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Using a reverberant chamber, it is possible to radiate a partially coherent ultrasonic beam into a 
free field. This type of acoustic secondary source is shown to be analogous to the Lambertian 
source in optics. The features and potential uses of this type of field are in marked contrast to the 
case of fully coherent ultrasonic radiation produced by plane or focussed transducers. The 
partially coherent secondary sources are not difficult to construct in a laboratory setting, and 
provide a useful alternative in ultrasonic measurements of materials properties, and other 
applications such as imaging. 

PACS numbers: 43.20. Rz, 43.20. Bi, 43.55.Br 

INTRODUCTION 

The distinction between coherent and incoherent illu- 

mination can be easily visualized. Coherent sources of light 
from lasers are associated with speckle patterns and narrow 
beamwidths. In comparison, the relatively incoherent light 
produced by a heated filament is associated with a broad 
directivity pattern and diffuse illumination. In ultrasonics, 
the radiation patterns produced by common transducers are 
spatially and temporally coherent, and the vast majority of 
ultrasonic measurements are carried out using fields pro- 
duced by these sources. 

There are a number of instances where coherent beam 

effects are considered to be undesirable, such as the so-called 
speckle patterns or diffraction "tinging" seen in ultrasonic 
images. Attempts to overcome these effects have included 
the addition of a random phase shifting layer near the acous- 
tic source, • or the use of randomly excited multiple trans- 
ducers 2 to generate a more incoherent acoustic beam. 

It will be shown that an incoherent, or more accurately, 
a partially coherent source of ultrasound can be constructed 
using reverberant chamber techniques. Ifa small aperture on 
the reverberant chamber wall is allowed to radiate acoustic 

energy into a free field, the partially coherent, secondary 
source formed will produce a farfield directivity pattern 
obeying Lambert's cosine law. 

Reverberant chambers have been used extensively in 
room and underwater acoustics in various applications. 3-5 
In ultrasonics they have been utilized for the measurement 
of attenuation coefficients of liquids, 6 and in a mo•e recent 
development, to measure the total ultrasonic energy ab- 
sorbed by a body during hyperthermia experiments. 7 To the 
authors' knowledge, the use of reverberant chambers to gen- 
erate "incoherent" ultrasound has not been previously re- 
ported. 

The first section of this paper will use acoustic theory 
with diffuse field assumptions to evaluate the autocorrela- 
tion function for velocity and pressure at the aperture 
between reverberant and free fields. The distance over which 

the autocorrelation function drops to a pre-determined value 
is called the coherence length in scalar optics theory. 8'9 The 
coherence length of the secondary source formed by the re- 
verberant chamber is shown to be on the order of a wave- 

length. The farfield directivity function is then derived from 
the autocorrelation function of velocity at the aperture. The 
beam pattern is verified experimentally, and comparisons of 
the diffraction patterns caused by coherent and "incoher- 
ent" beams are shown. Finally, applications where use of the 
"incoherent" beam may provide an advantage over the tra- 
ditional coherent sources are discussed. 

I. THEORY 

The complex pressure ]' at a position x in a reverberant 
chamber can be thought of as the superposition of plane 
waves incident from all directions 3 

b {x) -- • •'q exp [j(knq 'X -- COot )], {1) 
q 

where the index q represents direction, nq are unit vectors 
uniformly distributed around 4rr solid angle, k and CO are the 
wavenumber and radial frequency of the plane waves, and 
the •'• are independent, identically distributed variables of 
random magnitude and phase. The corresponding velocity 
at a point is thereby given as 

v{x) = • nqOq exp [j{knq.x - COot)], {2) 
q 

where, from the plane-wave impedance relations 

= &/pc, (3) 
where p is the media density, and c the speed of sound. 

If an aperture is made in a wall of the reverberant tank, 
then energy is allowed to escape into a free field as shown in 
Fig. 1. We will assume that the reverberant chamber walls 
are perfectly rigid and that no transmission takes place into 
the free field except at the aperture. 

We further assume the plane waves •'q are slowly time 
varying {quasi-monochromatic conditions) due to breaking 
up of standing wave patterns by source phase modulation, 
for example. It has been shown that the time averaged far- 
field intensity directivity pattern from a randomly vibrating 
area is given by the Fourier transform of the autocorrelation 
function .of the normal velocity component across the aper- 
ture •ø 

I {tp)/I {0) -- F [Bvx vx {r)}, (4) 
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FIG. 1. Diagram of an aperture which allows energy from a reverberant 
field to escape into a free field. The coordinate system is positioned at the 
center of the aperture, and the wall separating the two fields is aligned with 
the z-y plane of the coordinate system. 

where I (•) represents the time averaged intensity in the far- 
field at an angle •p off the normal axis (see Fig. 1); F [ } repre- 
sents the Fourier transform operator, and Bvx vx represents 
the spatial autocorrelation function for the normal compo- 
nent of velocity on the aperture. In using the above expres- 
sion, we are tacitly assuming that the autocorrelation func- 
tion Bv•v• drops to zero over a small characteristic length 
compared to the aperture size, but the aperture is considered 
to be sufficiently small so as to not void the presumption of a 
diffuse field within the reverberant chamber. 

In order to calculate the autocorrelation function, we 
write the x component of velocity at some position ß on the 
aperture (the y-z plane of Fig. 1) 

• (e) = e• .v(e) = • nxq•q exp [j(knq.e -- COot )], (5) 
q 

where e• is a unit vector in the x direction and 

•lxq = 11q.e x. (6) 
Since we are on the border between the reverberant field 

and a free field, the plane waves are incident from the left 
hemisphere only, and the summation on q is now understood 
to be taken over this hemisphere, or 2½r solid angle. 

By writing the correlation function definition, then sub- 
stituting Eq. (5), we obtain 

Bv•v•(At•) = E { •(t,e)0•*(t + At, e + Ae)}, 

= E { (• nxq Oq exp [j(knq.e - COo t ) ] ) q 

X (.• n•q, • exp { --j[knq,. (e + q' 

-- COo(t + At )] )), 

(7) 

(8) 

where E [ ] represents an ensemble average and the asterisk 
represents conjugation. The product of the two series will 

include cross terms of the form 

E {n•q bq n•q, b• e("')}. (9) 
But since the n•q and bq are independent, and the bq are 
uncorrelated, this term vanishes. Thus 

{•q ' 'exp ,(COoAt- knq.Ae)]} Boxo•{At,Ae).= E •lxq Vq ß 

Taking the real part of the above expression, we obtain 

Bv•v•(At•le) = (V:)•,sE •lxq cos -- 
, 

(lO) 

(11) 

where, since the I/q are independent of the nxq and cosine 
terms we have taken the mean squared value of the velocity 
out from the curly braces. Since an ideal, diffuse field is as- 
sumed to be present in the reverberant chamber, then the 
ensemble or spatial averaging will assign equal weighting to 
all directions of incident sound. Thus the average of the sum- 
mation over discrete directions becomes the average over all 
directions of incident waves, 3'11 in this case, the left hemi- 
sphere of Fig. 1 

Bv•vx(At•le) 

V•'s fu 2 (COoAt knq.ae)d12. (12) = • nxq COS -- 
2•r emisphere 

Without loss of generality, we ali• the vector A e with the z 
axis in Fig. 1. Using spherical coordinates: 

(n•q)2 = (nq .• )2 = (sin 0 cos • )2, 
nq .A • = A e cos 0, ' 

sin 0 dO 

(13) 

(14) 

(15) 
so 

Bvxvx(At,Ae) 

2•r 
-- • (sin O cos •b )2 

d• = -- w'/2 = 0 

X cos(rooA t -- kAe cos 0 )sin 0 dO &b. (16) 

Integrating over •b and expanding the cosine term yields 

Bvxvx(At•6) 

_ •s cos a•oAt sin 3 0 cos(kAe cos 0 )dO 
4 

q- F'•2'z sin rOoAt sin 3 0 sin(kAe cos 0 )dO. 
4 

The second integral is zero because the integrand is an odd 
function over the range 0<0<rr. The first integral can be 
realized12 as a Bessel function of the first kind, of fractional 
order 

Bv•v•(At,Ae) ( 2 rOoA t = V•,•/4) cos 

x [G(2/a e) ]. (lS) 
The spatial dependence of this function is similar to the 
sin {kAe}/kAe autocorrelation of pressure in the reverberant 
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field. The first zero of the Bessel function occurs when the 

argument equals 4.49. Thus, if we define the coherence 
length as being the minimum separation distance Ae re- 
quired to zero the correlation function, then this length is 
equal to approximately 0.7)t, where )t is the acoustic wave- 
length. 

The farfield intensity beam pattern is given by the two- 
dimensional Fourier transform of the spatial correlation 
function. 1ø Since Bvxvx is a function of separation distance 
Ae {without directional dependence}, we are seeking a special 
case; the Fourier transform of a circularly symmetric func- 
tion. This is given as a Hankel transform 

F {Bvxv• } = Bv•v•(r) Jo(rk sin •b)r dr, (19) 

where r replaces Ae as separation distance, and •b = 0 aligns 
with the x axis of Fig. 1. 

Placing the Bessel function term into the Hankel trans- 
form gives 

•0øø •'-•(2• 3/2 F {Bv•vx(r)} = \kr} J3/2(kr) 
X Jo(kr sin •b)r dr. (20) 

Fortunately, closed form expressions exist for definite inte- 
grals of mixed Bessel functions, and the result for this inte- 
grand is 13 

F {Bv•v•(r)} = (4/k 2) (1 -- sin 2 •)1/2, (21) 

= (4/k 2)(COS I/t). (22) 

Thus the farfield intensity distribution falls off as cos •b, as 
does a Lamberfian source in optics 

I (•b)/I (0) = cos •b. (23) 

This result can be derived in two additional ways. A 
simple argument begins with the description of plane waves 
incident on the aperture of Fig. 1, whose propagation direc- 
tions are uniformly distributed over a half hemisphere. The 
direction of acoustic energy flux or intensity may also be 
taken as uniformly distributed over a half hemisphere. The 
acoustic power escaping in any direction will be proportion- 
al to the scalar product of the intensity with the unit vector 
which is normal to the aperture surface. This scalar product 
leads naturally to a cos •b term. A rigorous alternative deriva- 
tion can be obtained by considering the pressure, instead of 
velocity over the aperture. The major points will be summar- 
ized. First, the farfield intensity beam pattern can be shown 
to be given by the Fourier transform of the pressure autocor- 
relation function, times a cos 2 •b term. 8'14 

Thus 

I (•b} •F {Bvv(r } }COS 2 •. (24} 
The pressure autocorrelation function can be shown (in a 
manner analogous to the derivation for velocity) to be given 
by a "sine" function 

Bvv (r) = sin(kr)/kr. (25) 
The Fourier (or Hankel) transform of the two-dimensional 
sine function yields a [1/(1 -- sin 2 •b}] term which equals 1/ 
cos •b. Thus 

I (•b)/I (0) = (1/cos •/•)COS 2 •/• = COS •/• (26) 

which is the same as our previous result. 
As a final note, as we extend the analysis from the single 

frequency case to a narrow or broadband signal, the time 
average intensity angular distribution retains a cos •b term 
since this beam shape is independent of co. However, the 
correlation length at the aperture will decrease as higher 
frequency components are added. The ability to vary corre- 
lation length is an advantage which is not shared by other 
schemes for producing "incoherent" sound. 1'2 

II. METHODS 

A reverberant underwater chamber was constructed 

using an aluminum pot with a wall thickness of approxi- 
mately 1 mm and a height and diameter of approximately 30 
cm. 

A 2.5-cm-diam piezoelectric, 1-MHz transducer was 
used to produce the acoustic signal. The formation of stand- 
ing waves was avoided by indenting the aluminum wall in an 
irregular manner, scattering the direct beam off an irregular- 
ly shaped reflector, and frequency modulating the 1-MHz 
signal using a random signal generator as in input to a vol- 
tage-controlled frequency oscillator {see Fig. 2). 

A second, anechoic tank was connected by a 2-cm-diam 
aperture cut in each tank. These apertures were lightly sol- 
dered together, while the tank walls kept isolated by a paper 
layer which insured that transmission of sound to the "free- 
field" tank would occur only through the aperture. Natural 
rubber absorbers were used in the "free-field" tank to ensure 

anechoic conditions. A 1.0-mm-diam broadband PVDF re- 

ceiver was positioned in the free field to measure the acoustic 
pressure, and the received and amplified signal was mea- 
sured by an oscilloscope, a spectrum analyzer, or an rms 
voltmeter. Overall, the transmitted ultrasonic bandwidth 
was measured to be 34 kHz centered at 1 MHz. The narrow 

bandwidth of the signal was due to the use ofa high-Q trans- 
ducer, and permits the assumption of quasi-monochromatic 
sound used in the theory. The fluctuations in output frequen- 
cy were very effective in breaking up standing wave patterns, 
as indicated by the low variance of rms pressure measured at 
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FIG. 2. Schematic drawing of experimental setup used to produce and mea- 
sure acoustic fields. 
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FIG. 3. Measured intensity (rms pressure, squared) as a function of angle, 
compared to the theoretical beam pattern given by cos •. 

random locations in the reverberant field. 3 Another measure 

of the quality of the reverberant field is the decay constant 
after the source is turned off. This was measured to be on the 

order of 10 ms, comparing favorably with other reverberant 
chambers using degassod water and low megahertz ultra- 
sound. 6.7 

III. RESULTS AND DISCUSSION 

To determine the farfield directivity, the receiver was 
positioned in the free-field tank and aligned with the center 
of the aperture. It was moved off axis, in the • direction, at a 
constant range of 15 cm from the aperture, and the rms sig- 
nal voltage was recorded over an excursion of •- q- 45 ø. 
The square of this value, normalized with respect to the 
•- 0 measurement, should display the cos • dependence. 
These data are shown in Fig. 3, where experiments were 
repeated with slightly altered orientation of the source trans- 
ducer and the irregular reflector used to scatter the main 
beam (Fig. 2). The variations in measured beam patterns 
with source reflector positions reveal that the reverberant 
chamber acoustic field is not ideally "diffuse," however, the 
general agreement with theory is good. 

Prrns ( x ) 
COHERENT SOURCE 

i , , I ß I I I I 

2.5 5.0 7.5 I0.0 12.5 

DISTANCE, mm 
SHADOW KNIFE 

ZONE EDGE 

FIG. 5. The diffraction pattern from a knife edge in the farfield of a coherent 
ultrasonic field. Dotted line•measured rms pressure in the farfield with no 
obstructions present. Solid line•measured diffraction pattern with knife 
edge in place. 

Another experiment which displays the unique behav- 
ior of the "incoherent" beam is the one-dimensional image of 
the diffraction pattern created by a knife edge. Theoretically, 
the Fresnel diffraction pattern at a semi-infinite plane 
bounded by a straight edge has an oscillatory behavior 
shown in Fig. 4 for the case of coherent illumination. 8 With 
"incoherent" illumination, however, the diffraction pattern 
ringing is smoothed to produce a monotonically increasing 
intensity from the shadow region to the illuminated plane 
(see Fig. 4). Although the ideal conditions of a semi-infinite 
shadow region and uniform coherent or incoherent irradia- 
tion could not be met, the general features of coherent and 
incoherent diffraction patterns could be demonstrated ex- 
perimentally. 

A knife edge was constructed using thin sheets of alumi- 
num separated by a paper film, then lightly soldered and 
smoothed around the edges. The edge was placed in the free- 
field tank, 8 cm from the aperture and perpendicular to the 
beam axis. The diffraction pattern was measured with the 
receiver probe positioned 3 mm distal to the knife edge and 
moved transaxially in 0.625-mm increments. Incoherent il- 

r 

DISTANCE, X 

FIG. 4. Theoretical intensity diffraction patterns created by a knife edge 
under conditions of coherent (dotted line) and incoherent (solid line) irradia- 
tion. (Adapted from Refs. 8 and 9.) 
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FIG. 6. The diffraction pattern from a knife edge under incoherent irradia- 
tion. Dotted line--measured rms pressure in the farfield with no obstruc- 
tions present. Solid line•measured diffraction pattern with knife edge in 
place. 
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lumination was obtained using the reverberant chamber, 
and coherent illumination was obtained by aligning the 
transmitter so the direct beam was normally incident on the 
aperture, and propagating into the free-field tank. Frequen- 
cy modulation of the source was identical in both cases, so 
the difference in diffraction patterns cannot be attributed to 
frequency smearing or averaging effects. Figure 5 shows the 
measured beam patterns for the coherent sound source, be- 
fore and after introduction of the knife edge. The diffraction 
pattern oscillations are prominent. Figure 6 shows the beam 
patterns obtained, with and without the knife edge, using the 
incoherent source. The undisturbed beam pattern with its 
cos •b dependence is much broader than the coherent beam 
pattern. The diffraction pattern measured with the knife 
edge in place is markedly smoothed compared to the pre- 
vious case. Some oscillations are present, indicating that the 
beam has a nonzero correlation length. It was shown in the 
theory section that the correlation length at the aperture was 
on the order of the wavelength)t, in this case approximately 
1.5 mm. 

IV. CONCLUSION 

A partially coherent ultrasonic source can be generated 
using reverberant chamber techniques. The autocorrelation 
function of normal velocity at an aperture on the reverberant 
chamber is described by a Bessel function of order 3/2, and 
the autocorrelation function for pressure is given by the 
"sinc" function. The farfield directivity pattern for this type 
of secondary source is therefore given by a cos •b dependence, 
and is directly analogous to thermal or Lambertian sources 
in optics. 

The result is significant since it provides a straightfor- 
ward means of producing an ultrasonic source characterized 
by a small coherence length. This source is relatively inco- 
herent, compared to radiation from commonly used piezoe- 
lectric transducers, and this incoherence may be advanta- 
geous in experimental measurements of material properties 
such as attenuation or reflection coefficients. In addition, an 
improvement may be expected in certain imaging techniques 
which suffer from severe diffraction "tinging" effects 2'9 un- 

der coherent radiation. These effects can be dramatically re- 
duced by using an incoherent or partially coherent sound 
source, as demonstrated by the Fresnel diffraction patterns 
shown in Figs. 5 and 6. 
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