank is reduced to the extreme case rank(Ẑ) = 0.
To see why this is a non-trivial property, it is prudent to think of
ridge-regression estimates where similar quadratic regularizers are
adopted, but an analogous property does not hold. For instance, in
ridge-regression one needs to let 𝜇 → ∞ in order to obtain an all-
zero solution. The second part is relevant to the case 𝜇 < 𝜇0. Note
first that low-rank factors Â, B̂, and Ĉ are in general not sufficient
to guarantee that the reconstructed tensor Ẑ is low rank. The per-
factor structure of columnwise linear dependencies must be shared
across factors, to obtain a low-rank tensor. In particular, if a col-
umn of zeros appears in Â, then the same column in B̂ and Ĉ must
be null in order to guarantee that the rank of Ẑ is reduced by one.
These simultaneously vanishing columns in the factor matrices are
guaranteed by Proposition 2 b).

But Proposition 2 does not establish that some of these columns
will indeed vanish, a desirable property that is demonstrated through
simulations. Fig. 2 depicts the estimated rank of Ẑ for different val-
ues of 𝜇, when Z ∈ ℝ

4×5×6 is a tensor of rank three contaminated
with additive Gaussian noise at 𝑆𝑁𝑅 = 20dB. It is apparent from
Fig. 2 that 𝜇 controls the rank of Ẑ. In addition, the existence of a
finite 𝜇 = 𝜇0 such that rank(Ẑ) = 0 corroborates Proposition 2 a).

A limitation of (8) is that it does not allow for incorporating side
information that could be available in addition to the given entries
W ⊙ Z. In the context of recommender systems, a description of
the users and/or products through attributes (e.g., gender, age) or
measures of similarity, is typically available. It is thus meaning-
ful to exploit both known preferences and descriptions to model the
preferences of users [1]. In three-way (samples, genes, conditions)
microarray data analysis, the relative position of single-nucleotide
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Fig. 2. Estimated rank vs. normalized 𝜇.

polymorphisms in the DNA molecule implies degrees of correlation
among genotypes [11]. These correlations could be available either
through a prescribed model, or, through estimates obtained using a
reference tensor Ž. A kernel-based approach to tensor completion
capable of incorporating such extra information is the next subject.

4. NONPARAMETRIC TENSOR APPROXIMATION

To incorporate a priori known similarities across its slices, it is in-
structive to look at a tensor 𝑓 : 𝒳 ,𝒴, 𝒯 → ℝ as a function of three
variables 𝑥, 𝑦, and 𝑡, living in measurable spaces 𝒳 ,𝒴, and 𝒯 , re-
spectively. Identifying 𝑥, 𝑦, and 𝑡 with the row, column and fiber
indexes 𝑚,𝑛, and 𝑝 used so far, renders function 𝑓(𝑚,𝑛, 𝑝) recog-
nizable as a three-way array, but with 𝑥, 𝑦, and 𝑡 expanded to in-
corporate the informative attributes. In the microarray data example,
index 𝑛 may be expanded to 𝑦𝑛 = (gene id, gene position).

Generalizing (8) to this nonparametric framework, low-rank
functions 𝑓 are formally defined to belong to the following family

ℱ𝑅 :={𝑓 : 𝒳×𝒴×𝒯→ℝ : 𝑓(𝑥, 𝑦, 𝑡) =
𝑅∑

𝑟=1

𝑎𝑟(𝑥)𝑏𝑟(𝑦)𝑐𝑟(𝑡)

such that 𝑎𝑟(𝑥) ∈ ℋ𝒳 , 𝑏𝑟(𝑦) ∈ ℋ𝒴 , 𝑐𝑟(𝑡) ∈ ℋ𝒯 }

where ℋ𝒳 , ℋ𝒴 , and ℋ𝒯 are Hilbert spaces constructed from spec-
ified kernels 𝑘𝒳 , 𝑘𝒴 and 𝑘𝒯 , in 𝒳 , 𝒴 , and 𝒯 , respectively, while
𝑅 ≥ 𝑅∗ is an initial overestimate of the rank of 𝑓 . The following
nonparametric fitting criterion is adopted

𝑓𝑅 := arg min
𝑓∈ℱ𝑅

𝑀∑
𝑚=1

𝑁∑
𝑛=1

𝑃∑
𝑝=1

𝑤𝑚𝑛𝑝(𝑧𝑚𝑛𝑝 − 𝑓(𝑥𝑚, 𝑦𝑛, 𝑡𝑝))2

+
𝜇

2

𝑅∑
𝑟=1

(∥𝑎𝑟∥2ℋ𝒳 + ∥𝑏𝑟∥2ℋ𝒴 + ∥𝑐𝑟∥2ℋ𝒯
)
. (9)

Recursive application of Representer’s Theorem yields finite-
dimensional representations of 𝑎𝑟 , 𝑏𝑟 , and 𝑐𝑟 given by

𝑎̂𝑟(𝑥) =
∑𝑀

𝑚=1𝛼𝑟𝑚𝑘𝒳 (𝑥𝑚, 𝑥)

𝑏̂𝑟(𝑦) =
∑𝑁

𝑛=1𝛽𝑟𝑛𝑘𝒴(𝑦𝑛, 𝑦)

𝑐𝑟(𝑡) =
∑𝑃

𝑝=1𝛾𝑟𝑝𝑘𝒯 (𝑡𝑝, 𝑡).

Defining vectors 𝒌𝑇
𝒳 (𝑥) := [𝑘𝒳 (𝑥1, 𝑥), . . . , 𝑘𝒳 (𝑥𝑀 , 𝑥)], and cor-

respondingly 𝒌𝑇
𝒴(𝑦) := [𝑘𝒴(𝑦1, 𝑦), . . . , 𝑘𝒴(𝑦𝑁 , 𝑦)], and 𝒌𝑇

𝒯 (𝑡) :=
[𝑘𝒯 (𝑡1, 𝑡), . . . , 𝑘𝒯 (𝑡𝑃 , 𝑡)], along with matrices A ∈ ℝ

𝑀×𝑅 :

𝐴(𝑚, 𝑟) := 𝛼𝑚𝑟 , B ∈ ℝ
𝑁×𝑅 : 𝐵(𝑛, 𝑟) := 𝛽𝑛𝑟 , and C ∈

ℝ
𝑃×𝑅 : 𝐶(𝑝, 𝑟) := 𝛾𝑝𝑟 , it follows that

𝑓𝑅(𝑥, 𝑦, 𝑡) =
𝑅∑

𝑟=1

𝑎̂𝑟(𝑥)𝑏̂𝑟(𝑦)𝑐𝑟(𝑡)

= 𝒌𝑇
𝒳 (𝑥)ADiag

[
𝒌𝑇
𝒯 (𝑥)C

]
B𝑇𝒌𝒴(𝑦). (10)

Matrices A, B, and C are further obtained by solving

min
A,C,B

𝑃∑
𝑝=1

∥∥∥(Z𝑝 −K𝒳ADiag
[
𝒆𝑇
𝑝 K𝒯 C

]
B𝑇K𝒴

)
⊙W𝑝

∥∥∥2
𝐹

+
𝜇

2

(
trace(ATK𝒳A)+trace(BTK𝒴B)+trace(CTK𝒯C)

)
s. to A ∈ ℝ

𝑀×𝑅, B ∈ ℝ
𝑁×𝑅, C ∈ ℝ

𝑃×𝑅 (11)

with kernel matrices K𝒳 := [𝒌𝒳 (𝑥1), . . . ,𝒌𝒳 (𝑥𝑀 )] ∈ ℝ
𝑀×𝑀 ,

K𝒴 := [𝒌𝒴(𝑦1), . . . ,𝒌𝒴(𝑦𝑁 )] ∈ ℝ
𝑁×𝑁 , and correspondingly

K𝒯 := [𝒌𝒯 (𝑡1), . . . ,𝒌𝒯 (𝑡𝑃 )] ∈ ℝ
𝑃×𝑃 .

Problem (11) reduces to (8) when the side information is dis-
carded by selecting 𝑘𝒳 , 𝑘𝒴 and 𝑘𝒯 as Kronecker deltas. In the gen-
eral case, (11) yields the sought nonlinear low-rank approximation
method for 𝑓(𝑥, 𝑦, 𝑡) when combined with (10).

4.1. Block coordinate descent algorithm

An iterative algorithm is proposed for solving (11), by cyclically
minimizing over the columns of A B and C. In the first 𝑅 steps of
the cycle the objective function in (11) is minimized with respect to
(w.r.t.) each of the 𝑅 columns of A; that is, for 𝑟 = 1, . . . , 𝑅,

â𝑟 := arg min
a𝑟∈ℝ𝑀

𝑃∑
𝑝=1

𝑄𝑝(𝒂𝑟) +
𝜇

2
∥𝒂𝑟∥22 (12)

with

𝑄𝑝(𝒂𝑟):=
∥∥∥(Z𝑝−K𝒳

(
A(−𝑟) + 𝒂𝑟e

𝑇
𝑟

)
D𝑝B

𝑇K𝒴
)
⊙W𝑝

∥∥∥2
𝐹

where A(−𝑟) := A−A𝒆𝑟𝒆𝑟
𝑇 is the residual matrix formed by in-

serting𝑀 zeros in the 𝑟th column of A, and D𝑝 := Diag
[
e𝑇
𝑝 K𝒯 C

]
.

Setting the gradient of (12) w.r.t. 𝒂𝑟 equal to zero, and rearrang-
ing terms results in the closed-form minimizer

â𝑟 =

(
𝑃∑

𝑝=1

D𝑟𝑝K𝒳 + 𝜇I

)−1 𝑃∑
𝑝=1

Z𝑟𝑝K𝒴BD𝑝𝒆𝑟 (13)

where matrices D𝑟𝑝 and Z𝑟𝑝 are defined as

D𝑟𝑝 := Diag
[
W𝑝 ((K𝒴BD𝑝e𝑟)⊙ (K𝒴BD𝑝e𝑟))

]
Z𝑟𝑝 := W𝑝 ⊙

(
Z𝑝 −K𝒳A(−𝑟)D𝑝B

𝑇K𝒴
)

Similarly, minimizing (11) w.r.t. the columns of B and C yields

b̂𝑟 =

(
𝑀∑

𝑚=1

D𝑟𝑚K𝒴 + 𝜇I

)−1 𝑀∑
𝑚=1

Z𝑟𝑚K𝒯 CD𝑚𝒆𝑟 (14)

ĉ𝑟 =

(
𝑁∑

𝑛=1

D𝑟𝑛K𝒯 + 𝜇I

)−1 𝑁∑
𝑛=1

Z𝑟𝑛K𝒳AD𝑛𝒆𝑟 (15)
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where

D𝑟𝑚 := D
[
W𝑚 ((K𝒯 CD𝑚e𝑟)⊙ (K𝒯 CD𝑚e𝑟))

]
Z𝑟𝑚 := W𝑚 ⊙

(
Z𝑚 −K𝒴B

(−𝑟)D𝑚C𝑇K𝒯
)

D𝑟𝑛 := D
[
W𝑛 ((K𝒳AD𝑛e𝑟)⊙ (K𝒳AD𝑛e𝑟))

]
Z𝑟𝑛 := W𝑛 ⊙

(
Z𝑛 −K𝒯 C(−𝑟)D𝑛A

𝑇K𝒳
)

with D𝑚 := Diag
[
e𝑇
𝑚K𝒴A

]
, D𝑛 := Diag

[
e𝑇
𝑛K𝒴B

]
, B(−𝑟) :=

B−B𝒆𝑟𝒆𝑟
𝑇 , and C(−𝑟) := C−C𝒆𝑟𝒆𝑟

𝑇 .
The limit points of the algorithm resulting by iteratively updat-

ing (13), (14), and (15), are stationary points of (11).

5. NUMERICAL TEST

Estimator (9) is tested against a corrupted version of the BRAINIX
dataset in the OsiriX repository [8]. The tensor Z to be estimated
corresponds to a three-dimensional MRI scan of the brain compris-
ing a set of 𝑃 = 50 images of 𝑀 × 𝑁 = 64 × 64 pixels. Thirty
percent of the data is removed uniformly at random together with the
whole slice Z𝑛, 𝑛 = 50. Fig. 3 shows the results of applying esti-
mator (9) to the remaining data, which yields a reconstruction error
of −17dB. The original slice Z𝑝, 𝑝 = 21, together with its corrupted
counterpart and the resulting estimate are shown on top and center
left. Covariance matrices K𝑥, K𝑦 and K𝑧 are assumed known, and
the symmetry of the brain is reflected in the𝑋-shaped pictorial view
of K𝑦 in Fig. 3 (center right), which shows relatively high corre-
lation between slices X𝑛 and X𝑛′ at different sides of the head, as
well as between contiguous slices. This correlation is the key enabler
for the method to recover the missing slice (see Fig. 3 (bottom)) by
interpolating its contiguous and symmetric counterparts.

All in all, the experiment evidences the merits of low-rank
PARAFAC decomposition for modeling a tensor, the ability of the
kernel estimator (9) in recovering missing data, and the usefulness
of incorporating correlations as side information.
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