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Abstract—We present a theoretical model of optical harmonic circular polarization of their incident laser beam. In traditional
generation excited by laser beams sufficiently intense that rel- nonlinear optics, the process of THG is known to vanish

ativistic effects are important. This model shows that, under jyentically for an isotropic medium for a circularly polarized
relativistic conditions, third-harmonic generation can be excited

with comparable efficiency by either linear or circularly polar- ~ fundamental laser beam [14]. _ o
ized light. This result is to be contrasted with experience from  Letusrecall why traditional models [15] predict the vanishing

traditional (nonrelativistic) nonlinear optics, where group-the- of THG under excitation with circularly polarized radiation
oretical arguments show that third-harmonic emission cannot 5,4 gee why this argument breaks down under relativistic

occur under circularly polarized excitation. These results are in diti Nonli tical int fi ften d ived
good agreement with the observed polarization dependence of cONAILIONS. Nonfinear optical Interactions are oiten aescribe

the third-harmonic emission reported recently in an experiment in terms of a nonlinear optical susceptibility, which for the
conducted under conditions such that relativistic effects are im- case of third-harmonic generation relates the polarization of
pggaﬁ;-m?ounrigge;rfggaljuerC’:rﬁ'e r?tliﬁfsrgfif?es ltjhe&r‘]tca'gfgzr;nft‘?e% the medium to the third power of the electric field amplitude
ion the near-forward direction with an intensqity thgt increases of the incident laser bt_'—:am. Harmonlc “g_ht IS then rad|ated_as a
with that of the incident laser field. consequence of the time-varying polarization of the medium.
The standard calculational procedure presupposes the validity
of the electric-dipole approximation, both in the calculation
. of the nonlinear susceptibility and in terms of calculating
R ECENT ADVANCES in laser technology [1] have led tonqy the response of the medium leads to the generation of
B the ability to construct lasers with intensities exceedinge,y frequency components. Detailed examination of the tensor
10%% W/cm?. Such large intensities have led to the observatiqfyyre of the nonlinear susceptibility for an isotropic nonlinear
of new forms of light-matter interaction, including abovenegiym shows that the nonlinear response vanishes for a
threshold ionization [2], high-harmonic generation [3]-[8], angirc jarly polarized input beam [14]. Physically, this result
relativistic self-focusing [9]-{11]. An additional form of in- .o he understood from the perspective that under nonrelativistic
tense-field nonlinear optics is relativistic harmonic ge”eratiOEonditions, each electron (whether bound or free) is induced
In a recent publication, Cheet al. [12] describe their obser- , rotate in a circular orbit at the fundamental frequency of
vation of phase-matched third-harmonic generation (THG) {fg incident laser light. For a bound electron, the radius of

. highl)17ionized gas under laser intensities sufficiently larggiis orbit can depend nonlinearly on the amplitude of the laser
(2 x10 Wien?) that relativistic effects are expected 10 bgg|q pyt there can still be no harmonic generation because
important. The harmonic radiation is found to be emitted in th&a motion is purely sinusoidal.

near-forward direction, with a reasonably large2 x 107) Let us next see how the analysis of harmonic generation is
conversion efficiency [13]. Perhaps most surprisingly, theygitterent for excitation by an ultra-intense laser field [16], [17].

found that the intensity of the THG is comparable for linear ang,ch 3 |aser field is capable of ionizing some fraction of the

atoms, producing a collection of free electrons. We consider
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Fig. 1. Motion of a free electron in (a) a linearly polarized laser field and (b)
a circularly polarized field. Note that for linearly polarized light the motion is
in thexzz plane and that for circularly polarized light is in tkeg plane, where Fig. 3. Radiation patterns for SHG for a linearly polarized fundamental laser
z is the propagation direction andis the direction of the electric field in the beam;¢ is the angle between the electric field vector of the laser beam and the
linearly polarized case. plane of the figure. In each of the figures, we assume a laser intengity t'”
W/cm?. The solid curves gives the predictions in the electron drift frame and the
() THG dotted curves give the results in the lab frame.
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Fig. 2. Radiation patterns for (a) SHG and (b) third-harmonic generation fol _.

circularly polarized fundamental laser beam. The arrow denotes the propagation

direction of the laser beam. In each of the figures, we assume a laser intenBity. 4. Radiation patterns for third-harmonic generation for a linearly

of 2 x 107 W/cnr. The solid curves give the predictions in the electron drifpolarized fundamental laser beam;is the angle between the electric field

frame and the dotted curves give the results in the lab frame. vector of the laser beam and the plane of the figure. In each of the figures,
we assume a laser intensity »fx 107 W/cm?. The solid curves give the
predictions in the electron drift frame and the dotted curves give the results in

The motion of a free electron in an intense electromagnetie lab frame.
field of frequencyw is well known [19] (see Fig. 1). For circu-
larly polarized light, the electron orbits at frequencin a circle  unit solid angle) of the emitted radiation in cgs units of eTg s
of radiusry = Bc/w where = eEy/yw andvy? = m2c? +  rad=2. Fig. 2 shows the predicted radiation patterns for second-
e?E} /w?. For linearly polarized light, the electron moves irand third-harmonic generation for a circularly polarized fun-
a figure-eight pattern of comparable dimensions. This motigtamental laser beam. These patterns are of course symmetric
can be described in cartesian coordinates by the equatiens about the propagation direction. Note that both radiation pat-
0,y = (Bc/w)cosn andz = (B?c/8w)sin2n, wheren = terns vanish in the exact forward direction. Radiation is thus,
w(t — z/c). Even though the motion is strictly harmonic forexpected only in the off-forward direction, at an angle deter-
the circularly polarized situation, and (when expressed in termsned by phase matching considerations. Under actual labora-
of the retarded time variable = w(¢ — z/c)) contains only tory conditions, it is likely that the emitted radiation would be
frequenciesv and2w in the linearly polarized case, the radiaobserved even on axis, after the emission pattern in averaged
tion field contains all harmonics of the fundamental frequeneyer the angular spread of the exciting laser beam. Fig. 3 shows
in both cases because of retardation effects. In particular, the predicted radiation pattern for second-harmonic generation
vector potential of the-th harmonic component of the radiated SHG) for a linearly polarized laser beam; Fig. 4 shows the anal-
wave at distanc&, from the center of the electron orbit is givenogous predictions for third-harmonic generation. The radiation

by [19] patterns are not azimuthally symmetric in this case, and cuts
ko Ro through the pattern are shown for angles &f 85>, and 90

A, = e j{ei(nwtfkr)dr (1) between the plane of the pattern and the electric field direction

el of the incident laser beam. Again, harmonic generation is not

emitted in the exact forward direction. Note that linearly and cir-
cularly polarized light are roughly equally efficient at exciting
Qarmonic generation for both second- and third-harmonic gen-
eration. We have evaluated (2) analytically for the circularly po-
larized case and numerically for the linearly polarized case. The
analytic expression for the circularly polarized case is

whereky = w/c, k = nw/c, k has magnitudé and points in
the direction of the observation point, angjives theinstanta-
neousposition of the electron. The power per unit solid ang|
emitted by this harmonic component is then given by

50,0 = 0 = SR, )
dQ 8 2,22
B T 12 560 0) + cot26 T2 (n sin 6
Some of the predictions of this model are shown in Figs. 2—4. 40~ 2z [[ i (nfsin ) + cot™0 J, (nfsin )}

In all cases, we show the radiation patteit®, ¢) (power per 3)
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where the normalized velocity is given by = v/c = @ 1015 -M_—
q/\/2+ @2 for ¢ = /2eEy/(mew).
We note further that the predicted conversion efficiency is in 10100
good order-of-magnitude agreement with the measured value.
Chenet al. state that the electron density under their experi-
mental conditions i x 10t cm—3. We take the interaction
region to be the focal volume of a laser beam focused to a waist 1k
of radius 7;m. We thus, find thatV = 1.4 x 102 electrons
participate in the interaction. We take the power of the input
beam to be the quoted intensity fx 107 W/cn? times the
effective cross-sectional area of a beam qird-radius or as (®)

P = 3 x 10* W. We estimate the power emitted in the third 1015 -V——_

harmonic in a nearly phase-matched interaction as
, 1010L n=3
Py=N? [ 1(6,) a0 (4)

105 n=4

1050

Py (W)

linear polarization

1015 10! 1017 1018 1019 1020 1021

Py (W)

wherer, is an efficiency factor that accounts for the possibility
of imperfect phase matching. The details of the refractive index 1t
distribution in and around the interaction region are not known
to sufficient accuracy to allow for a precise determination of the
influence of phase matching on the emission process. To pro-
vide a f'_rSt estimate of the expected efficiency of th_e harmqn,g;g. 5. Predicted power (in the electron drift frame) radiated in the first
generation process, we assume that phase-matching considetigharmonics of the fundamental laser frequency plotted as functions of the
tions restrict the range of solid angles in the integration of (jr)tensity of the incident laser field for (a) linearly and (b) circularly polarized
to those in a filled-in cone of angular extehtequal to that of '2e" radiation.

the fundamental laser beam. We ta&keto be A /7wo, the stan- ] )

dard result for a gaussian beam. For the case of third-harmofifel) through (3)) reveals that the power in theh harmonic

generation, we then find that for both linear and circular polai?creases initially ag™ for both linearly and circular polariza-
ization the predicted emitted power is given By = 1 x 1075 tion of the fundamental wave. In the limit of very high intensity

W. The measured conversion efficiency was= 10~?, which of the fundamental laser, the power in each harmonic is given
implies that the phase-mismatch efficiency facjdras the rea- throu_gh use of (1) _thrpugh (3)fora circularl_y polarized input by
sonable value of 0.3. the simple, intensity-independent expression
The present model predicts that second-harmonic generation 52,22
(SHG) should also be emitted, with an efficiency no smaller thdm =
that of the third-harmonic. Although, Chet al.[12] make no 0,
mention of the observation of SHG in their initial publication, X / [cot? 6.2 (nsin6) + J?(nsin 6)] 2w sin6 df.  (5)
SHG has been observed in subsequent work [20]. The efficiency /9
of the emission of the SHG is likely to depend upon the sulihis expression accurately predicts the asymptotic valué of
tleties of the phase-matching process and can perhaps beséewn in Fig. 5. Similar conclusions hold for the high-intensity
plained in terms of the model presented in [12] or [21]. Thiémit for a linearly polarized fundamental beam, but we have not
precise measurements of the angular distribution of the emitfé@gind a closed-form expression analogous to (4). For either type
radiation for various harmonics for both linear and circularlgf polarization, the saturation of the harmonic power can be un-
polarized input beams could provide valuable data to allowdgrstood from the perspective that even at very high intensities
more complete testing of the understanding of nonlinear optidhe electron excursion from its equilibrium position is limited to
processes in relativistic plasmas. a distance of the order of the wavelength of the incident radia-
The model described above can also be used to make gien.
dictions of the intensity dependence of the generation of theln the results given above, we have not taken into account of
higher harmonic orders. These predictions could prove usefoe drift motion of the free electron and our results are in fact
in performing the next generation of experiments in relativistiéalid only in the “drift (average rest) frame” [16]. The drift ve-
harmonic generation. These predictions are shown in Fig. 5 fegity, vp = ¢*/(4 + ¢?).q = V2¢Ey/(mcw), however be-
both linearly and circularly polarized laser light. As above, weomes large for intense incident laser fields. In order to make
calculate the total emitted power in each order through useafealistic comparison with experimental detections, we need to
(3) with » = 1 by integrating the radiated power per unit solidransform our resultinto the lab frame. The Lorentz transforma-
angleJ (6, ) over a cone of maximum angular extent equal thon relates the angiép in the drift frame to the angléy, in the
6, . Several general features appear from examination of théae frame through

circular polarization

1 [l 1 ! [l Il

1015 1016 1017 1018 1019 1020 102!

2me

figures. We note that linearly and circularly polarized light are cos Oy, — (¢%/2)sin2(67,/2)

roughly equally effective at exciting relativistic harmonic gener- cosfp = 5 —5

ation. We also see that higher harmonics initially increase more 1+ (¢*/2) sin*(6./2)

rapidly with laser intensity, but that each harmonic eventually b, — V1+¢%/2sinbp ©)

saturates to a constant value. Detailed examination of Fig. 5 (or 1+ (¢%/2)sin®(6./2)
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Fig. 6. Predicted power (in the lab frame) radiated in the first four harmonics
of the fundamental laser frequency plotted as functions of the intensity of th&t0l

incident laser field for (a) linearly and (b) circularly polarized laser radiation.

The emitted power per unit solid angle is related by
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In particular, in contrast to (3), the harmonic component of thé !

circularly polarized case in the lab frame becomes
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Lab frame results are also drawn in Figs. 2—4 using dotted curves
and show small but noticeable deviations from the drift frame

results. However, in the high intensity limit, Fig. 6 shows a si¢

nificant deviation of the radiated power in the lab frame.

In summary, we have presented a theoretical model that «
plains the polarization dependence of the relativisitic third-ha
monic generation observed by Chetral.[12]. This model also
predicts that all even and odd harmonics of the laser frequer
are emitted with an efficiency that decreases with harmor
order. We have also found that the power emitted in each or(
saturates with increasing laser intensity and eventually reaches

an asymptotic value. These predictions could prove useful in G

ture research into relativistic nonlinear optics.
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